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Preface

In this volume many of the plenary lecturers of the 33rd Conference on Stochastic
Processes and Their Applications present their personal snapshots of recent important
developments that they have been involved in within the area of stochastic processes
and their applications. This reflects the idea leading us to compose this congress report:
to present a collection of survey type articles that offer a glimpse of the state-of-the-art
in many of the promising and thriving fields of the area of stochastic processes and their
applications at the moment this SPA conference was held.

One of our hopes is that this collection may help young scientists in setting up
research goals in the wide scope of fields represented in this volume.

To our knowledge, this is the first time that proceedings of an SPA conference has
been published. The idea for this volume grew among the organizers in Spring 2009,
and after a meeting with Professor Marta Sanz-Solé from the Bernoulli Society in Berlin
and upon approval by both the CCSP1 and the publishing committee of the Bernoulli
Society we decided to go ahead with it. As a particularly welcome effect of this volume
we could imagine starting a tradition for forthcoming SPA events.

We wish to thank all contributing plenary speakers, anonymous referees and the
EMS publishing house for making this volume possible.

On behalf of the 33rd SPA organizing committee: Enjoy reading!

Berlin and Potsdam, June 2011 Jochen Blath
Peter Imkeller

Sylvie Rœlly

1‘Committee for conferences on stochastic processes’ of the Bernoulli Society.
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The 33rd SPA Conference 2009

The 33rd Conference on Stochastic Processes and Their Applications (SPA) was held
in Berlin from July 27 through July 31, 2009, with more than 600 participants from 49
countries1.

The conference continued a successful series of SPA conferences in this prospering
field of mathematics, which is both reflected in the growing number and internationality
of participants, as well as in the size of the program and the recognition for the field
within mathematics.

One indication of this might be seen in the felicitous fact that one of the plenary
speakers, Professor Stanislav Smirnov from Geneva, was awarded with a Fields Medal
in 2010.

The main aim behind the selection of the 20 plenary lectures at this conference
was to give an overview of recent developments in the rich current active research
fields in Stochastic Processes and Their Applications, in particular aimed at younger
participants. They were also chosen to reflect the variety of the current probability
community with respect to research topics, scientific age and diversity with respect to
geography and gender. We think that this has worked very well, and hence our thanks
go to the members of the scientific committee (see below).

We particularly encouraged young researchers and researchers from developing
countries to participate. More than 300 talks and 40 poster presentations, many of them
by young participants, reflected the vibrancy of the field and provided an international
forum for scientific and cultural exchange.

One further major aim of this conference was to make the stochastic processes
community feel at home. Hence, we put particular emphasis on the social and public
program of the conference, a few highlights of which we would like to report about
briefly here.

During a reception in the ‘Lichthof’ of TU Berlin on the first evening of the con-
ference, following a welcome address by Staatssekretär Dr. Hans-Gerhard Husung
on behalf of the Senate of the State of Berlin, Professor Alice Guionnet from Lyon
was announced as winner of the 2009 Loève prize. The elegant musical background
throughout the reception was provided by a classical trio with direct links to the proba-
bility community, namely Alice Adenot-Meyer2 (Mezzo-Soprano), Thérèse Dourdent
(Piano) and Professor Sylvie Rœlly (Cello). Professor Ruth Williams from San Diego
provided a personal obituary, remembering the recently deceased Professor Kai Lai
Chung (1917 – 2009).

On the second evening, Professor Marc Wouts from Paris was awarded with the
Itô-Prize. The sad occasion of the recent passing away of one of the most influential
probabilists, Professor Kiyoshi Itô (1915 – 2008), was remembered by a touching and

1Detailed conference information can be found at www.math.tu-berlin.de/SPA2009
2 Alice Adenot-Meyer is a daughter of Paul-André Meyer
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charming presentation of his life and work by Professor Masatoshi Fukushima from
Osaka.

A large part of the evening was devoted to the work and tragic life of the Berlin-
born mathematician Wolfgang Döblin. Wolfgang Döblin (1915 – 1940) was the second
son of the famous Jewish-German novelist Alfred Döblin (‘Berlin Alexanderplatz’), an
eminent figure in German intellectual life during the Weimarer Republik. In 1933, his
family escaped the Nazis to Paris, where Wolfgang became a French citizen and studied
probability at the Institut Henri Poincaré. He wrote a brilliant dissertation under the
supervision of Maurice Fréchet in 1938. One year later, Wolfgang Döblin was drafted
for French military service. In May 1940, facing imminent capture by the Wehrmacht,
he took his own life in Housseras (Vosges, France). Before, however, he was able to
mail his last mathematical manuscript “Sur l’équation de Kolmogoroff” in a sealed
envelope to the Académie des Sciences, which remained unopened for 60 years. It has
only recently been discovered and investigated by Bernard Bru and Marc Yor, and it
turned out that it contains spectacular results, in particular related to the work of Itô.

The screening of a recent documentary on Wolfgang Döblins life and mathematical
legacy in the presence of the filmmakers Agnes Handwerk and Harry Willems followed
an introduction to his mathematical work and life by Professor Hans Föllmer.

Figure 1. During the Monday reception at TU Lichthof.

The success of this conference would not have been possible without the tireless
commitment of many people. First, we wish to thank all plenary, invited session and
contributed session speakers and the poster presenters for their scientific contributions.
We further wish to thank the scientific committee and the representatives of the Bernoulli
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Society, in particular Professors Ruth Williams and Marta Sanz-Solé, for all their effort,
dedication and advice. Many students, staff and faculty at TU Berlin, HU Berlin and
U Potsdam contributed greatly to the smooth running of this conference. A special
heartfelt ‘thank you’ goes to Ms Jean Downes, running the conference secretariat.
The TU Berlin and its Mathematical Institute provided support in many ways – we
particularly thank the TU President Professor Kurt Kutzler. Finally, thanks go to the
‘TU Servicegesellschaft’ and in particular to Ms Lisa Hertel.
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Optimal switching, systems of reflected BSDEs
and systems of variational inequalities with
inter-connected obstacles

Saïd Hamadène

1 Introduction

Optimal control of multiple switching models arise naturally in many applied disci-
plines. The pioneering work by Brennan and Schwartz [3], proposing a two-modes
switching model for the life cycle of an investment in the natural resource industry, is
probably first to apply this special case of stochastic impulse control to questions related
to the structural profitability of an investment project or an industry whose production
depends on the fluctuating market price of a number of underlying commodities or as-
sets. Within this discipline, Carmona and Ludkosvki [5] suggest a multiple switching
model to price energy tolling agreements, where the commodity prices are modeled as
continuous time processes, and the holder of the agreement exercises her managerial
options by controlling the production modes of the assets. All these applications seem
agree that reformulating these problems in a multiple switching dynamic setting is a
promising (if not the only) approach to fully capture the interplay between profitability,
flexibility and uncertainty.

The optimal two-modes switching problem is probably the most extensively studied
in the literature starting with above mentioned work by Brennan and Schwartz [3], and
Dixit [10] who considered a similar model, but without resource extraction – see Dixit
and Pindyck [11] and Trigeorgis [30] for an overview, extensions of these models and
extensive reference lists. Brekke and Øksendal [1] and [2], Shirakawa [27], Knudsen,
Meister and Zervos [24], Duckworth and Zervos [12] and [13] and Zervos [31] use
the framework of generalized impulse control to solve several versions and extensions
of this model, in the case where the decision to start and stop the production process
is done over an infinite time horizon and the market price process of the underlying
commodity is a diffusion process, while Trigeorgis [29] models the market price process
of the commodity as a binomial tree. Hamadène and Jeanblanc [20] consider a finite
horizon optimal two-modes switching problem in the case of Brownian filtration setting
while Hamadène and Hdhiri [19] extend the set up of the latter paper to the case where
the processes of the underlying commodities are adapted to a filtration generated by a
Brownian motion and an independent Poisson process. Porchet et al. [26] also study
the same problem, where they assume the payoff function to be given by an exponential
utility function and allow the manager to trade on the commodities market. Finally, let
us mention the work by Djehiche and Hamadène [8] where it is shown that including
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the possibility of abandonment or bankruptcy in the two-modes switching model over
a finite time horizon, makes the search for an optimal strategy highly nonlinear and is
not at all a trivial extension of previous results.

An example of the class of multiple switching models discussed in Carmona and
Ludkovski [5] is related to the management strategies to run a power plant that converts
natural gas into electricity (through a series of gas turbines) and sells it in the market.
The payoff rate from running the plant is roughly given by the difference between the
market price of electricity and the market price of gas needed to produce it.

Suppose that besides running the plant at full capacity or keeping it completely off
(the two-modes switching model), there also exists a total ofm�2 (m � 3) intermediate
operating modes, corresponding to different subsets of turbines running.

Let `ij and ‰i denote respectively the switching costs from state i to state j , to
cover the required extra fuel and various overhead costs and the payoff rate in mode i .
A management strategy for the power plant is a combination of two sequences:

(i) a nondecreasing sequence of stopping times .�n/n�1, where, at time �n, the
manager decides to switch the production from its current mode to another one;

(ii) a sequence of indicators .�n/n�1 taking values in f1; : : : ; mg of the states the
production is switched to. At �n, for n � 1, the station is switched from its current
mode �n�1 to �n. The value �0 is deterministic and is the state of the station at time 0.

When the power plant is run under a strategy † D ..�n/n�1; .�n/n�1/, over a finite
horizon Œ0; T �, the total expected profit up to T for such a strategy is

J.†; i/ D E

� Z T

0

X
n�0

�
‰�n

.s/1.�n;�nC1�.s/
�
ds �

X
n�1

`�n�1;�n
.�n/1Œ�n<T �

�
;

where we set �0 D 0 and �0 D i . The optimal switching problem we will investigate
is to find a management strategy †� such that J.†�; i/ D sup† J.†; i/. This latter
quantity is nothing else but the price of the power plant in the market.

We first provide a Verification Theorem that shapes the problem, via the Snell
envelope of processes. We show that if the Verification Theorem is satisfied by a vector
of continuous processes .Y 1; : : : ; Y m/ such that

Y it D ess sup
��t

E

� Z �

t

‰i .s/ds C max
j¤i

.�`ij .�/C Y j� /1Œ�<T �
ˇ̌
Ft

�
; (1)

8 i D 1; : : : ; m, 8t � T , then each Y it is the value function of the optimal problem
when the system is in mode i at time t , i.e.,

Y it D ess sup
†2Ai

t

E

� Z T

t

X
n�0

�
‰�n

.s/1.�n;�nC1�.s/
�
ds �

X
n�1

`�n�1;�n
.�n/1Œ�n<T �

ˇ̌
Ft

�
;

where Ai
t is the set of admissible strategies such that �1 � t a.s. and �0 D i . An

optimal strategy †� is then constructed using the relation (1). Moreover, it holds that
Y i0 D sup† J.†; i/.
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The unique solution for theVerificationTheorem is obtained as the limit of sequences
of processes .Y i;n/n�0, where for any t � T , Y i;nt is the value function (or the optimal
yield) from t to T , when the system is in mode i at time t and only at most n switchings
after t are allowed. This sequence of value functions will be defined recursively (see
(9) and (10)). As a by-product, we obtain also existence and uniqueness of the solution
of the system of backward stochastic differential equations (hereafter BSDEs for short)
with oblique reflection (or inter-connected obstacles) associated with the switching
problem.

In the second part of this paper we deal with the optimal switching problem within the
Markovian framework. Actually we assume that the processes ‰i (resp. `ij ) are given
by  i .t; Xt / (resp. `ij .t; Xt /) where X is an Itô diffusion and  i .t; x/, `ij .t; x/ are
deterministic continuous with polynomial growth functions. In this case theVerification
Theorem of the switching problem can be expressed by means of a system of variational
inequalities with inter-connected obstacles. We prove existence of m deterministic
continuous functions v1.t; x/; : : : ; vm.t; x/ such that for any i 2 f1; : : : ; mg, Y it D
vi .t; Xt /. Moreover the vector .v1; : : : ; vm/ is the unique viscosity solution of the
Verification Theorem system.

In the last part of the paper, we discuss the issue of existence and uniqueness of
the solution for general systems of BSDEs with oblique reflection. Those systems are
involved especially when dealing with optimal switching problems under Knightian
uncertainty (see e.g. [22] for more details). At the end, the question of numerics for
system of reflected BSDEs with oblique reflection, which is crucial for practitioners,
is introduced.

2 Formulation of the problem, assumptions and preliminary
results

Throughout this paper .�;F ;P / will be a fixed probability space on which is defined
a standard d -dimensional Brownian motion B D .Bt /0�t�T whose natural filtration
is .F 0

t WD �fBs; s � tg/0�t�T . Let F D .Ft /0�t�T be the completed filtration of
.F 0
t /0�t�T with the P -null sets of F . Hence F satisfies the usual conditions, i.e., it

is right continuous and complete. Furthermore, let:

– P be the � -algebra on Œ0; T � �� of F -progressively measurable sets;

– Mp;k be the set of P -measurable and Rk-valued processes � D .�t /t�T such that
the process .j�t jp/t�T is dt˝dP -integrable and �p be the set of P -measurable,
continuous, R-valued processes � D .�t /t�T such that E

�
sup0�t�T j�t jp

�
< 1

(p > 1 is, throughout this paper, fixed);

– For any stopping time � 2 Œ0; T �, T� denotes the set of all stopping times � such
that � � � � T , P -a.s. Next for � 2 T0, we denote by F� the � -algebra of events
prior to � , i.e., the set fA 2 F ; A \ � � t 2 Ft ;8t � T g:

The finite horizon multiple switching problem can be formulated as follows. First
assume w.l.o.g that the plant is in production mode 1 at t D 0 and let J WD f1; : : : ; mg



4 S. Hamadène

be the set of all possible activity modes of the production of the commodity. A man-
agement strategy of the project consists, on the one hand, of the choice of a sequence
of nondecreasing F -stopping times .�n/n�1 (i.e., �n � �nC1) where the manager de-
cides to switch the activity from its current mode, say i , to another one from the set
J�i � f1; : : : ; i � 1; i C 1; : : : ; mg. On the other hand, it consists of the choice of the
mode �n to which the production is switched at �n from the current mode i . Therefore,
we assume that for any n � 1, �n is a random variable F�n-measurable with values
in J.

Assume that a strategy of running the plant † WD ..�n/n�1; .�n/n�1/ is given. We
denote by .ut /t�T its associated indicator of the production activity mode at time
t 2 Œ0; T �. It is given by

ut D 1Œ0;�1�.t/C
X
n�1

�n1.�n;�nC1�.t/: (2)

The strategy † will be called admissible if it satisfies limn!1 �n D T P -a.s. and the
set of admissible strategies is denoted by A.

Now for i 2 J, let ‰i WD .‰i .t//0�t�T be a stochastic process which belongs to
Mp;1. In the sequel, it stands for the payoff rate per unit time when the plant is in state
i . On the other hand, for i 2 J and j 2 J�i let `ij WD .`ij .t//0�t�T be a continuous
process of �p . It stands for the switching cost of the production at time t from its
current mode i to another mode j 2 J�i . For completeness we adopt the convention
that `ij � C1 for any i 2 J and j 2 J � J�i (j ¤ i ). This convention is set in
order to exclude the switching from the state i to another state j which does not belong
to J�i . Moreover we suppose that there exists a real constant 	 > 0 such that for any
i; j 2 J, and any t � T , `ij .t/ � 	 . This assumption means that switching from a
state to another one costs at least 	 .

When a strategy† WD ..�n/n�1; .�n/n�1/ is implemented the optimal yield is given
by

J.†/ D J.1;†/ WD E

� Z T

0

‰us
.s/ds �

X
n�1

`�n�1;�n
.�n/1Œ�n<T �

�
.�0 D 1/:

We can now formulate the multi-regime switching problem as follows.

Problem. Find a strategy †� � ..��
n /n�1; .��

n /n�1/ 2 A such that

J.†�/ D sup
†2A

J.†/:

An admissible strategy † is called finite if, during the time interval Œ0; T �, it al-
lows the manager to make only a finite number of decisions, i.e., P Œ!; �n.!/ <
T; for all n � 0� D 0. Hereafter the set of finite strategies will be denoted by Af .
The next proposition tells us that the supremum of the expected total profit can only be
reached over finite strategies .
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Proposition 2.1. The suprema over admissible strategies and finite strategies coincide:

sup
†2A

J.†/ D sup
†2Af

J.†/:

Proof. If† is an admissible strategy which does not belong to Af , then J.†/ D �1.
Indeed, let B D f!; �n.!/ < T; for all n � 0g and Bc be its complement. Since
† 2 A n Af , then P .B/ > 0. Recall that the processes ‰i belong to Mp;1 (with
p > 1). Therefore,

J.†/ � E

� Z T

0

max
i2J

j‰i .s/j ds
�

� E
hn X

n�1
`�n�1;�n

.�n/
o
1B C

n X
n�1

`�n�1;�n
.�n/1Œ�n<T �

o
1Bc

i
D �1;

since for any t � T and i; j 2 J, `ij .t/ � 	 > 0. This implies that J.†/ D �1 and
then (2.1) is proved.

We finish this section by introducing the key ingredient of the proof of the main
result, namely the notion of Snell envelope of processes and its properties. We refer to
El Karoui [16], Cvitanic and Karatzas [6], Appendix D in Karatzas and Shreve [23] or
Hamadène [18] for further details.

2.1 The Snell envelope. In the following proposition we summarize the main results
on the Snell envelope of processes used in this paper.

Proposition 2.2. Let U D .Ut /0�t�T be an F -adapted R-valued càdlàg process that
belongs to the class [D], i.e., the set of random variables fU� ; � 2 T0g is uniformly
integrable. Then, there exists an F -adapted R-valued càdlàg processZ WD .Zt /0�t�T
such that Z is the smallest super-martingale which dominates U , i.e., if . xZt /0�t�T is
another càdlàg supermartingale of class [D] such that for all 0 � t � T , xZt � Ut ,
then xZt � Zt for any 0 � t � T . The process Z is called the Snell envelope of U .
Moreover it enjoys the following properties:

(i) For any F -stopping time � we have

Z� D ess sup
�2T�

EŒU� jF� � (and then ZT D UT ).

(ii) The Doob–Meyer decomposition ofZ implies the existence of a continuous mar-
tingale .Mt /0�t�T and two nondecreasing processes .At /0�t�T and .Bt /0�t�T
which are respectively continuous and purely discontinuous predictable such that
for all t 2 Œ0; T �,

Zt D Mt � At � Bt (with A0 D B0 D 0):

Moreover, for any 0 � t � T , f
tB > 0g � f
tU < 0g \ fZt� D Ut�g:
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(iii) If U has only positive jumps then Z is a continuous process. Furthermore, if �
is an F -stopping time and ��

�
D inffs � �;Zs D Usg ^ T then ��

�
is optimal

after � , i.e.,

Z� D EŒZ��
�

jF� � D EŒU��
�

jF� � D ess sup
���

EŒU� jF� �:

(iv) If .U n/n�0 and U are càdlàg, of class [D] and such that the sequence .U n/n�0
converges increasingly and pointwisely to U then .ZU

n
/n�0 converges increas-

ingly and pointwisely toZU ;ZUn andZU are the Snell envelopes of respectively
Un and U . Finally, if U belongs to �p then ZU belongs to �p .

For the sake of completeness, we give a proof of the stability result (iv), as we could
not find it in the standard references mentioned above.

Proof of (iv). Since, for any n � 0, U n converges increasingly and pointwisely to U ,
it follows that for all t 2 Œ0; T �,ZUn

t � ZUt P -a.s. Therefore, P -a.s., for any t 2 Œ0; T �,
lim
n!1Z

Un
t � ZUt . Note that the process . lim

n!1ZU
n

t /0�t�T is a càdlàg supermartingale

of class [D], since it is a limit of a nondecreasing sequence of supermartingales (see
e.g. Dellacherie and Meyer [7], pp. 86). But U n � ZUn implies that P -a.s., for all
t 2 Œ0; T �, Ut � lim

n!1ZU
n

t . Thus, ZUt � lim
n!1ZU

n

t since the Snell envelope of U

is the lowest supermartingale that dominates U . It follows that P -a.s., for any t � T ,
lim
n!1ZU

n

t D ZUt , whence the desired result.

Assume now that U belongs to �p . Since, for any 0 � t � T ,

�E
�

sup
0�s�T

jUsj
ˇ̌
Ft

� � Ut � E
�

sup
0�s�T

jUsj
ˇ̌
Ft

�
;

using the Doob–Meyer inequality, it follows that ZU also belongs to �p .

3 A Verification Theorem

In terms of a Verification Theorem, we show that this switching problem is reduced to
the existence ofm continuous processes Y 1; : : : ; Y m solutions of a system of equations
expressed via Snell envelopes. The process Y it , for i 2 J, will stand for the optimal
expected profit if, at time t , the production activity is in the state i . So for � an
F -stopping time and .�t /0�t�T , .�0

t /0�t�T two continuous F -adapted and R-valued
processes let us set

D� .� D �0/ WD inffs � �; �s D �0
sg ^ T:

We have the following:

Theorem 1 (VerificationTheorem). Assume there existmprocesses .Y i WD .Y it /0�t�T ,
i D 1; : : : ; m/ of �p that satisfy (1). Then:
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(i)
Y 10 D sup

†2A

J.†/: (3)

(ii) Define the sequence of F -stopping times .�n/n�1 by

�1 D D0
�
Y 1 D max

j2J�1
.�`1j C Y j /

�
(4)

and, for n � 2,

�n D D�n�1

�
Y �n�1 D max

k2J��n�1

.�`�n�1k C Y k/
�
; (5)

where

• �1 D
X
j2J

j1fmax
k2J�1 .�`1k.�1/CY k

�1
/D�`1j .�1/CY j

�1
gI

• for any n � 1 and t � �n, Y �n

t D
X
j2J

1Œ�nDj �Y jt ;

• for n � 2, �n D l on the set

˚
max

k2J��n�1

.�`�n�1k.�n/C Y k�n/ D �`�n�1l.�n/C Y l�n

�
;

where

`�n�1k.�n/ D
X
j2J

1Œ�n�1Dj � j̀k.�n/ and J��n�1 D
X
j2J

1Œ�n�1Dj �J�j :

Then, the strategy †� D ..�n/n�1; .�n/n�1/ is optimal, i.e., J.†�/ � J.v/ for
any v 2 A.

(iii) The m-uplet of processes .Y 1; : : : ; Y m/ is unique.

Proof. Let us begin with points (i) and (ii).
Assume that at the initial time t D 0 the system is in mode 1. For any t � T , we

have

Y 1t C
Z t

0

‰1.s/ds D ess sup
��t

E

� Z �

0

‰1.s/ds C max
j2J�1

.�`1j .�/C Y j� /1Œ�<T �
ˇ̌
Ft

�
:

But Y 10 is F0-measurable, therefore it is P -a.s. constant and then Y 10 D EŒY 10 �.
On the other hand, according to Proposition 2.2 (iii), �1 as defined by (4) is optimal,

and
�1 D

X
j2J

j1fmax
k2J�1 .�`1k.�1/CY k

�1
/D�`1j .�1/CY j

�1
g:
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Therefore,

Y 10 D E

�Z �1

0

‰1.s/ds C max
j2J�1

.�`1j .�1/C Y j�1/1Œ�1<T �

�

D E

�Z �1

0

‰1.s/ds C .�`1�1
.�1/C Y �1

�1
/1Œ�1<T �

�
: (6)

Next, we claim that P -a.s. for every �1 � t � T;

Y
�1
t D ess sup

��t
E

� Z �

t

‰�1
.s/ds C max

j2J��1

.�`�1j .�/C Y j� /1Œ�<T �
ˇ̌
Ft

�
: (7)

To see this, remark that Eq. (1) means that the process .Y it C R t
0
‰i .s/ds/t�T is a

supermartingale which dominates
²Z t

0

‰i .s/ds C max
j2J�i

.�`ij .t/C Y
j
t /1Œt<T �; 0 � t � T

³
:

Since J is finite, the process
P
i2J 1Œ�1Di�

	
Y it C R t

�1
‰i .s/ds



, for t � �1, is a super-

martingale which dominates

X
i2J

1Œ�1Di�
�Z t

�1

‰i .s/ds C max
j2J�i

.�`ij .t/C Y
j
t /1Œt<T �

�
:

Thus the process Y �1
t C R t

�1
‰�1

.s/ds, for t � �1, is a supermartingale which is greater
than Z t

�1

‰�1
.s/ds C max

j2J��1

.�`�1j .t/C Y
j
t /1Œt<T �:

To complete the proof it remains to show that it is the smallest one which has this
property and use the characterization of the Snell envelope given in Proposition 2.2.

Indeed, let .Zt /t2Œ0;T � be a supermartingale of class [D] such that for any t � �1,

Zt �
Z t

�1

‰�1
.s/ds C max

j2J��1

.�`�1j .t/C Y
j
t /1Œt<T �:

It follows that for every t � �1,

Zt1Œ�1Di� � 1Œ�1Di�
�Z t

�1

‰i .s/ds C max
j2J�i

.�`ij .t/C Y
j
t /1Œt<T �

�
:

But the process .Zt1Œ�1Di�/t2Œ0;T � is a supermartingale for t � �1 since 1Œ�1Di� is
F�1-measurable and non-negative. Again with (1) it follows that for every t � �1,

1Œ�1Di�Zt � 1Œ�1Di�
�
Y it C

Z t

�1

‰i .s/ds

�
:
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Summing over i , we get for every t � �1,

Zt � Y
�1
t C

Z t

�1

‰�1
.s/ds:

Hence, the process Y �1
t C R t

�1
‰�1

.s/ds, t � �1, is the Snell envelope of

Z t

�1

‰�1
.s/ds C max

j2J��1

.�`�1j .t/C Y
j
t /1Œt<T �;

whence Eq. (7).
Now from (7) and the definition of �2 in Eq. (5), we have

Y �1
�1

D E

� Z �2

�1

‰�1
.s/ds C max

j2J��1

.�`�1j .�2/C Y j�2/1Œ�2<T �
ˇ̌
F�1

�

D E

�Z �2

�1

‰�1
.s/ds C .�`�1�2

.�2/C Y �2
�2
/1Œ�2<T �

ˇ̌
F�1

�
:

Setting this characterization of Y �1
�1 in (6) and noting that 1Œ�1<T � is F�1-measurable, it

follows that

Y 10 D E

�Z �1

0

‰1.s/ds � `1�1
.�1/1Œ�1<T �

�

C E

�Z �2

�1

‰�1
.s/ds1Œ�1<T � � `�1�2

.�2/1Œ�2<T � C Y �2
�2

1Œ�2<T �

�

D E

�Z �2

0

‰us
.s/ds � `1�1

.�1/1Œ�1<T � � `�1�2
.�2/1Œ�2<T � C Y �2

�2
1Œ�2<T �

�
;

since Œ�2 < T � � Œ�1 < T �. Repeating this procedure n times, we obtain

E

� Z �n

0

‰us
.s/ds �

nX
jD1

`�j �1�j .�j /1Œ�j<T � C Y �n
�n

1Œ�n<T �

�
:

But the strategy .�n/n�1 is finite, otherwiseY 10 would be equal to �1 since `ij � 	 > 0

contradicting the assumption that the processes Y j belong to �p . Therefore, taking the
limit as n ! 1 we obtain Y 10 D J.†�/.

To complete the proof it remains to show that J.†�/ � J.v/ for any other finite
admissible strategy v WD ..�n/n�1; .�n/n�1/ .�0 D 0 and �0 D 1/. The definition of
the Snell envelope yields

Y 10 � E

� Z �1

0

‰1.s/ds C max
j2J�1

.�`1j .�1/C Y
j

�1
/1Œ�1<T �

�

� E

� Z �1

0

‰1.s/ds C .�`1�1
.�1/C Y

�1

�1
/1Œ�1<T �

�
:
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But once more using a similar characterization as (7), we get

Y
�1

�1
� E

� Z �2

�1

‰�1
.s/ds C max

j2J��1

.�`�1j .�2/C Y
j

�2
/1Œ�2<T �

ˇ̌
F�1

�

� E

� Z �2

�1

‰�1
.s/ds C .�`�1�2

.�2/C Y
�2

�2
/1Œ�2<T �

ˇ̌
F�1

�
:

Therefore,

Y 10 � E

� Z �1

0

‰1.s/ds � `1�1
.�1/1Œ�1<T �

�

C E

�
1Œ�1<T �

Z �2

�1

‰�1
.s/ds � `�1�2

.�2/1Œ�2<T � C Y
�2

�2
1Œ�2<T �

�

D E

� Z �2

0

‰vs
.s/ds � `1�1

.�1/1Œ�1<T � � `�1�2
.�2/1Œ�2<T � C Y

�2

�2
1Œ�2<T �

�
;

where vs , s � T , is the indicator of the mode of the plant at s associated with the
strategy v (see (2)). Repeat this argument n times to obtain

Y 10 � E

� Z �n

0

‰vs
.s/ds �

nX
jD1

`�j �1�j .�j /1Œ�j<T � C Y
�n

�n
1Œ�n<T �

�
:

Finally, thanks to the dominated convergence theorem, taking the limit as n ! 1
yields

Y 10 � E

� Z T

0

‰vs
.s/ds �

X
j�1

`�j �1�j .�j /1Œ�j<T �

�
D J.v/

since the strategy v is finite. Hence, the strategy †� is optimal.
Next, in order to prove uniqueness of them-uplet .Y 1; : : : ; Y m/ it is enough to show

that Y it , as defined by (1), is nothing but the expected total profit or the value function
of the optimal problem, given that the system is in mode i at time t . More precisely
we have

Y it D ess sup
†2A

f;i
t

E

� Z T

t

‰us
.s/ds �

X
j�1

`�j �1�j .�j /1Œ�j<T �
ˇ̌
Ft

�
; t � T; (8)

where A
f;i
t is the set of finite strategies such that �1 � t , P -a.s. and ut D i (at time

t the system is in mode i ). The proof of this claim is obtained in the same way as we
did above. This characterization implies in particular that the processes Y 1; : : : ; Y m

are unique. The proof is now complete.
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4 Existence of the processes .Y 1; : : : ; Y m/

We will now establish existence of the processes .Y 1; : : : ; Y m/. They will be obtained
as a limit of a sequence of processes .Y 1;n; : : : ; Y m;n/n�0 defined recursively by means
of the Snell envelope notion as follows:

For i 2 J, let us set, for any 0 � t � T ,

Y
i;0
t D E

� Z T

0

‰i .s/ds
ˇ̌
Ft

�
�

Z t

0

‰i .s/ds; (9)

and for n � 1,

Y
i;n
t D ess sup

��t
E

� Z �

0

‰i .s/dsC max
k2J�i

.�`ik.�/CY k;n�1
� /1Œ�<T �

ˇ̌
Ft

�
�

Z t

0

‰i .s/ds:

(10)
In the next proposition we collect some useful properties of Y 1;n; : : : ; Y m;n. In par-
ticular we show that the limit processes zY i WD lim

n!1Y i;n exist and are only càdlàg but

have the same characterization (1) as the Y i ’s. Thus the existence proof of the Y i ’s will
consist in showing that zY i ’s are continuous and hence satisfy the Verification Theorem.
This will be done in Theorem 2 below.

Proposition 4.1. (i) For each n � 0, the processes Y 1;n; : : : ; Y m;n are continuous and
belong to �p .

(ii) For any i 2 J, the sequence .Y i;n/n�0 converges increasingly and pointwisely
P -a.s. for any 0 � t � T and in Mp;1 to a càdlàg processes zY i . Moreover these limit
processes zY i D . zY it /0�t�T , i D 1; : : : ; m, satisfy the following:

(a) E
�

sup
0�t�T

j zY it jp�
< 1, i 2 J.

(b) For any 0 � t � T we have,

zY it D ess sup
��t

E

� Z �

t

‰i .s/ds C max
k2J�i

.�`ik.�/C zY k� /1Œ�<T �
ˇ̌
Ft

�
:

Proof. (i) Let us show by induction that for any n � 0 and every i 2 J, Y i;n 2
�p . For n D 0 the property holds true since we can write Y i;0 as the sum of a
continuous process and a martingale w.r.t. to the Brownian filtration. Therefore Y i;0

is continuous and since the process .‰i .s//0�s�T belongs to Mp;1, using Doob’s
inequality, we obtain that Y i;0 belongs to �p . Suppose now that the property is satisfied
for some n. By Proposition 2.2, for every i 2 J and up to a term, Y i;nC1 is the Snell
envelope of the process .

R t
0
‰i .s/dsC maxk2J�i .�`ik.t/C Y

k;n
t /1Œt<T �/0�t�T . But

max
k2J�i

.�`ik.t/ C Y
k;n
t /ˇ̌

tDT

< 0 because `ij � 	 and Y n;kT D 0, then the process

. max
k2J�i

.�`ik.t/ C Y
k;n
t /1Œt<T �/t�T is continuous on Œ0; T Œ and have a positive jump
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at T since Y n;k is continuous. Hence Y i;nC1 is continuous (Proposition 2.2 (iii)) and
belongs to �p . This shows that, for every i 2 J, Y i;n 2 �p for any n � 0.

(ii) Let us now set

A
i;n
t D ˚

† D ..�n/n�1; .�n/n�1/ 2 A .�0 D 0; �0 D i/; �1 � t and �nC1 D T
�
:

Using the same arguments as the ones of the Verification Theorem 1, the following
characterization of the processes Y i;n holds true:

Y
i;n
t D ess sup

†2A
i;n
t

E

� Z T

t

‰us
.s/ds �

nX
jD1

`�j �1�j .�j /1Œ�j<T �
ˇ̌
Ft

�
: (11)

Since A
i;n
t � A

i;nC1
t , we have P -a.s. for all t 2 Œ0; T �, Y i;nt � Y

i;nC1
t thanks to the

continuity of Y i;n. Using once more (11) and since `ij � 	 > 0, we obtain for each
i 2 J:

8 0 � t � T; Y
i;n
t � E

� Z T

t

max
iD1;:::;m j‰i .s/jds

ˇ̌
Ft

�
: (12)

Therefore, for every i 2 J, the sequence .Y i;n/n�0 is convergent and then let us set
zY it WD lim

n!1Y
i;n
t , for t � T . The process zY i satisfies

Y
i;0
t � zY it � E

� Z T

t

max
iD1;:::;m j‰i .s/jds

ˇ̌
Ft

�
; 0 � t � T: (13)

Let us now show that zY i is càdlàg. Actually, for each i 2 J and n � 1, by Eq. (10),
the process .Y i;nt C R t

0
‰i .s/ds/0�t�T is a continuous supermartingale. Hence its

limit process . zY it C R t
0
‰i .s/ds/0�t�T is càdlàg as a limit of increasing sequence of

continuous supermartingales (see Dellacherie and Meyer [7], pp. 86). Therefore zY i
is càdlàg. Next using (13), the Lp-properties of ‰i and Doob’s Maximal Inequality
yield, for each i 2 J,

E
�

sup
0�t�T

j zY it jp�
< 1:

By the Lebesgue dominated convergence theorem, the sequence .Y i;n/n�0 also con-
verges to zY i in Mp;1.

Finally, the càdlàg processes zY 1; : : : ; zY m satisfy Eq. (1), since they are limits of
the increasing sequence of processes Y i;n, i 2 J, that satisfy (10). We use Proposi-
tion 2.2 (iv) to conclude.

We will now prove that the processes zY 1; : : : ; zY m are continuous and satisfy the
Verification Theorem 1.

Theorem 2. The limit processes zY 1; : : : ; zY m satisfy the Verification Theorem.
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Proof. Recall from Proposition 4.1 that the processes zY 1; : : : ; zY m are càdlàg, uniformly
Lp-integrable and satisfy (1). It remains to prove that they are continuous.

Indeed note that, for i 2 J, the process . zY it C R t
0
‰i .s/ds/0�t�T is the Snell

envelope of

� Z t

0

‰i .s/ds C max
k2J�i

.�`ik.t/C zY kt /1Œt<T �
�
0�t�T

:

Of course the processes
� R t
0
‰i .s/ds

�
0�t�T are continuous. Therefore from the prop-

erty of the jumps of the Snell envelope (Proposition 2.2 (ii)), when there is a jump of zY i
at t (which is necessarily negative), there is a jump, at the same time t , of the process
.maxk2J�i .�`ik.s/ C zY ks //0�s�T . Since `ij are continuous, there is j 2 J�i such

that 
t zY j < 0 and zY it� D �`ij .t/C zY jt�.
Suppose now there is an index i1 2 J for which there exists t 2 Œ0; T � such that


t zY i1 < 0. This implies that there exists another index i2 2 J�i1 such that
t zY i2 < 0
and zY i1t� D �`i1i2.t/ C zY i2t�. But given i2, there exists an index i3 2 J�i2 such that

t zY i3 < 0 and zY i2t� D �`i2i3.t/ C zY i3t�. Repeating this argument many times, we
get a sequence of indices i1; : : : ; ij ; 	 	 	 2 J that have the property that ik 2 J�ik�1 ,

t zY ik < 0 and zY ik�1

t� D �`ik�1ik .t/C zY ikt�.
As J is finite there exist two indicesm < r such that im D ir and im; imC1; : : : ; ir�1

are mutually different. It follows that

zY imt� D �`imimC1
.t/C zY imC1

t� D �`imimC1
.t/ � `imC1imC2

.t/C zY imC2

t�
D 	 	 	 D �`imimC1

.t/ � 	 	 	 � `ir�1ir .t/C zY irt�:
As im D ir we get

�`imimC1
.t/ � 	 	 	 � `ir�1ir .t/ D 0

which is impossible since for any i ¤ j , all 0 � t � T , `ij .t/ � 	 > 0. Therefore
there is no i 2 J for which there is a t 2 Œ0; T � such that 
t zY i < 0. This means that
the processes zY 1; : : : ; zY m are continuous. Since they satisfy (1), then by uniqueness,
Y i D zY i , for any i 2 J. Thus, the Verification Theorem 1 is satisfied by Y 1; : : : ; Y m.

Remark 1. As an immediate consequence of Dini’s theorem and the Lebesgue domi-
nated convergence theorem, it holds true that

8i 2 J; E
�

sup
s�T

jY i;ns � Y is jp� ! 0 as n ! C1:

5 Connection with systems of BSDEs with oblique reflection

In this section we take p D 2. Next let us introduce the notion of a reflected backward
stochastic differential equation. For this let us consider:
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(i) f W Œ0; T � � � � R1Cd ! R such that the process .f .t; !; 0; 0//t�T belongs
to M2;1 and the mapping .y; z/ 7! f .t; !; y; z/ is Lipschitz continuous uniformly in
.t; !/;

(ii) � a square integrable FT -measurable random variable;
(iii) S WD .St /t�T a process of �2 which satisfies also ST � � , P -a.s.

Then we have the following result related to the existence and uniqueness of a solution
of the reflected BSDE associated with .f; �; S/.

Theorem 3 ([17], Thm. 5.2). There exists a unique triple of processes .Yt ; Zt ; Kt /t�T
with values in R1CdC1 such that

8̂<
:̂
Y;K 2 �2 and Z 2 M2;d I K is non-decreasing and K0 D 0;

Ys D � C R T
s
f .r; Yr ; Zr/dr � R T

s
ZrdBr CKT �Ks; 8s � T;

Ys � Ss; 8s � T and
R T
0
.Yr � Sr/dKr D 0:

(14)

Moreover the following characterization of the process Y as a Snell envelope holds
true:

8s � T; Ys D ess sup �2Ts
E

� Z �

s

f .r; Yr ; Zr/drCS�1Œ�<T �C�1Œ�DT �
ˇ̌
Fs

�
: (15)

Therefore from (15) and Theorem 2 we have the following result related the solution
of the system of BSDEs obliquely reflected associated with the switching problem.

Theorem 4. There exist processes .Ki ; Zi /, i 2 J, such that the triples .Y i ; Zi ; Ki /,
i 2 J, is the unique solution of the following system of oblique reflected BSDEs:
8i 2 J,

8̂̂
ˆ̂̂<
ˆ̂̂̂
:̂

Y i ; Ki 2 �2 and Zi 2 M2;d I Ki is non-decreasing and Ki0 D 0;

Y is D R T
s
‰i .r/dr � R T

s
ZirdBr CKiT �Kis ; 8s � T .Y iT D 0/ I

Y is � max
j2J�i

.�`ij .s/C Y
j
s /; 8s � T;

R T
0
.Y ir � max

j2J�i
.�`ij .r/C Y

j
r //dK

i
r D 0:

(16)

6 The Markovian framework of the optimal switching problem
and its associated system of variational inequalities

6.1 Preliminaries. Let us introduce the following deterministic functions:

(i) b W Œ0; T ��Rk ! Rk and � W Œ0; T ��Rk ! Rk�d are two continuous functions
and there exists a constant C � 0 such that for any t 2 Œ0; T � and x; x0 2 Rk

jb.t; x/j C j�.t; x/j � C.1C jxj/ and

j�.t; x/ � �.t; x0/j C jb.t; x/ � b.t; x0/j � C jx � x0j: (17)
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(ii) For i; j 2 J D f1; : : : ; mg, `ij W Œ0; T ��Rk ! R and i W Œ0; T ��Rk ! R are
continuous functions and of polynomial growth, i.e., there exist some positive constants
C and � such that for each i; j 2 J,

j i .t; x/j C j`ij .t; x/j � C.1C jxj�/; 8.t; x/ 2 Œ0; T � � Rk :

Moreover we assume that there exists a constant 	 > 0 such that for any .t; x/ 2
Œ0; T � � Rk ,

minf`ij .t; x/; i; j 2 J; i ¤ j g � 	: (18)

We now consider the following system of m variational inequalities with inter-
connected obstacles: 8 i 2 J,

8̂̂
<
ˆ̂:

min
˚
vi .t; x/ � max

j2J�i
.�`ij .t; x/C vj .t; x//I

�@tvi .t; x/ � Avi .t; x/ �  i .t; x/
� D 0;

vi .T; x/ D 0;

(19)

where, for the sake of simplicity, we take J�i WD J � fig and A is the following
infinitesimal generator:

A D 1

2

X
i;jD1;k

.��>/ij .t; x/@2xixj
C

X
iD1;k

bi .t; x/@xi
I (20)

here the superscript “>” stands for the transpose. This system is the deterministic
version of the Verification Theorem associated with the optimal switching problem in
the Markovian framework.

The main objective of this part is to focus on the existence and uniqueness of the
solution in viscosity sense of (19) whose definition is as follows:

Definition 1. Let .v1; : : : ; vm/ be am-uplet of continuous functions defined on Œ0; T ��
Rk , R-valued and such that vi .T; x/ D 0 for any x 2 Rk and i 2 J. The m-uplet
.v1; : : : ; vm/ is called:

(i) a viscosity supersolution (resp. subsolution) of the system (19) if for each fixed
i 2 J, for any .t0; x0/ 2 Œ0; T � � Rk and any function 'i 2 C 1;2.Œ0; T � � Rk/
such that 'i .t0; x0/ D vi .t0; x0/ and .t0; x0/ is a local maximum of 'i �vi (resp.
minimum), we have

min
˚
vi .t0; x0/ � max

j2J�i
.�`ij .t0; x0/C vj .t0; x0//;

� @t'i .t0; x0/ � A'i .t0; x0/ �  i .t0; x0/
� � 0 .resp. � 0/I

(21)

(ii) a viscosity solution if it is both a viscosity supersolution and subsolution.
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Let .t; x/ 2 Œ0; T �� Rk and let .X t;xs /s�T be the solution of the following standard
SDE:

dX t;xs D b.s; X t;xs /dsC�.s; X t;xs /dBs for t � s � T; and X t;xs D x for s � t; (22)

where the functions b and � are the ones of (17). These properties of � and b imply in
particular that the process .X t;xs /0�s�T solution of the standard SDE (22) exists and is
unique, for any t 2 Œ0; T � and x 2 Rk . The operator A that is appearing in (20) is the
infinitesimal generator associated with X t;x .

In the following result we collect some properties of X t;x .

Proposition 6.1 (see e.g. [25]). The process X t;x satisfies the following estimates:

(i) For any q � 2, there exists a constant C such that

EŒ sup
0�s�T

jX t;xs jq� � C.1C jxjq/: (23)

(ii) There exists a constant C such that for any t; t 0 2 Œ0; T � and x; x0 2 Rk ,

EŒ sup
0�s�T

jX t;xs �X t 0;x0

s j2� � C.1C jxj2/.jx � x0j2 C jt � t 0j/: (24)

We are going now to make the connection between solutions of reflected BSDEs of
type (14) and viscosity solutions of variational inequalities.

For this we introduce deterministic functions ' W Œ0; T ��RkC1Cd ! R, h W Œ0; T ��
Rk ! R and g W Rk ! R continuous, of polynomial growth and such that h.x; T / �
g.x/. Additionally we assume that for any .t; x/ 2 Œ0; T � � Rk , the mapping .y; z/ 2
R1Cd 7! '.t; x; y; z/ is Lipschitz continuous uniformly in .t; x/ 2 Œ0; T �� Rk . Then
we have:

Theorem 5 ([17], Thm. 8.5). For any .t; x/ 2 Œ0; T ��Rk , let .Y t;x; Zt;x; Kt;x/ be the
solution of the reflected BSDE associated with .'.s; X t;xs ; y; z/; g.X

t;x
T /; h.s; X

t;x
s //,

i.e.,8̂
ˆ̂̂<
ˆ̂̂̂
:

Y t;x; Kt;x 2 �2 and Zt;x 2 M2;d I Kt;x is non-decreasing and Kt;x0 D 0;

Y
t;x
s D g.X

t;x
T /C R T

s
'.r; X

t;x
r ; Y

t;x
r ; Z

t;x
r /dr � R T

s
Z
t;x
r dBr CK

t;x
T �Kt;xs ;

s � T;

Y
t;x
s � h.s; X

t;x
s /; 8s � T and

R T
0
.Y

t;x
r � h.r; X t;xr //dK

t;x
r D 0:

Then there exists a deterministic continuous with polynomial growth function
u W Œ0; T � � Rk ! R such that for any s 2 Œt; T �; Y

t;x
s D u.s;X

t;x
s /. Moreover

the function u is solution in viscosity sense of the following variational inequality:8̂<
:̂

minfu.t; x/ � h.t; x/I
�@tu.t; x/ � Au.t; x/ � f .t; x; u.t; x/; �.t; x/>rxu.t; x//g D 0;

u.T; x/ D g.x/

where rx is the gradient w.r.t. x.
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6.2 Existence of a solution for the system of variational inequalities (19). Let
.Y

1;t;x
s ; : : : ; Y

m;t;x
s /0�s�T be the processes that satisfy the Verification Theorem 1 in

the case when ‰i .s; !/ D  i .s; X
t;x
s .!// and `ij .s; !/ D `ij .s; X

t;x
s .!//, s � T and

i; j 2 J. Note that in this case, thanks to the above assumptions on the deterministic
functions  i and `ij , the processes . i .s; X

t;x
s .!///s�T and .`ij .s; X

t;x
s .!///s�T ,

i; j 2 J, belong to Mp;1 and �p respectively for any p > 1. Therefore using
Theorem 4, there exist processes Ki;t;x and Zi;t;x , i 2 J, such that the triples
(Y i;t;x; Zi;t;x; Ki;t;x/, i 2 J, is the unique solution of the following system of re-
flected BSDEs: 8i 2 J,
8̂̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:̂

Y i;t;x; Ki;t;x 2 �2 and Zi;t;x 2 M2;d I Ki;t;x is non-decreasing and Ki;t;x0 D 0;

Y
i;t;x
s D R T

s
 i .r; X

t;x
r /du � R T

s
Z
i;t;x
r dBr CK

i;t;x
T �Ki;t;xs ;

8s � T .Y
i;t;x
T D 0/;

Y
i;t;x
s � max

j2J�i
.�`ij .s; X t;xs /C Y

j;t;x
s /; 8s � T;

R T
0
.Y

i;t;x
r � max

j2J�i
.�`ij .r; X t;xr /C Y

j;t;x
r //dK

i;t;x
r D 0:

Moreover we have:

Proposition 6.2. There exist deterministic functions v1; : : : ; vm W Œ0; T � � Rk ! R
such that

8.t; x/ 2 Œ0; T � � Rk; 8s 2 Œt; T �; Y i;t;xs D vi .s; X t;xs /; i D 1; : : : ; m:

Additionally the functions vi , i D 1; : : : ; m; are lower semi-continuous and of polyno-
mial growth.

Proof. For n � 0 let .Y n;1;t;xs ; : : : ; Y
n;m;t;x
s /0�s�T be the processes constructed in (9)

and (10) when ‰i .s; !/ D  i .s; X
t;x
s .!// and `ij .s; !/ D `ij .s; X

t;x
s .!//, s � T

and i; j 2 J. Then using an induction argument and Theorems 3 and 5, there exist
deterministic continuous with polynomial growth functions vi;n (i D 1; : : : ; m) such
that for any .t; x/ 2 Œ0; T � � Rk , 8s 2 Œt; T �, Y n;i;t;xs D vi;n.s; X

t;x
s /. Using now

inequality (12) we get

Y
n;i;t;x
t � Y

nC1;i;t;x
t � E

� Z T

t

˚
max

iD1;:::;m j i .s; X t;xs /j�ds
�

since Y n;i;t;xt is deterministic. Therefore combining the polynomial growth of  i and
estimate (23) for X t;x we obtain

vi;n.t; x/ � vi;nC1.t; x/ � C.1C jxj�/
for some constantsC and� independent ofn. In order to complete the proof it is enough
now to set vi .t; x/ WD limn!1 vi;n.t; x/; .t; x/ 2 Œ0; T � � Rk since Y i;n;t;x % Y i;t;x

as n ! 1.
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We are now going to focus on the continuity of the functions v1; : : : ; vm. For this we
first deal with some properties of the optimal strategy which exist thanks to Theorem 1.

Proposition 6.3. Let .ı; �/ D ..�n/n�1; .�n/n�1/ be an optimal strategy, then there
exist two positive constant C and p which do not depend on t and x such that

8n � 1; P Œ�n < T � � C.1C jxjp/
n

: (25)

Proof. Recall the characterization of (8) that reads as follows:

Y
1;t;x
0 D sup

.ı;�/2Af

E

� Z T

0

 ur
.r; X t;xr /dr �

X
k�1

`�k�1�k
.�k; X

t;x
�k
/1Œ�k<T �

�
:

Now if .ı; �/ D ..�n/n�1; .�n/n�1/ .�0 D 0; �0 D 1/ is the optimal strategy then we
have

Y
1;t;x
0 D E

� Z T

0

 ur
.r; X t;xr /dr �

X
k�1

`�k�1�k
.�k; X

t;x
�k
/1Œ�k<T �

�
:

Taking into account that `ij � 	 > 0 for any i ¤ j we obtain

E
h X
kD1;n

	1Œ�k<T �
i

C Y
1;t;x
0

� E

� Z T

0

 ur
.r; X t;xr /dr �

X
k�nC1

`�k�1�k
.�k; X

t;x
�k
/1Œ�k<T �

�
:

But for any k � n, Œ�n < T � � Œ�k < T �, so

	nP Œ�n < T �C Y
1;t;x
0 � E

� Z T

0

 ur
.r; X t;xr /dr

�
:

and hence

n	P Œ�n < T � � E

� Z T

0

j  ur
.r; X t;xr / j dr

�
� Y 1;t;x0

� E

� Z T

0

j  ur
.r; X t;xr / j dr

�
� Y 1;0;t;x0 :

Finally taking into account the facts that  i and Y 1;0;t;x are of polynomial growth and
estimate (23) for X t;x to obtain the desired result. Note that the polynomial growth of
Y 1;0;t;x stems from (13).

Remark 2. The estimate (25) is also valid for the optimal strategy if at the initial time
the state of the plant is an arbitrary i 2 J.
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Next for i 2 J let .yi;t;xs ; z
i;t;x
s ; k

i;t;x
s /s�T be the processes defined as follows:8̂

ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

yi;t;x; ki;t;x 2 �2 and zi;t;x 2 M2;d I ki;t;x is non-decreasing and ki;t;x0 D 0;

y
i;t;x
s D

Z T

s

 i .r; X
t;x
r /1Œr�t�dr �

Z T

s

zi;t;xr dBr C k
i;t;x
T � ki;t;xs ; 8 s � T;

y
i;t;x
s � l

i;t;x
s WD max

j2J�i
f�`ij .t _ s; X t;xt_s/C y

j;t;x
s /g; 8s � T;

Z T

0

.yi;t;xr � l i;t;xr /dki;t;xr D 0:

The existence of .yi;t;x; zi;t;x; ki;t;x/; i 2 J, is obtained through Theorem 4. On the
other hand, once more thanks to uniqueness in Theorem 4, for any .t; x/ 2 Œ0; T ��Rk ,
for any s 2 Œ0; t � we have yi;t;xs D Y

i;t;x
t , zi;t;xs D 0 and ki;t;xs D 0.

We are now ready to give the main result of this section.

Theorem 6. For any i D 1; : : : ; m, the function vi W Œ0; T � � Rk ! R is continuous
and .v1; : : : ; vm/ is solution in viscosity sense of the system of variational inequalities
with inter-connected obstacles (19).

Proof. First let us focus on continuity and let us show that v1 is continuous. The same
proof will be valid for the continuity of the other functions vi (i D 2; : : : ; m).

First the characterization (8) implies that

y
1;t;x
0 D sup

.ı;�/2Af

E

� Z T

0

 us
.s; X t;xs /1Œs�t�ds �

X
n�1

`�n�1�n
.�n _ t; X t;x�n_t /1Œ�n<T �

�
:

On the other hand an optimal strategy .ı�
t;x; �

�
t;x/ exists and satisfies the estimates (25)

with the same constants C and p. Next let � > 0 and .t 0; x0/ 2 B..t; x/; �/ and let us
consider the following set of strategies:

zD WD f.ı; �/ D ..�n/n�1; .�n/n�1/ 2 Af .�0 D 0; �0 D 1/

such that

8n � 1; P Œ�n < T � � C.1C .� C jxj/p/
n

g:

Therefore the strategies .ı�
t;x; �

�
t;x/ and .ı�

t 0;x0 ; �
�
t 0;x0/ belong to zD and then we have

y
1;t;x
0 D sup

.ı;�/2 zD
E

� Z T

0

 us
.s; X t;xs /1Œs�t�ds

�
X
n�1

`�n�1�n
.�n _ t; X t;x�n_t /1Œ�n<T �

�

D sup
.ı;�/2 zD

E

� Z �n

0

 us
.s; X t;xs /1Œs�t�ds

�
X
1�k�n

`�k�1�k
.t _ �k; X t;xt_�k

/1Œ�k<T � C 1Œ�n<T �y
�n;t;x
�n

�
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and

y
1;t 0;x0

0 D sup
.ı;�/2 zD

E

� Z T

0

 us
.s; X t

0;x0

s /1Œs�t 0�ds

�
X
n�1

`�n�1�n
.�n _ t 0; X t 0;x0

�n_t 0/1Œ�n<T �
�

D sup
.ı;�/2 zD

E

� Z �n

0

 us
.s; X t

0;x0

s /1Œs�t 0�ds

�
X
1�k�n

`�k�1�k
.t 0 _ �k; X t 0;x0

t 0_�k
/1Œ�k<T � C 1Œ�n<T �y

�n;t
0;x0

�n

�
:

The second equalities are obtained in using the dynamical programming principle [14].
It follows that

y
1;t 0;x0

0 � y1;t;x0

� sup
.ı;�/2 zD

E

� Z �n

0

f us
.s; X t

0;x0

s /1Œs�t 0� �  us
.s; X t;xs /1Œs�t�gds

�
X
1�k�n

f`�k�1�k
.t 0 _ �k; X t 0;x0

t 0_�k
/ � `�k�1�k

.t _ �k; X t;xt_�k
/g1Œ�k<T �

C 1Œ�n<T �fy�n;t
0;x0

�n
� y�n;t;x

�n
g
�
:

(26)

Next w.l.o.g. we assume that t 0 < t . Then from (26) we deduce that

y
1;t 0;x0

0 � y1;t;x0

� sup
.ı;�/2 zD

E

� Z �n

0

f. us
.s; X t

0;x0

s / �  us
.s; X t;xs //1Œs�t� C  us

.s; X t
0;x0

s /1Œt 0�s<t�gds

�
X
1�k�n

f`�k�1�k
.t 0 _ �k; X t 0;x0

t 0_�k
/ � `�k�1�k

.t _ �k; X t;xt_�k
/g1Œ�k<T �

C 1Œ�n<T �fy�n;t
0;x0

�n
� y�n;t;x

�n
g
�

� E

� Z T

0

max
jD1;m j. j .s; X t 0;x0

s / �  j .s; X t;xs //j1Œs�t�
C max
jD1;m j j .s; X t 0;x0

s /j1Œt 0�s<t�gds

C n max
i¤j2J

fsup
s�T

j`ij .t 0 _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t;xt_s/jg

C sup
.ı;u/2 zD

.P Œ�n < T �/
1
2 .2EŒ.y�n;t

0;x0

�n
/2 C .y�n;t;x

�n
/2�/

1
2

�
:

(27)
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In the right-hand side of (27) the first term converges to 0 as .t 0; x0/ ! .t; x/. Next let
us show that for any i ¤ j 2 J,

EŒsup
s�T

j`ij .t 0 _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t;xt_s/j� ! 0 as .t 0; x0/ ! .t; x/:

Actually for any % > 0 we have

j`ij .t 0 _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t;xt_s/j
� j`ij .t _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t;xt_s/j
C j`ij .t 0 _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t 0;x0

t 0_s /j1ŒjX t0;x0

t0_s
j�%�

C j`ij .t 0 _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t 0;x0

t 0_s /j1ŒjX t0;x0

t0_s
j�%�:

Therefore we have

E
�

sup
s�T

j`ij .t 0 _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t;xt_s/j
�

� E
�

sup
s�T

˚j`ij .t 0 _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t 0;x0

t 0_s /j1ŒjX t0;x0

t0_s
j�%�

��

C E
�

sup
s�T

˚j`ij .t 0 _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t 0;x0

t 0_s /j
�
1
Œsups�T jX t0;x0

t0_s
j�%�

�

C E
�

sup
s�T

˚j`ij .t _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t;xt_s/j
�
1
Œsups�T jX t0;x0

t0_s
jCsups�T jX t;x

t_s j�%�
�

C E
�

sup
s�T

˚j`ij .t _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t;xt_s/j
�
1
Œsups�T jX t0;x0

t0_s
jCsups�T jX t;x

t_s j�%�
�

But since `ij is continuous then it is uniformly continuous on Œ0; T ��fx 2 Rk; jxj � %g:
Henceforth for any �1 > 0 there exists 
�1

> 0 such that for any jt � t 0j < 
�1
we have

sup
s�T

˚j`ij .t 0 _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t 0;x0

t 0_s /j1ŒjX t0;x0

t0_s
j�%�

� � �1: (28)

Next using Cauchy–Schwarz’s inequality and then Markov’s one with the second term
we obtain

E
�

sup
s�T

˚j`ij .t 0 _s; X t 0;x0

t 0_s /�`ij .t_s; X t
0;x0

t 0_s /j
�
1
Œsups�T jX t0;x0

t0_s
j�%�

� � C.1Cjx0jp/%� 1
2 ;

(29)
where C and p are real constants which are bound to the polynomial growth of `ij and
estimate (23). In the same way we have:

E
�

sups�T
˚j`ij .t _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t;xt_s/j
�
1
Œsups�T jX t0;x0

t0_s
jCsups�T jX t;x

t_s j�%�
�

� C.1C jxjp C jx0jp/%� 1
2 :

(30)
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Finally using the uniform continuity of `ij on compact subsets, the continuity property
(24) and the Lebesgue dominated convergence theorem to obtain that

E
�

sup
s�T

˚j`ij .t _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t;xt_s/jg1Œsups�T jX t0;x0

t0_s
jCsups�T jX t;x

t_s j�%�
� ! 0

(31)
as .t 0; x0/ ! .t; x/. Taking now into account (28)–(31) we have

lim sup
.t 0;x0/!.t;x/

E
�

sup
s�T

j`ij .t 0 _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t;xt_s/j
� � �1 C C.1C jxjp/%� 1

2 :

As �1 and % are arbitrary then making �1 ! 0 and % ! C1 to obtain that

lim
.t 0;x0/!.t;x/

E
�

sup
s�T

j`ij .t 0 _ s; X t 0;x0

t 0_s / � `ij .t _ s; X t;xt_s/j
� D 0:

Thus the claim is proved.
Finally let us focus on the last term in (27). Since .ı; �/ 2 zD then:

sup
.ı;�/2 zD

�
P Œ�n < T �

� 1
2
�
2E

�
.y�n;t

0;x0

�n
/2 C .y�n;t;x

�n
/2

�� 1
2

� n� 1
2 sup
.ı;�/2 zD

�
2E

�
.y�n;t

0;x0

�n
/2 C .y�n;t;x

�n
/2

�� 1
2

� Cn� 1
2 .1C jxjp C jx0jp/;

where C and p are appropriate constants which come from the polynomial growth of
 i , i 2 J, estimate (23) for the process X t;x and inequality (13). Going back now to
(27), taking the limit as .t 0; x0/ ! .t; x/ we obtain

lim sup
.t 0;x0/!.t;x/

y
1;t 0;x0

0 � y
1;t;x
0 C Cn� 1

2 .1C 2jxjp/:

As n is arbitrary then putting n ! C1 we obtain

lim sup
.t 0;x0/!.t;x/

y
1;t 0;x0

0 � y
1;t;x
0 :

This implies that

lim sup
.t 0;x0/!.t;x/

y
1;t 0;x0

0 D lim sup
.t 0;x0/!.t;x/

Y
1;t 0;x0

t 0 D lim sup
.t 0;x0/!.t;x/

v1.t 0; x0/ � y
1;t;x
0 D Y

1;t;x
t

and thenv1 is upper semi-continuous sinceY 1;t;xt D v1.t; x/. Butv1 is also lower semi-
continuous, therefore it is continuous. In the same way we can show that v2; : : : ; vm are
continuous. As they are of polynomial growth, then taking into account Theorem 5 to
obtain that .v1; : : : ; vm/ is a viscosity solution for the system of variational inequalities
with inter-connected obstacles (19).
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Remark 3. The solution in viscosity sense of the system of variational inequalities
with inter-connected obstacles (19) is unique in the space of continuous functions on
Œ0; T � �Rk which satisfy a polynomial growth condition, i.e., in the space

C WD f' W Œ0; T � � Rk ! R; continuous and for any
.t; x/; j'.t; x/j � C.1C jxj	 / for some constants C and 	g:

Therefore for any i 2 J, vi has the following representation: 8.t; x/ 2 Œ0; T � � Rk ,

vi .t; x/ D sup
.ı;�/2A

f;i
t

E

� Z T

t

 us
.s; X t;xs /ds �

X
n�1

`�n�1�n
.�n; X

t;x
�n
/1Œ�n<T �

�
:

For more details one can see [14].

7 Extension and numerical schemes

7.1 General systems of BSDEs with oblique reflection. The problem which we deal
with now is to what extent can we provide a solution for systems of types (16) where the
generators  i , which depend only on .t; !/, are replaced by functions which depend
also on yi ; zi , i 2 J. Namely let us consider the following system of BSDEs with
oblique reflection: for i 2 J,

8̂̂
<̂
ˆ̂̂:

Y i ; Ki 2 �2; Zi 2 M2;d IKi non-decreasing and Ki0 D 0;

Y it D �i C
Z T

t

fi .s; Y
1
s ; : : : ; Y

m
s ; Z

i
s/ds �

Z T

t

ZisdBs CKiT �Kit ; t � T;

Y it � max
j2Ai

hi;j .t; Y
j
t /I ŒY it � max

j2Ai

hi;j .t; Y
j
t /�dK

i
t D 0:

(32)
Here �i are FT -measurable, the coefficients fi , hi;j can depend on !, and Ai �
f1; : : : ; mg � fj g. For simplicity we denote ÅYt WD .Y 1t ; : : : ; Y

m
t /, and similarly for

other vectors. The constraintAi means that from mode i the plant can only be switched
to those modes in Ai . We emphasize that Aj can be empty and if so we take the
convention that the maximum over the empty set, denoted as ;, is �1. Then in this
case Y i has no lower barrier and then we take Ki D 0. Consequently, Y i satisfies the
following BSDE without reflection:

Y it D �i C
Z T

t

fi .s; ÅYs; Zis/ds �
Z T

t

ZisdBs; 0 � t � T:

Also, for any i we define
hi;i .t; y/ WD y:

Then a solution of (32) always satisfies

Y it � max
j2Ai [fig

hi;j .t; Y
j
t /:
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The general barrier hi;j allows one to consider more general switching costs. In
fact, even if the original cost takes the form hi;j .t; !; y/ D y � `i;j .t; !/, in the risk-
sensitive switching problem (see e.g. [21]) one needs to take the standard exponential
transformation and then the barrier becomes Qhi;j .t; Qy/ WD e�`i;j Qy. Finally let us
point out that systems of types (32) are involved when dealing with optimal switching
problems under Knightian uncertainty (see e.g. [21], [22]).

Let us now introduce the following assumptions:

Assumptions [A]. For any i D 1; : : : ; m, it holds that

(i) E
˚ R T
0
.sup EyWyi D0 jfi .t; Ey; 0/j2/dt C j�i j2

�
< 1:

(ii) fi .t; Ey; z/ is uniformly Lipschitz continuous in .yi ; z/ and is continuous in yj
for any j ¤ i ; and hi;j .t; y/ is continuous in .t; y/ for j 2 Ai .

(iii) fi .t; Ey; z/ is increasing in yj for j ¤ i , and hi;j .t; y/ is increasing in y for
j 2 Ai .

(iv) For j 2 Ai , hi;j .t; y/ � y. Moreover, there is no sequence i2 2 Ai1 ; : : : ; ik 2
Aik�1

, i1 2 Aik , and .y1; : : : ; yk/ such that

y1 D hi1;i2.t; y2/; y2 D hi2;i3.t; y3/; : : : ; yk�1 D hik�1;ik .t; yk/; yk D hik ;i1.t; y1/:

(v) For any i D 1; : : : ; m, �i � max
j2Ai

hi;j .T; �j /.

We note that (i), (ii) and (v) are standard. The assumption (iv) means that it is not
free to make a circle of instantaneous switchings.

Our main result, stated by Hamadène–Zhang in [22] where we can find all the
details, is:

Theorem 7. Assume Assumptions [A] hold. Then the system of RBSDEs (32) has a
solution.

The solution is unique if we strengthen slightly the assumptions on the data of the
problem. Actually we have:

Theorem 8 ([22]). Besides Assumptions [A], assume moreover that

(i) fi is uniformly Lipschitz continuous in all yj .

(ii) If j 2 Ai ; k 2 Aj , then k 2 Ai [ fig. Moreover,

hi;j .t; hj;k.t; y// < hi;k.t; y/:

(iii) For any j 2 Ai ,

jhi;j .t; y1/ � hi;j .t; y2/j � jy1 � y2j:

Then the solution of system (32) is unique.
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7.2 Numerical schemes. As it has been pointed out previously, those systems of
reflected BSDEs with oblique reflection arise in several applied disciplines of math-
ematics especially in finance. Therefore the issue of finding their solution becomes
crucial but a tough task as well. An alternative is to provide numerical schemes which
converge to the solution of the system with a good rate. There are actually some works
in this sense of which we can quote [4] where the authors deal with numerics of the
following system:

8̂̂
ˆ̂̂̂
<
ˆ̂̂̂
ˆ̂:

Y
i;t;x
s D gi .X

t;x
T /C R T

s
fi .r; X

t;x
r ; Y

t;x
r ; Z

t;x
r /du

� R T
s
Z
i;t;x
r dBr CK

i;t;x
T �Ki;t;xs ;

Y
i;t;x
s � max

j2J�i
.�`ij .s; X t;xs /C Y

j;t;x
s /;

R T
0
.Y

i;t;x
r � max

j2J�i
.�`ij .r; X t;xr /C Y

j;t;x
r //dK

i;t;x
r D 0:

(33)

They have introduced a discrete time system of reflected BSDEs associated with (33) in
using an oblique projection operator. Further they provide a control of the error which
is especially significant in the case when the coefficients .fi /iD1;:::;m do not depend on
z since they show that it is of order 1

2
� �, � > 0.

The case m D 2 is particular and has been considered in [20].
Finally note that there is another point of view which uses the link of the solutions

of the above system and minimal solutions of constrained BSDEs with jumps, which
is developed in [15].
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The COGARCH: a review, with news on option pricing
and statistical inference

Claudia Klüppelberg, Ross Maller and Alexander Szimayer

1 Introduction

Mathematical Finance and Econometrics can be viewed as two sides of a coin. Econo-
metrics concentrates on finding optimal models concerning statistical properties like
correlations and prediction. Mathematical Finance, on the other side is mainly con-
cerned with finding good models which allow for hedging and derivatives pricing.

Two major innovations revolutionised the theory and practise of econometrics in
the latter part of the last century. The first was the development of the unit root and
related cointegration concepts in the analysis of time series data, and the associated
Dickie–Fuller test (cf. [11]) and its various generalisations. Soon after came the idea
of conditional heteroscedasticity models to capture the empirically observed feature of
apparently randomly varying volatility1 fluctuations in time series. Landmark models
include Taylor’s stochastic volatility model [47] and the ARCH and GARCH models
of Engle [16] and Bollerslev [4]. These innovations and their subsequent rapid de-
velopment and application in many directions were particularly appropriate for high
frequency time series financial data, which became easily accessible in large quantities
over the period, with the introduction of modern computer technology.

Rigorous hedging and pricing of financial derivatives started with the seminal paper
by Black and Scholes [3] using the complete model of geometric Brownian motion
and its explicit unique option price. After it became clear that this model cannot cap-
ture all realistic features of market conditions, incomplete models entered the scene.
Characterization of no arbitrage pricing by martingale measures came into focus in
the important papers by Harrison and Kreps [22] and Harrison and Pliska [23]. The
problem of non-unique martingale measures was met by a specific approach of Föllmer
and Schweizer [18]. Exponential Lévy models were a first step towards more realistic
modelling promoted early on by Eberlein and collaborators; cf. Eberlein [15] for a re-
view. Pricing measures were suggested for normal mixture models such as the variance
gamma model due to Madan and Seneta [35] and the normal inverse Gaussian model,
which was originally suggested by Barndorff-Nielsen [1].

This paper aims at a reconciliation between certain econometric models and pricing
models. Our econometrics motivation comes from the availability of high frequency
data, which are often sampled at irregular time points, making continuous-time mod-
elling necessary. Our motivation for derivatives pricing originates in the need for more
realistic pricing models.

1The “volatility” is simply the square root of the variance.
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The paper is organised as follows. In Section 2 we recall the discrete timeARCH and
GARCH models and some of their properties. We further summarize some continuous-
time limits of such models from the literature and explain their drawbacks. Section 3 is
devoted to the continuous time GARCH (COGARCH) model as suggested in Klüppel-
berg, Lindner and Maller [30]. Section 4 presents new material on option pricing within
the COGARCH model. As an explicit example we treat the variance gamma driven
COGARCH and compare it to the Heston model via implicit volatilities. It turns out
that the COGARCH can produce higher implied volatilities for short maturities deep
in-the-money and far out of-the-money; desirable properties in applications. Section 5
is devoted to statistical estimation of the COGARCH parameters. Besides classical
moment estimators we also present a method to obtain a GARCH skeleton within the
COGARCH model, which allows for the use of existing software for estimation. This
involves functional limit theorems in various modes of convergence.

2 Background in discrete time ARCH and GARCH models

AutoRegressive Conditional Heteroscedasticity (ARCH) models were introduced by
Engle [16] and soon generalised to GARCH (Generalised AutoRegressive Conditional
Heteroscedasticity) models by Bollerslev [4]. Nowadays they are seen as particular
kinds of stochastic volatility models, in which the variance of time series innovations
is itself assumed to vary randomly, conditional on past information.

A special feature of ARCH and GARCH models is that they incorporate feedback
between an observation and its volatility, whereby a large fluctuation in an innovation
triggers a corresponding large fluctuation in the variance of the series, which in the
absence of further large fluctuations, then reverts to a steady state level, as long as the
process is in a stationary regime. This is an attractive concept, which accords well with
intuition and empirical observation of, especially, financial time series. As it turns out,
the models also display further desirable features from the modelling point of view.
In particular, they typically induce long tailedness of marginal distributions, and serial
correlations, not in the innovations themselves, but in the squared innovations. These
features again accord well with empirical observation. We expand further on them later.

The simplest GARCH model, the GARCH.1; 1/, is a discrete time process with three
parameters, ˇ > 0, � � 0, ı � 0, specifying the variance as a discrete time stochastic
recursion, or difference equation. We write it using two equations, one specifying
the “mean level” process (the observed data, perhaps after removal of trend or other
deterministic feature, to approximate stationarity) and the other specifying the variance
process, which is time dependent and randomly fluctuating. Thus, for i D 1; 2; : : : ,

Yi D "i�i ; (2.1)

with
�2i D ˇ C �Y 2i�1 C ı�2i�1 D ˇ C .�"2i�1 C ı/�2i�1: (2.2)

Here the starting values "0 and �0 are given quantities, possibly random, and usually
assumed independent of the ."i /iD1;2;:::, which are the sole source of variation in the
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model. The "i , i D 1; 2; : : : , are assumed to be independent identically distributed
(i.i.d.) random variables (rvs) centered at 0. Serial dependence between the Yi is
introduced via the dependence of the �2i on their past values. Conditional on �i , Yi
simply has the distribution of "i , scaled by �i , which in general (as long as �; ı > 0)
is time dependent, hence the “conditional heteroscedasticity” part of the terminology.
The “autoregressive” aspect refers to the form of the dependence of �2i on �2i�1, as in
an autoregressive time series model.

When ı D 0 this term in �2i�1 disappears, but volatility remains stochastic via the
dependence of �2i on Yi�1, as long as � > 0. We then have the ARCH.1/ model of
Engle [16]. Such a model was generally found to be inadequate, however, to describe
observed data, in which variance tends to be highly persistent and mean reverting.
The introduction of the �2i�1 term in (2.2) when ı > 0 improves the modelling of
such data substantially, and gives rise to the highly successful GARCH.1; 1/ model of
Bollerslev [4]. A very natural extension of this model is to add further autoregressive
terms to (2.2), thus defining a GARCH.p; q/ model, and, similarly, the ARCH.p/
model is defined.

Of course if � D ı D 0 in (2.2) the model simply reduces to one of i.i.d. observa-
tions for the Yi , with variance ˇ > 0.

2.1 Stationarity and tail behaviour in GARCH models. Often, in a practical re-
gression situation, the "i might be assumed N.0; 1/ for the purposes of model fitting.
Such a short tailed distribution for the "i , however, does not necessarily translate into
a short tailed marginal distribution for the observations Yi . Eq. (2.2) specifies the se-
quence .�2i /iD1;2;::: as a stochastic recurrence equation, studied in some depth in the
probability literature, especially, see Kesten [28], Vervaat [49] and Goldie [19]; see also
the readable overview paper by Diaconis and Freedman [10]. In a stationary regime,
or otherwise, the resulting Yi will usually have a heavy tailed distribution. This comes
about as follows. Necessary and sufficient conditions for the “stability” (existence of
an almost sure (a.s.) limit for large times) of a discrete time stochastic perpetuity given
in Goldie and Maller [20] can be applied directly to give necessary and sufficient con-
ditions in terms of log moments of the "i and the parameters � and ı, for the stability
of the ARCH(1) and GARCH.1; 1/models. Specifically, Theorem 2.1 of Klüppelberg,
Lindner and Maller [30] shows that we have stability of the mean and variance pro-

cesses, that is, Yi
D! Y1 and �i

D! �1 as i ! 1, for finite rvs Y1 and �1, if and
only if

Ej log.ı C �"21/j < 1 and E log.ı C �"21/ < 0:

These then constitute conditions for stationarity of .Yi ; �2i /iD1;2;::: if the sequence is
started with the values .Y1; �1/. Then, further results transferable from the theory of
stochastic difference equations show that, under certain fairly general conditions, Y1
will have a long tailed distribution, specifically, a distribution with a Pareto (power law)
tail. A good exposition of this is in Lindner [32].

Thus, even with a short tailed distribution such as the normal assumed for the
innovations "i , we may expect a heavy tailed marginal distribution for the Yi . This
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accords with observed features of, especially, financial data, cf. Klüppelberg [29],
Mikosch [37]. More recently, Platen and Sidorowicz [42], for example, in a very
extensive investigation, suggest that much financial returns data has a very heavy tailed
distribution, such as a t -distribution with 4 degrees of freedom.

2.2 Continuous time limits of GARCH models. Motivated, in particular, by the
availability of high-frequency data and by a need for option pricing technologies, clas-
sical diffusion limits have been used in a natural way to suggest continuous time limits
of discrete time processes, including for the GARCH models. The best known of these
is due to Nelson [40]. His limiting diffusion model is:

dYt D �tdB
.1/
t ; t � 0; (2.3)

where �t , the volatility process, satisfies

d�2t D �
ˇ � ��2t

�
dt C ��2t dB.2/t ; t > 0; (2.4)

with B.1/ and B.2/ independent Brownian motions, and ˇ > 0, � � 0 and � � 0

constants.
Unfortunately, in these situations, the limiting models can lose certain essential

properties of the discrete time GARCH models. It is surprising and counter-intuitive,
for example, that Nelson’s diffusion limit of the GARCH process is driven by two inde-
pendent Brownian motions, i.e. has two independent sources of randomness2, whereas
the discrete time GARCH process is driven only by a single white noise sequence. One
of the features of the GARCH process is the idea that large innovations in the price
process are almost immediately manifested as innovations in the volatility process; but
this feedback mechanism is lost in models such as the Nelson continuous time ver-
sion. Further, the appearance of an extra source of variation can have implications for
completeness considerations in options pricing models, for example.

The phenomenon that a diffusion limit may be driven by two independent Brownian
motions, while the discrete time model is given in terms of a single white noise sequence,
is not restricted to the classical GARCH process. Duan [13] has shown that this occurs
for many GARCH-like processes. On the other hand, Corradi [8] modified Nelson’s
method to obtain a diffusion limit depending only on a single Brownian motion - but
then the equation for �2t degenerates to an ordinary differential equation. Using a
Brownian bridge between discrete time observations, Kallsen and Taqqu [26] found a
complete model driven by only one Brownian motion.

Moreover, the continuous time limits found in such a way can have distinctly dif-
ferent statistical properties to the original discrete time processes. As was shown by
Wang [50], parameter estimation in the discrete time GARCH and the corresponding
continuous time limit stochastic volatility model may yield different estimates (see also

2Dependence has been introduced in the literature in an ad hoc way by allowing B.1/ and B.2/ in (2.3)
and (2.4) to be correlated, but such models still rely on two sources of randomness.
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Brown, Wang and Zhao [6]). Thus these kinds of continuous time models are probabilis-
tically and statistically different from their discrete time progenitors. See Lindner [31]
for a recent overview of continuous time approximations to GARCH processes.

In Klüppelberg, Lindner and Maller [30], the authors proposed a radically different
approach to obtaining a continuous time model. Their “COGARCH” (continuous time
GARCH) model is a direct analogue of the discrete time GARCH, based on a single
background driving Lévy process, and generalises the essential features of the discrete
time GARCH process in a natural way. In the next section we review this model.

Throughout this article, by the “COGARCH” model we will always mean the
COGARCH.1; 1/ model.

3 The COGARCH model

The COGARCH model is specified by two equations, the mean and variance equations,
analogous to (2.1) and (2.2). The single source of variation is a so-called background
driving Lévy process L D .Lt /t�0 with characteristic triplet .�; �2;…/; we refer to
Sato [43] for background on Lévy processes. The continuous time process L has i.i.d.
increments, which are analogous to the i.i.d. innovations "i in (2.1) and (2.2). Then the
COGARCH process .Gt /t�0 is defined in terms of its stochastic differential, dG, such
that

dGt D �t�dLt ; t � 0; (3.1)

where �t , the volatility process, satisfies

d�2t D �
ˇ � ��2t�

�
dt C ��2t�dŒL;L�t ; t > 0; (3.2)

for constants ˇ > 0, � � 0 and � � 0. Here ŒL;L�t denotes the quadratic variation
process of L, defined for t > 0 by

ŒL;L�t WD �2t C
X
0<s�t

.�Ls/
2 D �2t C ŒLt ; Lt �

d ; (3.3)

with ŒLt ; Lt �d denoting the pure jump component of ŒL;L�. (There should be no
confusion between the constant �2 specifying the variance of the Gaussian component
of L and the COGARCH variance process .�2t /t�0. In (3.3), �Lt D Lt � Lt� for
t � 0 (with L0� D 0) and similarly for other processes throughout. All processes are
cádlág)

To see the analogy with (2.1) and (2.2), note from (2.2) that

�2i � �2i�1 D ˇ � .1 � ı/�2i�1 C ��2i�1"2i�1;

which corresponds to (3.2) (with a reparameterisation from � to ı D 1 � �) when the
time increment dt is taken as a unit, or at least fixed, interval of time. But an advantage
of the continuous time setup is that non-equally spaced observations are easily catered
for, as we demonstrate later (Section 5.4).
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Just as an understanding of discrete time perpetuities is the key to stability, sta-
tionarity and tail behaviour of the discrete time GARCH, so kinds of continuous time
perpetuities are instrumental in the analysis of the COGARCH. The solution of the
stochastic differential equation (SDE) (3.2) can be obtained with the help of an auxil-
iary Lévy process X D .Xt /t�0 defined by

Xt D �t �
X
0<s�t

log.1C �.�Ls/
2/; t � 0:

X is a spectrally negative Lévy process of bounded variation arising in a natural way in
Klüppelberg et al. [30], where the COGARCH.1; 1/ is motivated directly as an analogue
to the discrete time GARCH.1; 1/ process. Using Ito’s lemma, it can be verified that
the solution of (3.2) can be written in terms of X as

�2t D e�Xt

�
ˇ

Z t

0

eXs ds C �20

�
; t � 0;

which reveals �2t as a kind of generalised Ornstein–Uhlenbeck (GOU) process, param-
eterised by .ˇ; �; '/, and driven by the Lévy process L. For results on the GOU, and
associated studies of Lévy integrals, see Lindner and Maller [33] and their references.
An understanding of stability, stationarity and tail behaviour properties for the GOU is
essential for such issues relating to G.

Klüppelberg et al. [30], Theorem 3.2, show that the variance process .�2t /t�0 for
the COGARCH is a time homogeneous Markov process, and, further, that the bivariate
process .Gt ; �2t /t�0 is Markovian. A finite random variable �21 exists as the limit in
distribution of �2t as t ! 1 if and only if

Z
R

log
�
1C �

ı
y2

�
….dy/ < � log ı: (3.4)

�21 has the same distribution asˇ times the stochastic integral
R 1
0
e�Xt dt , which exists

as a finite rv a.s. under (3.4) (see Theorem 3.1 of [30]). If this is the case and .�2t /t�0 is
started with value �21, i.e., �20 is taken to have the distribution of �21, independent ofL,
then .�2t /t�0 is strictly stationary and .Gt /t�0 is a process with stationary increments
(Theorem 3.2 and Corollary 3.1 of [30]).

Moments of the COGARCH process can be calculated using the Laplace transform
of the auxiliary process X , which satisfies Ee��Xt D et‰.�/, with

‰.�/ D ��� C
Z

R

�
.1C �x2/� � 1�….dx/; � � 0: (3.5)

Returns over time intervals of fixed length r > 0 we denote by

G
.r/
t WD Gt �Gt�r D

Z
.t�r;t�

�s� dLs; t � r; (3.6)
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so that .G.r/ri /i2N describes an equidistant sequence of non-overlapping returns. Cal-
culating the corresponding quantity for the volatility yields

�
2.r/
ri WD �2ri � �2r.i�1/ D

Z
.r.i�1/;ri�

�
.ˇ � ��2s / ds C ' �2s� dŒL;L�s

�

D ˇr � �
Z
.r.i�1/;ri�

�2s ds C '

Z
.r.i�1/;ri�

�2s� dŒL;L�s: (3.7)

Note that the stochastic processZ
.0;t�

�2s� dŒL;L�s D �2
Z t

0

�2s�ds C
X
0<s�t

�2s�.�Ls/2; t � 0;

is the quadratic variation ŒG;G�t of G, which satisfies

ŒG;G�t D
Z t

0

�2s� dŒL;L�s; t � 0I

thus
R
.r.i�1/;ri� �

2
s� dŒL;L�ds in (3.7) corresponds to the jump part of the quadratic

variation of G accumulated during .r.i � 1/; ri �.
The following result (Proposition 2.1 of Haug et al. [24]) shows that the COGARCH

has a similar moment structure as the GARCH model; in particular, increments are un-
correlated, but squared increments are positively correlated. We shall need these results
in Section 5.1 when we present a method of moment estimation of the COGARCH pa-
rameters.

Proposition 3.1. Suppose that .Lt /t�0 has finite variance and zero mean, and that the
Gaussian component has variance �2. Suppose also that ‰.1/ < 0 for ‰ as given in
(3.5). Let .�2t /t�0 be the stationary volatility process, so that .Gt /t�0 has stationary
increments. Then E.G2t / < 1 for all t � 0, and for every t; h � r > 0 we have

E.G.r/t / D 0; E.G.r/t /2 D ˇr

j‰.1/jEL
2
1; Cov.G.r/t ; G

.r/

tCh/ D 0:

If, further, E.L41/ < 1 and ‰.2/ < 0, then E.G4t / < 1 for all t � 0 and, if,
additionally, the Lévy measure … of L is such that

R
R x

3….dx/ D 0, then for every
t; h � r > 0, we have

E.G.r/t /4 D 6E.L21/
ˇ2

‰.1/2

�
2�

'
C 2�2 � EL21

��
2

j‰.2/j � 1

j‰.1/j
�

�
r � 1 � e�rj‰.1/j

j‰.1/j
�

C 2ˇ2

'2

�
2

j‰.2/j � 1

j‰.1/j
�
r C 3ˇ2

‰.1/2
.EL21/

2r2;

and

Cov
�
.G

.r/
t /2; .G

.r/

tCh/
2
� D E.L21/ˇ

2

j‰.1/j3
�
2�

'
C 2�2 � EL21

��
2

j‰.2/j � 1

j‰.1/j
�

�
1 � e�rj‰.1/j��erj‰.1/j � 1� e�hj‰.1/j > 0:
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Motivated by the generalization of the GARCH.1; 1/ to the GARCH.p; q/ model,
Brockwell, Chadraa, and Lindner [5] introduced a COGARCH.p; q/ model. In it,
the volatility follows a CARMA (continuous-time ARMA) process driven by a Lévy
process (cf. Doob [12], Todorov and Tauchen [48]).

In Stelzer [45] multivariate COGARCH.1; 1/ processes are introduced, constituting
a dynamical extension of normal mixture models and again incorporating such features
as dependence of returns (but without autocorrelation), jumps, heavy tailed distribu-
tions, etc. Stelzer’s definition agrees for d D 1 with the COGARCH.1; 1/ process. As
in the univariate case, the model has only one source of randomness, a single multi-
variate Lévy process. The time-varying covariance matrix is modelled as a stochastic
process in the class of positive semi-definite matrices. In [45] Stelzer analyses the
probabilistic properties of the model and gives a sufficient condition for the existence
of a stationary distribution for the stochastic covariance matrix process, and criteria
ensuring the finiteness of moments.

4 A COGARCH option pricing model

A potentially important application of the COGARCH model is to option pricing. Tra-
ditionally, and for mathematical tractability, option pricing models are based on con-
tinuous time models for an underlying stock price process. The discrete-time GARCH
reproduces features commonly observed in financial data, especially relating to the so-
called stylized facts (volatility clustering, mean reversion of volatility, negative skew,
and heavy tails). Consequently, the COGARCH, as a continuous time limit of the
discrete GARCH (see Section 5.3), can be expected to result in more accurate option
valuation than standard models. In this section we propose an option pricing frame-
work, where the stock price return is driven by COGARCH, thus allowing for stochastic
volatility, and we also include the possibility of default in the model. Combining these
features is not new; however, our framework is parsimonious in its parameterisation
and as we will see can reproduce observed kinds of volatility smile and skew quite
well. Further, the default probability in the model can be expressed as a function of the
volatility.3

The financial market is defined on a filtered probability space .	;F ; P; .Ft /t�0/
satisfying the usual hypothesis, which is large enough to support a Lévy process L D
.Lt /t�0 with characteristic function given for every t � 0 by EŒeizLt � D et .z/ for
z 2 R where

 .z/ D i�z � �2

2
z2 C

Z
Rnf0g

�
1 � eizx � izh.x/�….dx/:

As usual .�; �2;…/ is the characteristic triplet, with related truncation function h.x/ D
x 1fjxj�1g. As a technical prerequisite we assume that the fourth moment of L exists,

3As is also the case with the expected default frequency in Moody’s KMV (Kealhofer, McQuown and
Vasicek) EDF (Expected Default Frequency) proprietary credit measures model, the KMV EDFTM; see, e.g.,
www.moodyskmv.com/newsevents/files/EDF_Overview.pdf.
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i.e.
R
x4….dx/ < 1. The investment opportunities considered here are the risk-

free money market account and the risky company stock. The risk-free money market
account has the price process B D .Bt /t�0 with dynamics

dBt D rBt dt; B0 D 1;

where r 2 R is the instantaneous risk-free rate; hence Bt D er t for t � 0. The
stock price process is denoted by S D .St /t�0 and bears two kinds of related risks.
The stock price fluctuation is driven by a COGARCH process G D .Gt /t�0 with its
accompanying volatility process .�t /t�0, and, further, the stock price is assumed to fall
to zero at a default time 
 , if default occurs, after which it stays at that level. Before
default the stock price process satisfies

dSt D St� dRt ; S0 > 0;

whereR D .Rt /t�0, the cumulative return process, is driven by the COGARCH process
G in the following sense:

dRt D Œr C �.�t�/ �t�� dt C �t� dLt : (4.1)

Here the scaled innovation �t� dLt is a COGARCH increment, dGt , � W Œ0;1/ ! R
is the risk premium, and the volatility .�2t /t�0 follows the dynamics in (3.2), namely

d�2t D �
ˇ � � �2t�

�
dt C � �2t� dŒL;L�t ; t > 0: (4.2)

The default time 
 is defined as the first time at which the cumulative return R
exhibits a jump �Rt below �100% D �1:


 D infft > 0 W �Rt � �1g D infft > 0 W �t��Lt � �1g:
At default the stock price drops to zero and stays there, thus we can write

St D S0 E.R/t 1ft<�g;

where E.X/ denotes the stochastic exponential of X .

4.1 Relationship to other stochastic volatility models. To compare our model to
other SV models, we reparameterise (4.1) and (4.2) as follows. Let us first assume that
L in (4.1) is an error term satisfying ELt D 0 and EŒL2t � D t , or, equivalently,

� C
Z

jxj>1
x ….dx/ D 0; and �2 C

Z
R
x2….dx/ D 1: (4.3)

This assumption is in fact no restriction, but ensures that the parameters can be identified.
(Note that the function � can be adjusted when centering L, and the scaling to unit
variance of L affects only the variance parameters.)
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The bracket process ŒL;L� drives the volatility process � . We center and scale
ŒL;L� to a martingale M with unit variance rate

Mt D ŒL;L�t � EŒL;L�tp
E Œ.ŒL;L�1 � EŒL;L�1/2�

D ŒL;L�dt � t R
R x

2….dx/qR
R x

4….dx/
; t � 0:

Then we can write the variance equation (4.2) as

d�2t D �
� N�2 � �2t�

�
dt C 
 �2t� dMt ; t > 0; (4.4)

where

� D � � �; N�2 D ˇ

� � � and 
 D �

sZ
R
x4….dx/:

The variance process is thus seen to be mean-reverting with mean level N�2, mean-
reversion speed �, and volatility .
�2t /t�0, implying an average volatility of the variance
process of 
 N�2. This enables us to benchmark our model to other SV models. We
compare the COGARCH with the stochastic volatility model of Heston [25] (other
related models include a Heston extension allowing for jumps of Bates [2], the SABR
model of Hagan et al. [21], etc.). The dynamics of the Heston model are

dSHt D �Ht S
H
t dt C �Ht SHt dW H;1

t ;

d.�Ht /
2 D �H

�
. N�H /2 � .�Ht /2

�
dt C 
H

q
.�Ht /

2 dW H;2
t ;

with expected return rate �H , mean-reversion speed �H , mean level . N�H /2, volatility
of volatility parameter 
H , and leverage �H . Here, the leverage �H is in fact the
correlation of the standard Brownian motions W H;1 and W H;2.

Our model features the so-called option pricing leverage effect that is also included
in the Heston model. However, in our setup leverage is not a free parameter, but is
determined by the skew and kurtosis of the jump measure of L. Formally, leverage is
quantified by the instantaneous correlation between the increments of the price equation
dRt and the increments of the variance equation d�2t . By scaling this reduces to the
correlation of Lt and Mt , and leverage is given by

� D cor.Lt ;Mt / D EŒLt Mt �

t
D 1

t
E ŒŒL;M�t � D

R
R x

3….dx/qR
R x

4….dx/
: (4.5)

We see that � is restricted by more than just j�j � 1; the Cauchy–Schwarz inequality
implies

j�j �
sZ

R
x2….dx/ D

p
1 � �2 .cf: (4.3)/:

The COGARCH and Heston models are compared in Table 1.
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Table 1. Specifications of the variance processes for COGARCH and Heston models (“f.v.”
stands for “finite variation”).

Drift Volatility Noise Leverage

COGARCH �
� N�2 � �2t

�

 �2t f.v. pure

R
R x

3….dx/qR
R x

4….dx/jump

Heston �H
�
. N�H /2 � .�Ht /2

�

H

q�
�Ht

�2
Brownian �H 2 Œ�1; 1�

4.2 Default time and default adjusted return dynamics. The default time 
 admits
a predictable intensity O� D . O�t /t�0 driven by the variance process .�2t /t�0. Using the
Markov property of .�2t /

2
t�0 and the independent and stationary increments property

of L, we can establish that O�t D O�.�t�/, where the function O� is given by

O�.x/ D …

��
� 1;� 1

x

��
D

Z �1=x

�1
….dy/; x > 0: (4.6)

Then the process N D .Nt /t�0 defined by

Nt D 1f��tg �
Z t^�

0

O�.�u�/ du

is a martingale. The unconditional probability PD D .PDt /t�0 of default prior to time
t can then be calculated as

PDt D P.
 � t / D 1 � E
�

exp
�

�
Z t

0

O�.�u/ du
��
; t � 0:

We now turn to the effect of the default on the dynamics of the driving Lévy pro-
cess L.

Theorem 4.1. The bivariate process .S; �2/ is a Markov process and the stochastic
differential of S is given by

dSt D St� Œr C �.�t�/ �t�� dt C St� �t� d yLt ;
where yL is the stopped version of L with default adjustment

yLt D L�t C 1ft��g.��L� � 1=���/; t � 0:

With O� defined by

O�.x/ D �
Z �1=x

�1

�
y C 1

x

�
….dy/; x > 0;

the compensated version .yLt � R t^�
0

O�.�u�/ du/t�0 is a martingale.
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Next, define the default adjusted return process yR D . yRt /t�0 by

yRt D
Z t^�

0

.r C �.�u�/ �u�/ duC
Z t

0

�u� d yLu: (4.7)

By construction it is clear that that S D S0 E. yR/, where E denotes the stochastic
exponential. It follows that the discounted price processZ D S=B is a local martingale
if and only if . yRt � r .t ^ 
//t�0 is a local martingale. (Note that the processes yR and
S are both stopped at 
 .) The next theorem states the semimartingale characteristics of
yR and is useful for identifying martingale measures. In our setting, the characteristics

.B
yR
t ; C

yR
t ;…

yR
t /t�0 of yR can be expressed as functions of�2t� using the Markov property,

see also Kallsen and Vesenmayer [27].

Theorem 4.2. The semimartingale characteristics .B yR
t ; C

yR
t ;…

yR
t / of yR for the trunca-

tion function h.x/ D x 1fjxj�1g are for t � 0 given by

B
yR
t D 1ft<�g

�
r C �t�

�
�.�t�/C O�.�t�/ �

Z 1

1=�t�

x ….dx/
��
;

C
yR
t D 1ft<�g �2t� �2;

…
yR
t .A/ D 1ft<�g

Z
1f�t� x2.A\.�1;1//g….dx/C 1ft<�g 1f�12Ag O�.�t /;

for Borel sets A � R n f0g.
Under a martingale measure Q, the drift of yR has to reduce to

B
yR;Q
t D 1ft<�g

�
r � �t�

Z 1

1=�t�

x …
Q
t .dx/

�
; t � 0; (4.8)

where …Q
t is the jump measure of Lt , and the correction results from our choice of

truncation function h.x/ D x 1fjxj�1g.

Remark 4.3. In the following we adopt the martingale modeling approach. Madan,
Carr, and Chang [34] and Panayotov [41] also use this approach in related settings.
Formally, the market model can be investigated for arbitrage using the results provided
by Delbaen and Schachermayer [9]. Such a thoroughgoing investigation is beyond the
scope of this paper.

4.3 The risk-neutral dynamics and option pricing. In the following we assume we
are given a measure Q � P such that L is a Lévy process with characteristic triplet
.�Q; .�Q/2;…Q/ and finite fourth moment. Further, assume that .�2t /t�0 follows the
dynamics given in (4.4). (Note that we can assume without loss of generality that L is
centered to 0 and scaled to have a unit variance rate.)

The Q-dynamics of .�2t /t�0 are given by the risk-neutral version of (4.4), i.e.,

d�2t D �Q
�
. N�Q/2 � �2t�

�
dt C 
Q �2t� dMQ

t ; t > 0; (4.9)
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where �Q, . N�Q/2, and 
Q are the potentially adjusted parameters, and MQ is the
bracket process of L centered to 0 and scaled to unit variance rate. With O�Q defined as
in Theorem 4.1 by

O�Q.x/ D �
Z �1=x

�1

�
y C 1

x

�
…Q.dy/;

the compensated version yLt � R t^�
0

O�Q.�u�/ du is then a Q-martingale. The risk-
neutral return process is then given by the risk-neutral version of (4.7), i.e.,

yRt D
Z t^�

0

�
r � O�Q.�u�/ �u�

�
duC

Z t

0

�u� d yLu: (4.10)

The expression O�Q.�t�/ �t� can be conceptualised as the premium for the limited
liability option, i.e. the premium paid by equity for protecting it from losses larger than
100%. The stock price process is given by S D S0 E. yR/.

Under the measure Q, denote by �Q.�I�/ the price process of a T -claim � that
is suitably integrable, i.e. the random variable � is FT -measurable and EQj�j < 1.
Then �Q is given by

�Q.t I�/ D e�r .T�t/ EQ Œ� j Ft � :

4.4 Variance-Gamma COGARCH. In this section we take the Variance-Gamma
(VG) process proposed by Madan and Seneta [35] and Madan, Carr, and Chang [34],
and construct the VG-COGARCH model directly under a martingale measure Q, see
discussion in the previous section. We examine the model for its suitability to reflect
stylized facts, such as volatility clustering, leptokurtosis and skew, and incorporate as
a new feature, possible default. We then compute option prices, and, using the implied
Black–Scholes volatility, compare the results to those obtained from a corresponding
Heston model. Finally, we discuss our stochastic exponential setup in relation to the
exponential VG-COGARCH of Panayotov [41], see Remark 4.4 below.

Under the martingale measure Q the VG process L is defined by Lt D �VG �t C
�VG W�t

for t � 0, where � is a Gamma process with variance rate 
VG and unit mean
rate carrying the market time. W is a standard Brownian motion independent of � ,
�VG > 0 the volatility, and �VG 2 R the drift. The VG process is a pure jump process
having characteristic triplet .�Q; 0;…Q/ with Lévy measure

…Q.dx/ D exp.�VG x=�
2
VG/

jxj 
VG
exp

0
B@�

q
2 �2VG=
VG C �2VG

�2VG

jxj

1
CA dx; (4.11)

and drift

�Q D �VG �
Z

jxj>1
x …Q.dx/: (4.12)
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With this parametrisation, the moments of the Lévy measure are
Z
x …Q.dx/ D �VG;Z
x2…Q.dx/ D �2VG
VG C �2VG;Z
x3…Q.dx/ D 2 �3VG


2
VG C 3 �2VG �VG 
VG;Z

x4…Q.dx/ D 6 �4VG 

3
VG C 12 �2VG �

2
VG 


2
VG C 3 �4VG 
VG:

Using the normalisation
R
x2…Q.dx/ D 1, which forces �2VG < 1, the third and fourth

moments can be written in the formZ
x3…Q.dx/ D sign.�VG/

q

VG .1 � �2VG/ .2C �2VG/;Z

x4…Q.dx/ D 3 
VG .2 � �4VG/:

Then the leverage in (4.5) is obtained as a function of the VG parameter �VG and the
sign of �VG:

� D sign.�VG/

q
1 � �2VG .2C �2VG/q

3 .2 � �4VG/

:

The risk-neutral default intensity O�Q.x/ can then be derived from (4.6) as:

O�Q.x/ D 1


VG
E1

0
B@�VG C

q
2 �2VG=
VG C �2VG

�2VG x

1
CA ; x > 0;

where E1.x/ D R 1
x
y�1 e�y dy for x > 0.

Figure 1 displays the default intensity O�Q depending on the volatility .�t /t�0 for
three different parameterisations. The structural parameters of the volatility SDE are
�Q D 1, N�Q D 0:30, 
Q D 1. The first set ofVG-parameters is given by �VG D �1:64,

VG D 0:01, �2VG D 0:99, and reproduces a skew of �0:77 and a kurtosis of 7:90 for
daily return data as is typically observed for liquidly traded single stocks (see blue/solid).
The second parameter set is given by �VG D �1:62, 
VG D 0:02, �2VG D 0:97, and
reproduces a skew of �1:51 and a kurtosis of 16:54 for daily return data (black/dotted).
This parameter set shows more asymmetries and heavier tails and potentially proxies
for rather illiquid mid-cap stocks. The third parameter set is given by �VG D �1:60,

VG D 0:03, �2VG D 0:96, and reproduces a skew of �2:22 and a kurtosis of 25:83 for
daily return data (red/dashed). As expected, the default intensity O�Q is increasing in
the volatility and the kurtosis of the returns.
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Figure 1. Risk-neutral default intensities O�Q for volatility parameters �Q D 1, N�Q D 0:30,

Q D 1, and three different sets of VG parameters: (i) �VG D �1:64, 
VG D 0:01, �2

VG D 0:99

(blue/solid), (ii) �VG D �1:62, 
VG D 0:02, �2
VG D 0:97 (black/dotted), or (iii) �VG D �1:60,


VG D 0:03, �2
VG D 0:96 (red/dashed).

The compensator O�Q of yL can be calculated fairly explicitly as

O�Q.x/ D
�2VG exp

�
� �VGC

p
2�2

VG=�VGC�2
VG

�2
VG x

�


VG .�VG C
q
2 �2VG=
VG C �2VG/

� O�Q.x/
x

; x > 0: (4.13)

Figure 2 displays the risk-neutral default premium O�Q.x/ depending on the volatility
for three different parameterisations. The risk-neutral default premium is as expected
increasing in the volatility and the kurtosis. The parameterisations are identical to those
of Figure 1 discussed above.

The option pricing model is now completely specified under the martingale measure
Q. The driving Lévy process is VG with characteristic triplet .�Q; 0;…Q/ defined in
(4.11) and (4.12). The volatility dynamics are given according to (4.9) for some �Q,
. N�Q/2, and 
Q. The risk-neutral default adjusted return process yR is then defined
according to (4.10) where O�Q is given by (4.13).

Now, we compare the VG-COGARCH to the Heston model. We produce for both
models the prices of European call options with varying strike prices and maturities.
For the VG-COGARCH we apply Monte-Carlo simulation using a simple Euler dis-
cretisation scheme. The Heston call prices are computed by numerical integration of
the characteristic function of the log-price process at maturity date. Both prices are then
converted to corresponding implied Black–Scholes volatilities. The volatility dynam-
ics is mean reverting around a level of N�Q D N�H;Q D 0:30 with mean reversion rate
�Q D �H;Q D 1, for both VG-COGARCH and Heston, and a volatility of volatility pa-
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Figure 2. Risk-neutral default premium O�Q.x/ x for volatility parameters �Q D 1, N�Q D 0:30,

Q D 1, and three different sets of VG parameters: (i) �VG D �1:64, 
VG D 0:01, �2

VG D 0:99

(blue/solid), (ii) �VG D �1:62, 
VG D 0:02, �2
VG D 0:97 (black/dotted), or (iii) �VG D �1:60,


VG D 0:03, �2
VG D 0:96 (red/dashed).

rameter of 
Q D 1 for the VG-COGARCH and 
H;Q D 0:30 for Heston, respectively.
With this setup we ensure that the volatility dynamics are comparable for both models,
see Table 1. The VG parameters are set to �VG D �1:64, 
VG D 0:01, and �2VG D 0:99

implying a leverage of � D �0:275 and skewness of �0:77 and kurtosis of 7:90 for the
innovations on a daily basis. For the Heston model we have set �H D �0:275 as well
to keep the results comparable.

The implied volatility surface for the VG-COGARCH is displayed in Figure 3.
The jumps and accordingly the high kurtosis lead to rather steep smile patterns for
short dated options. At the long end the skewness dominates, and the typical smirk
can be observed with declining implied volatilities for increasing strike prices. For the
corresponding Heston model the implied volatility surface is graphed in Figure 4. Here,
the smile for short dated options is of rather mild extent. This finding is well-known
and can be attributed to the continuous price paths inherent in the Heston model. For
longer maturities the skewness generated by the negative correlation �H D �0:275
produces an implied volatility smirk approximately of the same extent as observed for
VG-COGARCH. A difference plot for both volatilities is given in Figure 5. One may
summarise that the VG-COGARCH can produce higher implied volatilities for short
maturities deep in-the-money and far out-of-the-money.

Remark 4.4. We conclude this section by mentioning that a similar option pricing
procedure for the COGARCH model has also been suggested by Panayotov [41]. In
contrast to us he models the risk-neutral dynamics of the log price by a VG-COGARCH
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Figure 3. Implied Black–Scholes volatilities from VG-COGARCH call option prices. The risk-
neutral parameters are S0 D 100, r D 0:05, �2

0
D 0:302, �Q D 1, N�Q D 0:30, 
Q D 1,

�VG D �1:64, 
VG D 0:01, �2
VG D 0:99.
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Figure 4. Implied Black–Scholes volatilities from Heston call option prices. The risk-neutral
parameters are S0 D 100, r D 0:05, .�H

0
/2 D 0:302, �H;Q D 1, N�H;Q D 0:30, 
H;Q D

0:30, �H D �0:275.
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Figure 5. Difference of implied volatilities in Figure 3 and Figure 4.

process leading to a stock price process

zSt D zS0 exp
� Z t

0

auduC
Z t

0

�u� dLu

�
;

where .�t /t�0 is the COGARCH volatility driven by the VG process L, see Panay-
otov [41], Eq. (3.3.1). The expression

R t
0
audu is a convexity correction which guar-

antees that the stock price has the proper risk-neutral expectation. According to (3.3.4)
in Panayotov [41] the density of the correction a can be computed as follows

at D r �
Z 1

�1
�
e�t x � 1�…Q.dx/; t � 0:

The log price process can be derived from this, and, using the fact that, together with the
volatility process, it is jointly Markovian, the option price is calculated by numerically
solving a PIDE. Possibility of default is not included in his model.

5 Statistical estimation of COGARCH

We present two different estimation procedures. The first is a simple method of moments
estimation, which works only for equally spaced data. The second method is more
sophisticated and handles unequally spaced data. It needs some preliminary results
concerning the pathwise approximation of Lévy processes which we outline in this
section. Throughout this section we assume that the driving Lévy process has no
Gaussian part, i.e. that �2 D 0.
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5.1 A method of moments estimation. For practical purposes, we need to discretise
the continuous-time COGARCH onto a discrete grid over a finite time interval, and
with a finite state space. Assume first that our data are given as described in (3.6). The
goal of this section is to estimate the model parameters ˇ, �, '. Moreover, we shall
present a simple estimate of the volatility.

5.1.1 Identifiability of the model parameters. We aim at estimation of the model
parameters .ˇ; �; '/ from a sample of equally spaced returns by matching empirical
autocorrelation function and moments to their theoretical counterparts given in Propo-
sition 3.1. The next result shows that the parameters are identifiable by this estimation
procedure for driving Lévy processes L as in Proposition 3.1. We assume throughout
that E.L1/ D 0 and E.L21/ D 1. For the sake of simplicity we set r D 1.

Theorem 5.1. Suppose .Lt /t�0 is a Lévy process such that E.L1/ D 0, E.L21/ D
1, E.L41/ < 1 and

R
R x

3….dx/ D 0. Assume also that ‰.2/ < 0, and denote

by .G.1/i /i2N the stationary increment process of the COGARCH.1; 1/ process with
parameters ˇ; �; ' > 0. Let �; �.0/; k; p > 0 be constants such that

E..G.1/i /2/ D �;

Var..G.1/i /2/ D �.0/;

�.h/ D corr..G.1/i /2; .G
.1/

iCh/
2/ D ke�hp; h 2 N:

Define

M1 WD �.0/ � 2�2 � 6 1 � p � e�p

.1 � ep/.1 � e�p/
k �.0/;

M2 WD 2k�.0/p

M1.ep � 1/.1 � e�p/
: (5.1)

Then M1, M2 > 0, and the parameters ˇ, �, ' are uniquely determined by �, �.0/, k
and p and are given by the formulas

ˇ D p �; (5.2)

' D p
p
1CM2 � p; (5.3)

� D p C '.1 � Var.L1//: (5.4)

We conclude from (5.2)–(5.4) that our model parameter vector .ˇ; �; '/ is a continu-
ous function of the first two moments �; �.0/ and the parameters of the autocorrelation
function p and k. Hence, by continuity, consistency of the moments will immediately
imply consistency of the corresponding plug-in estimates for .ˇ; �; '/.

5.1.2 The estimation algorithm. The parameters are estimated under the following
assumptions:
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(H1) We have equally spaced observations Gi , i D 0; : : : ; n, on the integrated CO-
GARCH as defined and parameterised in (3.1) and (3.2), assumed to be in its
stationary regime. This gives return data G.1/i D Gi �Gi�1, i D 1; : : : ; n.

(H2) E.L1/ D 0 and E.L21/ D 1, i.e. .�2t /t�0 can be interpreted as the volatility.

(H3) The driving Lévy process has no Gaussian part.

(H4)
R

R x
3….dx/ D 0, E.L41/ < 1 and ‰.2/ < 0.

We proceed as follows.

(1) Calculate the moment estimator O�n of � as

O�n WD 1

n

nX
iD1
.G

.1/
i /2;

and for fixed d � 2 the empirical autocovariances O�n WD . O�n.0/; O�n.1/; : : : ; O�n.d//T
as

O�n.h/ WD 1

n

n�hX
iD1

�
.G

.1/

iCh/
2 � O�n

��
.G

.1/
i /2 � O�n

�
; h D 0; : : : ; d:

(2) Compute the empirical autocorrelations

O�n WD . O�n.1/= O�n.0/; : : : ; O�n.d/= O�n.0//T :
(3) For fixed d � 2 define the mapping H W RdC2

C ! R by

H. O�n;�/ WD
dX
hD1

.log. O�n.h// � log k C ph/2:

Compute the least squares estimator4

O�n WD argmin�2R2
C
H. O�n;�/:

(4) Define the mapping J W R4C ! Œ0;1/3 by

J.�; �.0/;�/ WD
´
.p�; p

p
1CM2 � p; pp

1CM2 C p/ if p;M2 > 0;

.0; 0; 0/ otherwise,

where M2 is defined as in (5.1). Finally, compute the estimator

O#n D J. O�n; O�n.0/; O�n/:
4We note the known robustness issues associated with least squares estimators. There is no difficulty in

substituting for O�n a more robust estimator, for instance, by replacing the L2-norm by the L1-norm, or
invoking a weighted Huber estimator.
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In Haug et al. [24] asymptotic normality of the estimated parameter vector was
proved. This is essentially a consequence of the geometric ergodicity of the returns
process .G.1/i /i2N .

To conclude this section we mention that Müller [38] developed an MCMC estima-
tion procedure for the COGARCH.1; 1/model, which works also for irregularly spaced
observations. The approach is, however, restricted to driving processesL of finite vari-
ation. Alternatively, Fasen [17] presents results on the non-parametric estimation of
the autocovariance function of the volatility process and the COGARCH process by
invoking point process methods. In the next section, we outline a more sophisticated
way of dealing with unequally spaced data. It applies some results concerning the
pathwise approximation of Lévy processes.

5.2 The “first jump” approximation for a Lévy process. In this section we review
a “first jump” approximation to the underlying Lévy process which preserves certain
crucial features of the process.

Suppose again that the Lévy process .Lt /t�0 has characteristic triplet of the form
.�; 0;…/, where � 2 R and … is the Lévy measure. As usual, denote the jumps of Lt
by �Lt D Lt � Lt� for t � 0 (with L0� D 0), and let

x….x/ D …..x;1//C…..�1;�x�/; x > 0; (5.5)

denote the tail of ….�/.
We wish to approximate L on a finite time interval Œ0; T �, 0 < T < 1, parti-

tioned into Nn not necessarily equally spaced intervals. Let .Nn/n2N be an increasing
sequence of integers diverging to infinity as n ! 1. For each n 2 N, form a deter-
ministic partition 0 D t0.n/ < t1.n/ < � � � < tNn

.n/ D T of Œ0; T �. In Maller and
Szimayer [46], two approximating processes to L are constructed.

The first approximation, xLt .n/ for n 2 N is formed by taking the first jump, if one
occurs, of Lt in each time subinterval .tj�1.n/; tj .n/�, j D 1; 2; : : : ; Nn, where the
jump sizes are bounded away from 0, then discretizing (“binning”) these jumps to get
an approximating process which takes only a finite number of values on a finite state
space. The state space does not include 0, as we must avoid the possible singularity in
… at 0. If no jump occurs in a subinterval, xLt .n/ remains constant in that subinterval.

A second approximating process, Lt .n/, n 2 N, is then taken as the discrete
skeleton of xLt .n/ on the time grid .tj .n//jD0;1;:::;Nn

.
The time and space intervals are allowed to shrink and the state space to expand at

appropriate rates, so as to get convergence of xLt .n/ and Lt .n/ to Lt , as n ! 1, in
various modes.

To see how this works, take two sequences of real numbers .mn/n2N and .Mn/n2N ,
satisfying 1 > mn # 0 and 1 < Mn " 1 as n ! 1. The first approximating process,
xLt .n/, takes discrete values in the set

J.n/ D Œ�Mn;�mn/ [ .mn;Mn�; n 2 N:
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To construct it, let


j .n/ WD infft W tj�1.n/ < t � tj .n/I�Lt 2 J.n/g for 1 � j � Nn

(where the infimum over the empty set is defined as 1) be the time of the first jump of
L with magnitude in .mn; Mn� in interval j . Then decompose Lt as

Lt D �n t C L
.1/
t .n/C L

.2/
t .n/C L

.3/
t .n/ for 0 � t � T; (5.6)

where for all n � 1 and 0 � t � T :

L
.1/
t .n/ D a:s: lim

"#0

� X
0<s�t

�Ls 1f"<j�Ls j�mng � t
Z
"<jxj�mn

x ….dx/
�
;

L
.2/
t .n/ D

X
0<s�t

�Ls 1fMn<j�Ls jg; L
.3/
t .n/ D

X
0<s�t

�Ls 1fmn<j�Ls j�Mng;

and

�n D � �
Z
mn<jxj�1

x ….dx/:

Decomposition (5.6) is a variant of the Lévy–Ito decomposition (Sato [44], Theo-
rem 19.2, p. 120), in which, for each n, L.1/t .n/ is a compensated “small jump” mar-
tingale, and L.2/t .n/ and L.3/t .n/ might be thought of as “large jumps” and “medium
jumps”, respectively.

With no assumptions on L, Szimayer and Maller [46] show that, for j D 1; 2,
limn!1 sup0�t�T L

.j /
t .n/ D 0 a.s. L.3/t .n/ can be further decomposed as follows:

L
.3/
t .n/ D L

.3;1/
t .n/C L

.3;2/
t .n/;

where

L
.3;2/
t .n/ D

NnX
jD1

1f�j .n/�tg�L
.3/

�j .n/
:

Thus L.3;2/t .n/ is the sum of the sizes of the first jump of Lt in each subinterval whose
magnitude is in .mn;Mn�, where such jumps occur, while L.3;1/t .n/ collects, over all
subintervals, the sizes of those jumps with magnitudes in .mn;Mn� (except for the first
jump), provided at least two such jumps occur in a subinterval.

Since we allow for the possibility that L has “infinite activity”, that is, that ….R n
f0g/ D 1, we need a restriction on how fastmn may tend to the possible singularity of
… at 0, by comparison with the speed at which the time mesh shrinks. With appropriate
assumptions, limn!1 sup0�t�T jL.3;1/t .n/j D 0 in probability, in L1, or, alternatively,
in the almost sure sense. This leaves L.3;2/.n/ as the predominant component, asymp-
totically, ofL, and the penultimate step is to approximate it by a process xL.n/ that lives
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on a finite state space. So we discretize the state space J.n/ with a grid of mesh size
�.n/ > 0, where �.n/ & 0 as n ! 1, and set

xLt .n/ D �nt C
NnX
jD1

1f�j .n/�tg
��L.3/

�j .n/

�.n/

	
�.n/:

(The symbol bxc denotes the integer part of x 2 R). Again under certain conditions,
the difference between L.3;2/.n/ and xL.n/ disappears, asymptotically, in the L1 or
almost sure sense, uniformly in 0 � t � T . Thus xL.n/ approximates L, in the sense
that the distance between them as measured by the supremum metric tends to 0 in L1

or almost surely, in our setup.
The second approximation, L.n/, is obtained by evaluating xL.n/ on the same dis-

crete time grid as we have used so far. Thus L.n/ is the piecewise constant process
defined by

Lt .n/ D xLtj �1.n/.n/ when tj�1.n/ � t < tj .n/; j D 1; 2; : : : ; Nn; (5.7)

and with LT .n/ D xLT .n/. Because the original jumps are displaced in time in L.n/,
we no longer expect convergence to L in the supremum metric. Instead, we get that
limn!1 �.L.n/; L/ D 0, where �.�; �/ denotes the Skorokhod J1 distance in DŒ0; T �.
The processes L.n/ approximate L, pointwise, in probability, but not uniformly in
0 � t � T . However, the convergence in probability in the Skorokhod topology
suffices for certain applications that we discuss later.

Now we state the theorems from [46], which give the convergence of xLt .n/ and
Lt .n/ to Lt . Recall from (5.5) that x… denotes the tail of the Lévy measure of Lt . Let

�t.n/ WD max
1�j�n

�
tj .n/ � tj�1.n/

�
:

The main result for xLt .n/ is:

Theorem 5.2. Suppose

lim
n!1�t.n/ x…2.mn/ D 0 and lim

n!1�.n/ x….mn/ D 0: (5.8)

Then

sup
0�t�T

ˇ̌xLt .n/ � Lt
ˇ̌ P! 0 as n ! 1:

Next we consider the second approximating process,Lt .n/, as defined in (5.7). With
a view to applications, we need the following property. The processes .Lt .n//n2N are
said to satisfy Aldous’ criterion for tightness if

8" > 0 W lim
ı&0

lim sup
n!1

sup
�;�2�0;T .n/

�����Cı

P .jL� .n/ � L� .n/j � "/ D 0;

where �t;T .n/ is the set of FL.n/-stopping times taking values in Œt; T �, for 0 � t �
T . Let DŒ0; T � be the space of càdlàg real-valued functions on Œ0; T � and �.�; �/ the
Skorokhod J1 distance between two processes in DŒ0; T �.
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Theorem 5.3. Assume that Condition (5.8) of Theorem 5.2 holds. Then:

(i) �.L.n/; L/
P! 0 as n ! 1;

(ii) the sequence .Lt .n//n2N satisfies Aldous’ criterion for tightness.

We conclude this section with some comments on the filtrations. Let FL, F xL.n/ and
FL.n/ be the natural filtrations generated by the processes .Lt /t�0, .xLt .n//t�0 and
.Lt .n//t�0, respectively. Our construction clearly gives inclusion of the filtrations,
that is, for each n � 1

FL.n/ � F
xL.n/ � FL;

so, having demonstrated convergence of the approximating processes, we will have
sufficient structure to prove convergence in some optimal stopping problems using
recent results of Coquet and Toldo [7]. More discussion and possible applications of
this can be found in Maller and Szimayer [46].

5.3 A discrete approximation to the COGARCH. In this section we show how to
approximate a COGARCH pair .Gt ; �t /t�0 with an embedded sequence of discrete
time GARCH pairs, .Gn.t/; �n.t//t�0, using the first jump technology developed in
Section 5.2. The discrete approximating sequence, after appropriate rescaling, con-
verges to the continuous time model in probability, in the Skorokhod metric, as the
discrete approximating grid grows finer. This construction opens the way to using, for
the COGARCH, similar statistical techniques to those already worked out for GARCH
models, and useful applications can be made to options pricing, and to the modelling
of irregularly spaced time series data.

For these kinds of applications L is usually assumed to have finite variance and
mean 0, as we will do throughout this section.

Thus, we take as given the continuous time COGARCH pair .Gt ; �t /t�0 defined
in (3.1) and (3.2), and form a discrete approximating sequence as follows. Fix T > 0,
and take deterministic sequences .Nn/n2N with limn!1Nn D 1 and 0 D t0.n/ <

t1.n/ < � � � < tNn
.n/ D T , and, for each n 2 N, divide Œ0; T � into Nn subinter-

vals of length �ti .n/ WD ti .n/ � ti�1.n/, for i D 1; 2; : : : ; Nn. Assume �t.n/ WD
maxiD1;:::;Nn

�ti .n/ ! 0 as n ! 1, and define, for each n 2 N, a discrete time
process .Gi;n/iD1;:::;Nn

satisfying

Gi;n D Gi�1;n C �i�1;n
p
�ti .n/"i;n; i D 1; 2; : : : ; Nn; (5.9)

where G0;n D G0 WD 0, and the variance �2i;n follows the recursion

�2i;n D ˇ�ti .n/C �
1C '�ti .n/"

2
i;n

�
e�	�ti .n/�2i�1;n; i D 1; 2; : : : ; Nn: (5.10)

Here the innovations ."i;n/iD1;:::;Nn
, n 2 N, are constructed using the “first jump”

approximation outlined in Section 5.2. Since we assume a finite variance for L, we
need only a single sequence 1 � mn # 0 bounding the jumps of L away from 0. We



The COGARCH: a review, with news on option pricing and statistical inference 53

assume it satisfies limn!1�t.n/ x…2
L.mn/ D 0. Such a sequence always exists, as

limx#0 x2 x…L.x/ D 0. Fix n � 1 and define stopping times 
i;n by


i;n D inf ft 2 Œti�1.n/; ti .n// W j�L.t/j � mng ; i D 1; : : : ; Nn:

Thus 
i;n is the time of the first jump of L in the i th interval whose magnitude exceeds
mn, if such a jump occurs.

By the strong Markov property,
�
1f�i;n<1g�L.
i;n/

�
iD1;:::;Nn

is for each n 2 N a
sequence of independent rvs, with distribution specified by

….dx/1fjxj>mng
x….mn/

�
1 � e��ti .n/ x….mn/

�
; x 2 R n f0g; i D 1; 2; : : : ; Nn;

and with mass e��ti .n/ x….mn/ at 0. These rvs have finite mean, 
i .n/, and variance,
�i .n/, say. The innovations series ."i;n/iD1;:::;Nn

required for (5.9) is now defined by

"i;n D 1f�i;n<1g�L.
i;n/ � 
i .n/
�i .n/

; i D 1; 2; : : : ; Nn:

For each n 2 N, the "i;n are independent rvs with E"1;n D 0 and Var."1;n/ D 1.
Finally, in (5.10), we take �20;n D �20 , independent of the "i;n.

Remark 5.4. Equations (5.9) and (5.10) specify a GARCH.1; 1/-type recursion in
the following sense. In the ordinary discrete time GARCH.1; 1/ series, the volatility
sequence satisfies (2.2), viz.,

�2i D ˇ C �
1C .�=ı/"2i�1

�
ı�2i�1: (5.11)

When the time grid is equally spaced, so �ti .n/ D �t.n/, i D 1; 2; : : : ; Nn, (5.10) is
equivalent to (5.11), after rescaling by�t.n/ and a reparametrisation from .ˇ; '; �/ to
.ˇ; '; ı/, and (5.9) becomes a rescaled GARCH equation for the differenced sequence
Gi;n � Gi�1;n. More generally, with an unequally spaced grid, if the series are scaled
as in (5.9) and (5.10), convergence to the COGARCH is obtained as follows.

Embed the discrete time processes G�;n and �2�;n into continuous time versions Gn
and �2n defined for 0 � t � T by

Gn.t/ WD Gi;n and �2n .t/ WD �2i;n; when t 2 Œti�1.n/; ti .n//; (5.12)

with Gn.0/ D 0. The processes Gn and �n are in DŒ0; T �. The next result is proved in
Theorem 2.1 of Maller, Müller and Szimayer [36].

Theorem 5.5. In the above setup, the Skorokhod distance between the processes
.G; �2/ defined by (3.1) and (3.2), and the discretised, piecewise constant processes
.Gn; �

2
n /n�1 defined by (5.12), converges in probability to 0 as n ! 1; that is,

�
�
.Gn; �

2
n /; .G; �

2/
� P! 0 as n ! 1:

Consequently, we also have convergence in distribution in DŒ0; T � 	 DŒ0; T �:

.Gn; �
2
n /

D! .G; �2/ as n ! 1:
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Remark 5.6. Kallsen and Vesenmayer [27] derive the infinitesimal generator of the bi-
variate Markov process representation of the COGARCH model and show that any CO-
GARCH process can be represented as the limit in law of a sequence of GARCH.1; 1/
processes. The result of Theorem 5.5 is stronger in that it gives convergence to the
continuous-time model in a strong sense (in probability, in the Skorokhod metric),
as the discrete approximating grid grows finer. Whereas the diffusion limit in law
established by Nelson [40] occurs from GARCH by aggregating its innovations, the
COGARCH limit arising in Kallsen and Vesenmayer [27] and Maller et al. [36] both
occur when the innovations are randomly thinned.

5.4 GARCH analysis of irregularly spaced data. Maller, Müller and Szimayer [36]
apply the discrete approximation of the continuous time GARCH process to develop a
method of fitting the model to unequally spaced times series data, using the methodology
worked out for the discrete time GARCH.

5.4.1 The estimation algorithm. The parameters are estimated under the following
assumptions:

(H1) Suppose given observations Gti , 0 D t0 < t1 < � � � < tN D T , on the integrated
COGARCH as defined and parameterised in (3.1) and (3.2), assumed to be in its
stationary regime.

(H2) The .ti / are assumed fixed (non-random) time points.

(H3) EL.1/ D 0 and EL2.1/ D 1; i.e. �2 can be interpreted as the volatility.

(H4) The driving Lévy process has no Gaussian part.

Then we proceed as follows.

(1) Let Yi D Gti �Gti�1
denote the observed increments and put�ti WD ti � ti�1.

Then from (3.1) we can write

Yi D
Z ti

ti�1

�s�dL.s/:

(2) We can use a pseudo-maximum likelihood (PML) method to estimate the pa-
rameters .ˇ; �; '/ from the observed Y1; Y2; : : : ; YN . The pseudo-likelihood function
can be derived as follows. Because .�t /t�0 is Markovian, Yi is conditionally indepen-
dent of Yi�1; Yi�2; : : : , given Fti�1

. We have E.Yi j Fti�1
/ D 0 for the conditional

expectation of Yi , and, for the conditional variance,

�2i WD E.Y 2i j Fti�1
/ D

�
�2ti�1

� ˇ

� � '
� �

e.	�'/�ti � 1
� � '

�
C ˇ�ti

� � ' : (5.13)

Eq. (5.13) follows from the calculation in the third display on p. 618 of Klüppelberg et
al. [30]. To ensure stationarity, we take E�20 D ˇ=.��'/, with � > ', in that formula.
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(3) Applying the PML method, then, we assume that the Yi are conditionally
N.0; �2i /, and use recursive conditioning to write a pseudo-log-likelihood function for
the observations Y1; Y2; : : : ; YN as

LN D LN .ˇ; '; �/ D �1
2

NX
iD1

�
Y 2i
�2i

�
� 1

2

NX
iD1

log.�2i / � N

2
log.2�/: (5.14)

(4) We must substitute in (5.14) a calculable quantity for �2i , hence we need such
for �2ti�1

in (5.13). For this, we discretise the continuous time volatility process just as
was done in Theorem 5.5. Thus, (5.10) reads, in the present notation,

�2i D ˇ�ti C e�	�ti�2i�1 C 'e�	�tiY 2i : (5.15)

(5) Finally, note that (5.15) is a GARCH-type recursion, so, after substituting �2i�1
for �2

ti�1/
in (5.13), and the resulting modified �2i in (5.14), we can think of (5.14) as

the pseudo-log-likelihood function for fitting a GARCH model to the unequally spaced
series.

The recursion in (5.15) is easily programmed, and, taking as starting value for �20
the stationary value ˇ=.� � '/, we can maximise the function LN to get PMLEs of
.ˇ; �; '/. The small sample behaviour of these estimates are investigated in a simulation
study in Durand, Maller and Müller [14]. Moreover, Müller, Maller and Durand [39]
and Durand, Maller and Müller [14] apply this method to various financial data sets.

Acknowledgements. The authors are grateful to Jan Kallsen for useful discussions
regarding the COGARCH option pricing setup.
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Some properties of quasi-stationary distributions for
finite Markov chains

Servet Martínez and Jaime San Martín

1 Introduction

Quasi-stationary distributions (q.s.d. for short) for Markov chains have been extensively
studied since the pioneering work of Yaglom for the branching process in [11] and the
classification of positive matrices introduced by Vere-Jones in [10]. We recommend the
web site [6] at Philip Pollet’s homepage for an extensive list of references on q.s.d. for
countable Markov chains and related topics. In particular, the infinitesimal description
of q.s.d. (as a probability eigenmeasure) on countable spaces was done in [5], for birth
and death chains see [8] among others, and the more general existence result in the
countable case was shown in [2].

The first study of q.s.d. for finite state Markov chains was done in [1]. In this work
we remain in this setting. We supply some of the basic tools and results as well as some
new properties. For example, we use the martingale property to give three equalities
involving hitting times, this is done in Proposition 2.4. Based upon the geometrical
property of the killing time we give in Proposition 2.5 a lumping result in terms of q.s.d.

Jointly with P. Collet we are preparing a monograph on q.s.d. for Markov processes,
one dimensional diffusions and dynamical systems. There we give a much more general
setting for the main properties of this paper.

2 Definitions and results

Let X D .Xn W n � 0/ be a discrete time Markov chain taking values on the finite set
I , with transition matrix P D .Pij W i; j 2 I /. We denote by Pi the distribution of the
chain when it starts fromX0 D i and by Ei the corresponding mean value operator. We
will assume that X is the canonical Markov chain, so the variable Xn is the projection
of IN onto its n-th coordinate.

Let @I � I be a proper nonempty subset of I which we call set of forbidden states,
and let T D inffn � 0 W Xn 2 @I g be the hitting time of this set. Let yI D I n @I
be the set of allowed states and yP D .Pij W i; j 2 yI /. We will assume that X0 2 yI
and we shall consider the killed chain XT� D .Xn W n < T /. A q.s.d. � for XT� is a
probability distribution on yI that is conditionally invariant, that is, it verifies

8i 2 yI ; 8n � 1 W P�.Xn D i jT > n/ D �.i/: (1)

Since the points in @I can be assumed to be absorbing, we can take Pi i D 1 for i 2 @I .
Then:

8i; j 2 yI W P
.n/
ij D . yP n/ij :
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A necessary condition for the existence of q.s.d. is that the set of forbidden states
can be hit from the set of allowed states, that is, there exists some i0 2 yI such that
Pi0.T D 1/ > 0. To avoid technical problems that could make this presentation
unnecessary heavy, we shall assume that yP is irreducible (that is, for all pairs i; j 2 yI
there exists n > 0 such that P .n/ij > 0).

2.1 Exponential killing. Let us write the q.s.d. condition in terms of yP . First let us
state the following property: if � is a q.s.d., then when the process starts from �, the
killing time is geometrically distributed with parameter 1 � �.�/. More precisely,

8n � 1 W P�.T > n/ D �.�/n with �.�/ D P�.T > 1/: (2)

Indeed, from the definition of q.s.d. and since the points of @I are absorbing we get

P�.T > nCm/ D
X
i2 yI

P�.Xn D i; T > nCm/

D
X
i2 yI

P�.T > nCm jXn D i/P�.Xn D i/

D
X
i2 yI

Pi .T > m/�.i/P�.T > n/ D P�.T > n/P�.T > m/;

and so the property (2) holds. The coefficient �.�/ is known as the rate of survival.
Hence the property (1) can be written as

8i 2 yI ; 8n � 1 W
X
j2 yI

�.j /P
.n/
j i D �.�/n�.i/;

or equivalently �0 yP n D �.�/n�0 for all n � 1, which is equivalent to

�0 yP D �.�/�0:

Finally, observe that when � is a probability eigenmeasure on yI , that is, for some
number � ,

�0 yP D ��0;
then, by multiplying at the right by 1, we get � D �.�/. In particular,

P�.T > n/ D �n:

We have shown that a q.s.d. � is any normalized positive eigenfunction of yP .
We observe that if Q D .Qij W i; j 2 J / is an irreducible strictly substochastic

matrix then for each state j 2 J0 WD fj 2 J W P
k2J Qjk < 1g we add a state @j 62 J .

Let us define I D J [ f@j W j 2 J0g and consider the following stochastic matrix P
on I :

Pij D Qij if i; j 2 J I Pj @j D 1 �
X
k2J

Qjk if j 2 J0I P@j @j D 1;
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and Pij D 0 for any other pair of elements of I . When the set of forbidden states is
@I D f@j W j 2 J0g, then yI D J and yP D Q. In the usual extension we collapse all
the states @j in a single state @.

Since yP is strictly substochastic, the Perron–Frobenius theory (see Theorem 1.2 in
[7]) asserts that there exists a strictly positive eigenvalue � 2 .0; 1/ of yP which is its
spectral radius. It is simple (because of irreducibility) and its left and right eigenvectors
� and h can be chosen to be strictly positive, hence

�0 yP D ��0; yPh D �h; � > 0; h > 0:

Here �0 denotes the row vector associated to �. We can impose the following two
normalizing conditions:

�0h D 1; �01 D 1;

where �0f D P
i2 yI f .i/ �.i/. In particular � is a probability vector. From the above

discussion the vector � is a q.s.d. and the spectral radius � is the rate of survival. The
Perron–Frobenius theorem also guarantees that

9 0 � � < � such that yP n D �nh �0 C o.�n/;

or, equivalently,
P
.n/
ij D �nh.i/�.j /C o.�n/:

So
8i 2 yI W Pi .T > n/ D

X
j2 yI

P
.n/
ij D �nh.i/C o.�n/: (3)

Remark 2.1. Assume that starting from the probability distribution � on yI , the killing
time T is geometrically distributed. Then from (3) we get that its parameter is neces-
sarily 1 � � , that is,

P�.T > n/ D �0 yP n1 D �n�01 D �n:

Remark 2.2. In general it is not sufficient to assume that T has the geometrical dis-
tribution under the initial distribution � to conclude that � is a q.s.d. This occurs, for
example, when the row sums of yP are a constant c 2 .0; 1/. In this case h D 1 where 1
is the vector with all its components equal to 1, and the spectral radius (rate of survival)
is � D c. Moreover, for all probability measures � on yI we have the geometrical
property P�.T > n/ D �n.

2.2 Exit independence between time and state. Let us show that when the process
starts from a q.s.d., then the absorption time and the state where it is absorbed are
independent random variables (see [3] for a general statement). Observe that the random
variable XT depends on the trajectories of XT D .Xn W n � T /.

Proposition 2.3. Let � be a q.s.d. Then T and XT are P�-independent random vari-
ables.
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Proof. We already proved in (2) that the q.s.d. property implies P�.T > n/ D �.�/n.
Take k 2 @I . The Markov property and the q.s.d. equality P�.Xn D i jT > n/ D �.i/

imply that for all real n � 0 it holds that

P� .T D nC 1; XT D @k/ D P� .T > n; XnC1 D @k/

D P� .XnC1 D @k jT > n/ P� .T > n/

D P� .X1 D @k/ �.�/
n:

We sum over n � 0 to get

P�.XT D @k/ D 1

1 � �.�/P�.X1 D @k/:

Thus

P� .T D nC 1; XT D @k/ D P�.XT D @k/.1 � �.�//�.�/n
D P�.XT D @k/P�.T D nC 1/;

and the result follows.

2.3 The martingale property. The process W D .Wn W n � 0/ defined by Wn D
��nh.Xn/ is a P -martingale. In fact, since yPh D �h we find

E.��nh.Xn/ j �.X0; : : : ; Xn�1/ D EXn�1
.��nh.X1//

D ��n yPh.Xn�1/ D ��.n�1/h.Xn�1/;

where as usual �.X0; : : : ; Xn�1/ is the � -field generated by X0; : : : ; Xn�1. From
Doob’s sampling theorem we find that for all stopping times S and all n,

h.i/ D Ei .�
�S^nh.XS^n// D Ei .�

�Sh.XS /; S � n/C Ei .�
�nh.Xn/; S > n/:

Using the monotone convergence theorem we conclude that

h.i/ D Ei .�
�Sh.XS /; S < 1/: (4)

Consider the operator zEi defined by the equality

zEi .Gn.X1; : : : ; Xn// D 1

h.i/
Ei .Gn.X1; : : : ; Xn/�

�nh.Xn//;

for all Gn W I n ! R. When Gn is an indicator function this defines a probability
measure zPi on yIN . It is said that zPi is induced by the martingale W .

Using the same ideas as in the proof of (4) we obtain for all stopping times S and
all bounded functions G W S

n2N I
n ! R that

zEi .G.X1; : : : ; XS /; S < 1/ D 1

h.i/
Ei .G.X1; : : : ; XS /�

�Sh.XS /; S < 1/: (5)
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Consider the transition matrix zP D . zPij W i; j 2 yI /) given by

zPij WD h.j /

�h.i/
Pij ; (6)

which is stochastic because h is a right eigenfunction with eigenvalue � . We have
that zPi is the law of the canonical Markov chain with transition matrix zP . Since zP
is finite and irreducible, it is positive recurrent, and a direct computation shows that
.�h/0 zP D .�h/0. So the stationary distribution of zP is given by

�h D .�.i/h.i/ W i 2 yI /:
Consider the random variables

T i D inffn � 0 W Xn D ig:
Proposition 2.4. For all i; j 2 yI the following relations are satisfied:

1 D Ei .�
�T i

; T i < 1/I
h.i/ D h.j /Ei .�

�T j

; T j < 1/I
�.i/h.i/ D �

Ei .�
�T i

T i ; T i < 1/
��1

:

Proof. Since the law zPi is the one of a positive recurrent Markov chain with stationary
distribution given by �h, we obtain straightforwardly from (5) that the above three
relations are respectively equivalent to

zPi .T i < 1/ D 1I zEi .h.T j /; T j < 1/ D h.j /I �zEi .T i /
��1 D �.i/h.i/:

2.4 Trajectories that are never killed. Let us observe that from relation (3) the
following quasi-limiting behavior is obtained:

8i 2 yI W lim
n!1 Pi .Xn D j jT > n/ D lim

n!1
Pi .Xn D j /

Pi .T > n/
D �.j / for all j 2 I:

(7)
This property was shown in [1]. When � 2 P . yI / satisfies property (7) it is called a
quasi-limiting distribution or a Yaglom limit.

On the other hand (3) implies the following relation on the ratio of survival proba-
bilities:

8i; j 2 yI W lim
n!1

Pi .T > n/

Pj .T > n/
D h.i/

h.j /
:

The same estimations give:

8i; j 2 yI W lim
n!1

Pi .T > n �m/
Pj .T > n/

D ��m h.i/
h.j /

:
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We now show that the trajectories that are never killed constitute a Markov chain
and supply its law (see [4]). Let i0; : : : ; ik 2 yI . Take n > k. From the Markov property
we get

Pi0.X1 D i1; : : : ; Xk D ik; T > n/ D Pi0.X1 D i1; : : : ; Xk D ik/Pik .T > n � k/:
Hence,

lim
n!1 Pi0.X1 D i1; : : : ; Xk D ik jT > n/

D Pi0.X1 D i1; : : : ; Xk D ik/ lim
n!1

Pik .T > n � k/
Pi0.T >n/

D ��k h.ik/
h.i0/

Pi0.X1 D i1; : : : ; XkD ik/ D
kY
lD1

�
h.il/

�h.il�1/
Pil�1 il

�
:

Then the process Z D .Zn W n � 0/ whose law starting from i 2 yI is given by

Pi .Z1 D i1; : : : ; Zk D ik/ WD lim
n!1 Pi .X1 D i1; : : : ; Xk D ik jT > n/

is a well-defined Markov chain taking values on yI with transition probability matrix
zP D . zPij W i; j 2 yI / given by (6). This Markov chain is recurrent and its stationary

distribution is �h.
Observe also that from the quasi-limiting behavior (7) we get the convergence of

the final piece of the trajectory. Indeed, for any fixed k � 0, all i1; : : : ik 2 yI and every
initial distribution � on yI we have

lim
n!1 P� .XnC1 D i1; : : : ; XnCk D ik jT > n/ D P� .X1 D i1; : : : ; Xk D ik/ :

Here � is the quasi-limiting distribution which, for irreducible finite Markov chains,
coincides with the unique q.s.d.

2.5 Lumping. Finally let us state some conditions for lumping based upon the hy-
pothesis that the killing time is geometrically distributed. This occurs for example
when the initial distribution is a q.s.d., see (2) and Remark 2.2.

We briefly introduce the notion of a lumping process. Assume X D .Xn W n � 0/

is a finite state irreducible Markov chain on a finite set I with transition matrix P D
.Pij W i; j 2 I /. Consider a partition I0; : : : ; Is of I . Define zI D f0; : : : ; sg and take
the function  W I ! zI given by  .i/ D a when i 2 Ia. It is said that the process
zX D . zXn W n � 0/ with zXn D  .Xn/ satisfies the lumping condition when it is a

Markov chain.
The usual lumping condition is

8r; r 0 2 f0; : : : ; sg; 8i; j 2 Ir W
X
k2Ir0

Pik D
X
k2Ir0

Pjk : (8)
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Hence all the states in It are collapsed in a single state for t D 0; : : : ; s. In this
situation zX satisfies the lumping condition, so it is a Markov chain and its stochastic
kernel zP D . zPab W a; b 2 zI / is given by

zPab D
X
k2Ib

Pik; where i 2 Ia:

In what follows we consider a two state lumping process. For this purpose we take
I D f0; : : : ; `g with ` � 1 and we assumeX D .Xn W n � 0/ is an irreducible Markov
chain taking values on I with transition matrix P D .Pij W i; j 2 I /. Consider the
partition I0 D f0g, I1 D f1; : : : ; `g, so  .0/ D 0 and  .i/ D 1 for all i 2 I1. In our
Proposition 2.5 (see below) we shall give a condition in order that zX D . .Xn/ W n � 0/

verifies the lumping condition, that is, it is a Markov chain. This condition is related to
geometrical absorption to the state 0. For this purpose let us consider @I D f0g as the
set of forbidden states. So yI D I1 and T D inffn � 0 W Xn D 0g is the hitting time of
0 for the process X .

Our result will contain as a particular case the condition (8) which in this context
reduces to:

8i 2 I1 W Pi0 D P10:

In this special case zX is a Markov chain with transition matrix zP given by zP00 D
P00; zP01 D 1�P00; zP10 D P10; zP11 D 1�P10. A key observation is that bP , which
is the restriction of P to yI , has constant row sums c D 1 � P10. Therefore, starting
from any initial distribution on yI , the random time T is geometrically distributed with
parameter P10 (see Remark 2.2).

To state our generalization we need the following notion. The entrance distribution
from 0 to yI is

e D .ei W i 2 yI / with ei D P0.X1 D i/ D P0iP
j2 yI P0j

:

We are in an irreducible finite case and as before we denote by � the spectral radius.
We also note that there exists a unique q.s.d. and its rate of survival is precisely � .

Proposition 2.5. Assume that under the entrance distribution e the random time T is
geometrically distributed (this is satisfied when e is a q.s.d.). If the distribution of X0
is a combination of ı0 and e, then the process zX D . zXn W n � 0/ is a Markov chain
taking values in f0; 1g with transition kernel zP given by

zP00 D P00; zP01 D 1 � P00; zP10 D 1 � �; zP11 D 1 � P10:
Proof. Since under e the killing time T is geometrically distributed, from Remark 2.1
its parameter is necessarily 1 � � . We define by � the distribution on f0; 1g given by
�.0/ D P .X0 D 0/, �.1/ D P .X0 ¤ 0/ D 1 � �.0/.

There is a unique (in distribution) Markov chain Y D .Yn W n � 0/ taking values
in f0; 1g such that the initial distribution is � and the transition matrix Q is given by
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Q00 D P00 D 1 � Q01, Q11 D � D 1 � Q10. This process is characterized by the
sequence of independent sojourn times at 0 and 1, which are geometrically distributed
with parameters 1 � P00 and 1 � � respectively.

On the other hand, the process zX is realized as follows. Since the initial state of
X is chosen at random with the distribution �.0/ı0 C �.1/e, the initial distribution of
zX is �. If X0 D 0, then zX remains at 0 according to a geometric distribution with

parameter 1 � P00. If X0 ¤ 0 then, conditionally on this event, this initial state has
a distribution e. By hypothesis zX remains at 1 a time whose distribution is geometric
with parameter 1� � . The process zX then continues afresh. In this way zX and Y have
the same distribution and the result is shown.
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The parabolic Anderson model with heavy-tailed
potential

Peter Mörters

1 The parabolic Anderson problem

We consider the heat equation with random potential on the integer lattice Zd and study
the Cauchy problem with localised initial datum,

@tu.t; z/ D �u.t; z/C �.z/u.t; z/; for .t; z/ 2 .0;1/ � Zd ;

lim
t#0

u.t; z/ D 10.z/; for z 2 Zd ;
(1)

where

.�f /.z/ D
X

y2Zd

jy�zjD1

Œf .y/ � f .z/�; for z 2 Zd ; f W Zd ! R

is the discrete Laplacian, and the potential .�.z/ W z 2 Zd / is a collection of indepen-
dent identically distributed random variables. This problem appears in the context of
chemical kinetics and population dynamics, and also provides a simplified qualitative
approach to problems in magnetism and turbulence. Its name of parabolic Anderson
problem goes back to the work of the nobel-prize winning physicist P. W. Anderson
on entrapment of electrons in crystals with impurities, see [1]. The references [21],
[28] and [11] provide applications, background and heuristics around the parabolic
Anderson model and its relatives.

Interesting recent mathematical progress not discussed here can be found, for ex-
ample, in [23], [20], [8], [17] and [13], two survey articles emphasising recent work
on a range of potentials are [19] and [18]. Note that in some of these references the
potential field is allowed to have a nontrivial time-dependence, a feature which we shall
exclude from the discussions of the present paper.

The parabolic Anderson problem has a unique nonnegative solution if

EŒ.�.0/ _ 0/dC�� < 1 for some � > 0,

see [21]. Under this condition, the solution has a probabilistic representation known
as the Feynman–Kac formula. Indeed, suppose the potential .�.z/ W z 2 Zd / is fixed
and let .Xs W s � 0/ be a continuous time random walk with generator � started at the
origin. Let a particle following this walk have a mass, which is initially set to one.
Suppose the particle mass grows with rate �.z/ when the particle sits at a site z with
positive potential, and shrinks with rate ��.z/ when the particle sits at a site z with
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nonpositive potential. The solution u.t; z/ of the parabolic Anderson problem is then
given as the expected mass of particles at site z at time t . In other words,

u.t; z/ D E0

�
1fXt Dzg exp

� Z t

0

�.Xs/ ds

��
; (2)

where the expectation refers only to the random walk, so that the solution is random
due to its dependence on the potential .�.z/ W z 2 Zd /.

The main reason for the great interest the parabolic Anderson model has received
over the past ten years is due to the intermittency effect which is believed to be present
in the model as soon as the potential random variables �.z/ are truly random. Loosely
speaking, intermittency means that, as time progresses, the bulk of the mass of the solu-
tion is not spreading in a regular fashion, but becomes concentrated in a small number
of spatially separated connected sets of moderate size, whose location is determined by
the potential, which are called intermittent islands. This means that there is a marked
contrast between the behaviour of a diffusion in a constant potential, which, by the cen-
tral limit theorem, spreads the bulk of its mass at time t over a ball of radius of order

p
t ,

and the behaviour of a random potential with even the slightest randomness. For ex-
ample, in the case of a potential given by P f�.0/ D 0g D "; P f�.0/ D �ıg D 1 � ";

for "; ı > 0, Biskup and König [9] provide evidence that the mass is almost surely
concentrated in a small number of islands with diameter of order .log t /1=d located in
areas where the potential has a high concentration of zeroes.

On a heuristical level, the reason for this intermittent behaviour is the competition
between the benefits of the random walk path spending much time at sites with large
potential values, which is manifest from the exponential term in (2), and the unlikeliness
of such paths. Even in the case of an only mildly random potential, there is an expo-
nential advantage in spending most of the time in an area with maximal potential and
therefore exponentially unlikely random walk paths make the dominant contribution
to the expectation in (2). The strength of this effect depends on the distribution of the
potential values �.0/, more precisely on the tail of the distribution of �.0/ at infinity.
If the distribution has a bounded support, the main contribution will come from walks
confined to islands consisting of sites with near maximal potential values. There will
be a careful balance between the probability that a random walk reaches such an island
in time o.t/ and stays there for the remaining time on the one hand, and the height of
the potential on the island on the other hand. We expect that as time progresses the walk
can reach larger and larger islands. Such behaviour also prevails if �.0/ has a very light
tail at infinity. If the upper tail of �.0/ is sufficiently heavy however, we expect that
only random walks that go to certain optimal sites in time o.t/ and remain at such a site
for almost the entire time will contribute to the expectation. In this case the solution is
localised in islands which are single sites and, in particular, do not grow in time.

It is a very hard problem to make the above heuristics rigorous, confirm the geometric
picture of intermittency and study the precise time-dependence of the size of the islands
as a function of the distribution of the potential values. Worse even, hardly anything is
known about the number of islands on which the solutions are concentrated. Apart from
the work described here, we note that progress on the geometry of the solutions has been
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made on the one hand in the work of Sznitman for the closely related continuous model
of a Brownian motion with Poissonian obstacles, the work of his group is surveyed in
the monograph [29], and on the other hand in the seminal paper of Gärtner et al. [20],
which treats the vicinity of the double-exponential distribution. The bulk of the literature
however offers an alternative, less explicit, approach to the problem, by giving a rigorous
expansion of the growth rate of the total mass of the solution in the time variable. This
can then be interpreted in terms of geometric quantities like the size of the islands, and
the height and profile of the solution on an island, see Section 2 for some more detail. In
this context it was shown in [23] that there are four universality classes in the parabolic
Anderson model, dividing potentials into classes corresponding to qualitatively different
types of intermittent behaviour.

Roughly speaking, we can learn from this analysis that we can expect islands to be
growing over time if the tails are light enough to satisfy

(A)
1

x
log

ˇ̌
log P

˚
�.0/ > xgˇ̌ �! 1 as x " 1;

whereas the islands consist of single sites if

(B)
1

x
log

ˇ̌
log P

˚
�.0/ > xgˇ̌ �! 0 as x " 1:

Class (A) covers all bounded potentials and some incredibly light-tailed unbounded
ones, most of the unbounded potentials (in particular the class of Gaussian potentials)
belong to class (B). Note that the rigorous results about this classification require mild
additional regularity assumptions, which we neglect for the purpose of this introduction.

The present paper reports on the progress obtained in the attempt to study the
geometry of the solutions for potentials which lead to islands consisting of single sites.
Apart from the author of this survey, the researchers involved in various stages of this
project were Remco van der Hofstad (Eindhoven), Wolfgang König (Berlin), Hubert
Lacoin (Paris), Marcel Ortgiese (Berlin) and Nadia Sidorova (London). For our analysis
we chose the potentials with the heaviest possible tails. In fact we assumed that the
potentials follow the Pareto distribution

P f�.0/ � xg D x�˛ for all x � 1:

We assumed that the parameter ˛ is strictly bigger than the lattice dimension d , which
is necessary and sufficient for the existence of a nonnegative solution to the parabolic
Anderson problem.

While the choice of a potential with only polynomial decay at infinity was expected
to make the possible qualitative effects of the random environment very pronounced,
we were facing the technical challenge that much of the established techniques to study
the parabolic Anderson problem were not available to us, as they require finiteness of
some moments of the solution. As a result, new techniques had to be developed. I
will give a flavour of these techniques when presenting the results of this project in the
following sections.
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2 The growth rate of the total mass

For comparison, we start by looking at the situation in the case of potential with milder
irregularities, more precisely we assume that all exponential moments (with positive
rate) of the random variable �.0/ are finite. Then the function

H.t/ WD logEet �.0/; for t > 0,

is well defined and finite. Define

U.t/ WD
X
z2Zd

u.t; z/

to be the total mass of the system at time t . A large deviation heuristic (detailed, for
example, in [23]) suggests that the following almost sure expansion holds as t " 1:

1

t
logU.t/ D H.ˇt˛.ˇt /

�d /
ˇt˛.ˇt /�d

� ˛.ˇt /2 .� C o.1//;

where ˛ and ˇ are positive scale-functions and ˛.ˇt / plays the rôle of the order of the
diameter of the intermittent islands at time t . The first order term describes the height
of the potential on an island at time t and therefore the growth rate of the solution.
The number � in the second order term is the minimiser in a variational problem
whose optimiser describes the profile of the solution on an island scaled to diameter of
constant order. As indicated above, the papers [22], [9], [23] give rigorous asymptotic
expansions of 1

t
logU.t/ up to the second order term, which can then be interpreted in

terms of these heuristics. Between them they cover all potentials with finite exponential
moments, subject to mild regularity assumptions.

Note that the heuristics above predicts that the two leading terms in the expansion
of the random variable 1

t
logU.t/ are deterministic. In [24] we have shown that this

does not apply in the case of the Pareto potential, as already the leading term is random.

Theorem 2.1 (Weak asymptotics of the growth rate, Theorem 1.2 in [24]). Suppose
that the random variable �.0/ is Pareto distributed with parameter ˛ > d . Then, as
t " 1,

.log t /
d

˛�d

t
˛

˛�d

logU.t/ ) Y; where P fY � yg D exp
� � �yd�˛�

and

� WD .˛ � d/d2dB.˛ � d; d/
dd .d � 1/Š ;

where B denotes the beta function.
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Remark 2.2. (a) The limit lawY is of extremal Fréchet type with shape parameter˛�d .

(b) The fact that already the first term in the expansion of 1
t

logU.t/ is random
is due to the extreme irregularity of the Pareto potentials. The main result of [24] is
an expansion for the case of the Weibull potentials, which shows that in this case the
leading term in the expansion is still deterministic. Starting from the second term we
have a discrepancy between the almost sure liminf and limsup behaviour. A weak limit
theorem with nondegenerate limit distribution can only be observed for the fourth term,
in which case we see a limit variable of Gumbel type.

We can also describe the fluctuations in the growth rate in an almost sure sense. To
this end, we use the abbreviation

Lt WD 1
t

logU.t/:

Theorem 2.3 (Almost sure asymptotics of the growth rate, Theorem 1.1 in [24]). Sup-
pose that the random variable �.0/ is Pareto distributed with parameter ˛ > d . Then,
almost surely,

lim sup
t!1

logLt � d
˛�d log t

log log t
D � d � 1

˛ � d ; for d > 1;

lim sup
t!1

logLt � d
˛�d log t

log log log t
D 1

˛ � d ; for d D 1;

and

lim inf
t!1

logLt � d
˛�d log t

log log t
D � d

˛ � d ; for d � 1:

Remark 2.4. Theorem 2.1 shows that the liminf above is indeed a limit in probability,
which demonstrates that the differing limsup behaviour is due to a small number of
exceptional time scales where the growth rate is slightly bigger than typical.

We postpone the discussion of proof techniques to Section 4 where we give a
considerable strengthening of Theorem 2.1.

3 Localisation: The one- and the two-cities theorem

Having looked at the total mass U.t/, we now shift our interest to the profile of the
solution defined as

v.t; z/ WD u.t; z/

U.t/
for t > 0; z 2 Zd :

In other words, for any time t , we define v.t; z/ as the proportion of mass allocated to
the site z. Suppose that our potential is of class (B) and islands are expected to consist of
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single lattice sites. Apart from confirming this rigorously, the most interesting question
in this situation is how many islands are required to support the bulk of the solution.

Question. Find n D n.t/ as small as possible such that, for suitable (pairwise distinct)
random points Z.1/

t ; : : : ; Z
.n/

t 2 Zd ; we have

lim
t"1

nX
iD1

v.t; Z.i/

t / D 1;

where the limit could be (a) in probability, or (b) almost surely.

This problem is essentially open for all nontrivial potentials in class (B) except for
the Pareto potential, where it is solved in [25], a result we now present. We suppose
from this point on in all our theorems that the random variable �.0/ is Pareto distributed
with parameter ˛ > d .

Theorem 3.1 (One point localisation in probability, Theorem 1.2 in [25]). There exists
a càdlàg process .Zt W t > 0/ with values in Zd , depending only on the potential field,
such that

lim
t!1 v.t; Zt / D 1 in probability.

Remark 3.2. (i) The solution is concentrated in just one site with high probability, a
phenomenon often called complete localisation. To the best of our knowledge this has
not been observed in any lattice-based model of mathematical physics so far, but it is
not uncommon in mean-field models, see, for example, [15], [16].

(ii) We conjecture that the one-point localisation phenomenon holds for a wider
class of heavy-tailed potentials, including the Weibull potentials, but does not hold for
all potentials in class (A). In particular, it would be interesting to learn whether in the
case of exponential distributions one needs n.t/ ! 1 points to cover the bulk of the
solution.

An investigation of the proof of Theorem 2.1 given in [24] shows that

.log t /
d

˛�d

t
˛

˛�d

log v.t; Zt / H) 0:

Note that this together with the asymptotics in Theorem 2.1 does not yield the con-
centration property in Theorem 3.1 since the asymptotics are only logarithmic. Much
more precise techniques are required to prove the full strength of Theorem 3.1.

We describe the philosophy behind the proof, sketching the argument detailed
in [26]. To guess the right choice of .Zt W t � 0/ assume for the moment that the
competition between the paths contributing to the expectation

U.t/ D E0

�
exp

� Z t

0

�.Xs/ ds

��
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is only between paths that go to a site z in time o.t/ and stay there. While the exponential
factor in this case yields exp.t�.z/ .1Co.1//, for z sufficiently far away from the origin
the probability of such a path is essentially given by the probability that a random walk
makes the minimum number of steps required to reach site z, which is the `1-norm
kzk1. As the number of steps of the walk in t time units is a Poisson random variable
with mean 2dt the cost of reaching z is approximately

.2dt/kzk1

kzk1Š e�2dt D exp
� � kzk1 log kzk1

2dte
.1C o.1//

�
:

Therefore we choose Zt as the maximiser of the function

‰t .z/ D �.z/ � kzk1
t

log
kzk1
2dte

; for z 2 Zd :

Note that the subtracted ‘penalty term’ depends increasingly on the `1-norm of the
site z. Therefore, for the proof of Theorem 3.1, we can construct a centred `1-ball
of random, time-dependent radius ht so that Zt is the site of maximal potential value
in that box. Note that kZtk1 would be a possible choice of such a radius, but in fact
we can typically make it a bit larger. Given a site z and large time t we split u.t; z/
into three terms, which correspond to the contributions to the Feynman–Kac formula
coming from paths that

(1) by time t have left the ball fz W kzk1 � htg,

(2) stay inside this ball up to time t but do not visit Zt , and

(3) stay inside this ball and do visit Zt .

It turns out that the total mass of the first two terms is negligible. For the first contribution
this comes from an analysis, based on extreme value techniques, that shows that the
radius ht is very large at time t with high probability, so that it is very unlikely for
random walk paths to leave this ball before time t . The argument for the second term is
based on the fact, also obtained from extreme value analysis, that with high probability
there is a large gap between the largest and the second-largest value of f‰t .z/ W z 2 Zd g.
Hence the contribution of paths avoiding Zt is small compared to paths that spend a
significant amount of time there.

It finally remains to show that there is only a negligible contribution from paths that
stay in the box, visit Zt but do not end up in Zt at time t . The argument for this is
based on a spectral analytical device, which is used in a similar manner as in [20]: We
show that the third term above can be controlled in terms of the principal eigenfunction
of the Anderson Hamiltonian, �C �, in the ball with zero boundary conditions. This
eigenfunction turns out to be exponentially concentrated in the maximal potential point
in the ball, which by construction is Zt . Hence the total mass U must be concentrated
in Zt , completing the sketch of the proof of Theorem 3.1.

Remark 3.3. The convergence in Theorem 3.1 cannot hold in the almost-sure sense.
Indeed, assume that v.t; Zt / > 2=3 for all t � t0. As v. � ; z/ is continuous for



74 P. Mörters

any z 2 Zd , at any jump time t � t0 of the process .Zt W t � 0/ we have v.t; Zt�/C
v.t; Zt / > 4=3, a contradiction. From the growth of U.t/ one can see that .Zt W t � 0/

is not eventually constant, and thus has jumps at arbitrarily large times.

By the previous remark, at least two sites are needed to carry the total mass in an
almost sure limit theorem. The main result of [25] shows that, in the case of Pareto
distributed potentials, we have indeed almost sure localisation of the solution u.t; � /
in two distinct lattice points Z.1/

t and Z.2/

t , as t ! 1.

Theorem 3.4 (Two cities theorem, Theorem 1.1 in [25]). There exist processes
.Z.1/

t W t > 0/ and .Z.2/

t W t > 0/ with values in Zd , depending only on the poten-
tial field, such that Z.1/

t 6D Z.2/

t for all t > 0, and

lim
t!1 v.t; Z.1/

t /C v.t; Z.2/

t / D 1 almost surely.

Remark 3.5. The term two cities theorem was suggested by S. A. Molchanov. The
underlying intuition is that at a typical large time the mass, which is thought of as
a population, inhabits one site, interpreted as a city. At some rare times, however,
the entire population moves to the new city, so that at the transition times part of the
population still lives in the old city, while part has already moved to the new one.

Again we sketch the philosophy behind the proof. The main reason why this result is
much harder than Theorem 3.1 is that the approximation of 1

t
logU.t/ by the maximum

of‰t is not good enough at all large times t and a more complex variational problem has
to be built to describe the cost and benefit of paths spending their time predominantly
at a site z.

To this end, we look at the event that, for some � > 0, the random walk wanders
directly to a site z during the time interval Œ0; �t � and stays there throughout Œ�t; t �.
Denoting 	.z/ WD log #f paths of length kzk1 from origin to zg, this event has proba-
bility

e�.z/

.2d/kzk1

.2d�t/kzk1

kzk1Š e�2d�t e�2d.1��/t

D exp
� � kzk1 log kzk1

�te
� 2dt C 	.z/C o.t/

�
:

The reward for this behaviour is exp.t.1� �/�.z/.1C o.1/// and therefore we look at
those .�; z/ which maximise

sup
z2Zd

sup
�2.0;1/

˚
.1 � �/�.z/ � kzk1

t
log kzk1

�te
C �.z/

t

�

Looking for the global maximimiser of the inner variational problem we get � D
kzk1=.t�.z//, which for large t becomes smaller than 1. Hence Z.1/

t and Z.2/

t are
chosen as the two largest values of

ˆt .z/ WD �.z/ � kzk1
t

log �.z/C 	.z/

t
:
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We are then able to show that, almost surely,

1
t

logU.t/ � max
z2Zd

ˆt .z/:

The proof of Theorem 3.4 is, just as in the case of the one-point localisation, based on a
decomposition of paths, this time five rather than three cases need to be distinguished,
and a similar, albeit slightly refined, arsenal of techniques. Without going into detail,
the big difference is that in the almost-sure sense we can only expect a gap between
the largest and the third-largest value of fˆt .z/ W z 2 Zd g, because whenever t0 is
such that the maximiser z1 for all large t < t0 is different from the maximiser z2 for
all small t > t0, we necessarily have ˆt .z1/ D ˆt .z2/ by continuity of the mapping
t 7! ˆt .z/. This requires a different treatment of cases where the gap is between the
largest and second-largest value, or between the second-largest and third-largest value,
respectively.

4 Scaling limit theorems

Having seen that the solution of the parabolicAnderson problem with Pareto distributed
potential field is concentrated in a single point at most times, it is natural to ask how
the location of that point moves as time progresses. Theorem 1.3 (a) of [27] gives a
functional scaling limit theorem for the localisation point, together with the value of
the potential in that point. For definiteness of the formulation defineXt by the property
that v.t; Xt / is the maximum value of the profile at time t . For the (countably many)
times where this peak is not unique we choose the one with the smallest `1-norm.

Theorem 4.1 (Functional scaling limit theorem, Theorem 1.3 of [27]). There exists a
time-inhomogeneous Markov process ..Y .1/

t ; Y .2/

t / W t > 0/ on Rd � R such that, as
T ! 1, we have

	�� logT
T

� ˛
˛�d XtT ;

� logT
T

� d
˛�d �.XtT /

� W t > 0



H)
	�
Y .1/

t ; Y .2/

t C d
˛�d kY .1/

t k1
� W t > 0



;

in distribution on the space of càdlàg functions f W .0;1/ ! Rd � R with respect to
the Skorokhod topology on compact subintervals of .0;1/.

Before we give a detailed description of the limiting process and comment on the
proof of this result, we discuss some of its interesting consequences.

Remark 4.2. (i) Projecting onto the first coordinate at time t D 1we obtain, asT ! 1,

� logT
T

� ˛
˛�d XT H) Y

in distribution. This means that the contributing random walks move with superlinear
speed to the optimal point, a very remarkable fact. This result was also obtained as
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Theorem 1.3 in [25] where the limiting random variable was characterised by its density

p.x/ D ˛

Z 1

0

exp.��yd�˛/ dy

.y C d
˛�d kxk1/

;

where � is the same constant as in Theorem 2.1.

(ii) Using that 1
t

logU.t/ � maxz2Zd ‰t .z/ in probability, we can derive from
Theorem 4.1 a functional version of Theorem 2.1: As T ! 1, we have

	� logT
T

� d
˛�d logU.tT /

tT
W t > 0



H) �

Y .2/

t C d
˛�d

�
1 � 1

t

�kY .1/

t k1 W t > 0�:
As all involved processes are continuous, this convergence holds in distribution on the
space of continuous functions f W .0;1/ ! R with respect to the uniform topology
on compact subintervals.

(iii) To formulate a more classical (but weaker) scaling limit theorem we extend
the profile to .0;1/ � Rd by taking the integer parts of the second coordinate, letting
v.t; x/ WD v.t; bxc/. Taking nonnegative measurable functions on Rd as densities
with respect to the Lebesgue measure, we can interpret adv.t; ax/ for any a; t > 0

as an element of the space M.Rd / of probability measures on Rd . Denoting by
ı.y/ 2 M.Rd / the Dirac point mass located in y 2 Rd we obtain, as T " 1,

	�
T

logT

� ˛d
˛�d v

�
tT;

�
T

logT

� ˛
˛�d x

� W t > 0



H) �
ı.Y .1/

t / W t > 0�;
in the sense of convergence of finite dimensional distributions on the space M.Rd /
equipped with the weak topology. In other words, the scaled solution profile converges
to a wandering point mass whose path is given by the process .Y .1/

t W t � 0/. This
formulation of the result is intuitive, but has two drawbacks: first it cannot be improved
to convergence on a standard path space, and second it only contains the information
that the mass a time t is concentrated in an island of size o..t=log t /

˛
˛�d / and hides the

fact that this island is indeed a single site.

In order to describe the limit process we need to introduce some notation. Denote
by … a Poisson point process on the cone

H 0 WD ˚
.x; y/ 2 Rd � R W y > � d

˛�d kxk1
�

with intensity measure


. dx dy/ D dx ˝ ˛ dy

.y C d
˛�d kxk1/˛C1 :

Given this point process, we can define an Rd -valued process Y .1/

t and an R-valued
process Y .2/

t in the following way. Fix t > 0 and define the open cone with tip .0; z/ as

Ct .z/ D ˚
.x; y/ 2 Rd � R W y C d

˛�d .1 � 1
t
/kxk1 > z

�
;
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− d

− d

y

x

˛
x| |

(a) t < 1.

− d

− d

x

y

˛
x ||

(b) t > 1.

Figure 1. The definition of the process .Y .1/

t ; Y .2/

t / in terms of the point process …. Note that t
parametrises the opening angle of the cone, see (a) for t < 1 and (b) for t > 1.
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and let

Ct D cl
[
z>0

˚
Ct .z/ W ….Ct .z// D 0

�
:

Informally, Ct is the closure of the first cone Ct .z/ that ‘touches’ the point process as
we decrease z from infinity. Since Ct \… contains at most two points, we can define
.Y .1/

t ; Y .2/

t / as the point in this intersection whose projection on the first component
has the largest `1-norm, see Figures 1(a) and 1(b) for an illustration. The resulting
process ..Y .1/

t ; Y .2/

t / W t > 0/ is an element of D.0;1/, the space of càdlàg functions
on .0;1/ taking values in Rd � R.

Remark 4.3 (Time evolution of the process). (i) .Y .1/

1 ; Y .2/

1 / is the ‘highest’ point of
the Poisson point process ….

(ii) Given .Y .1/

t ; Y .2/

t / and s � t we consider the surface given by all .x; y/ 2 Rd�R
such that

y D Y .2/

t � d
˛�d

�
1 � 1

s

�
.kxk1 � kY .1/

t k1/:

For s D t there are no points of … above this surface, while .Y .1/

t ; Y .2/

t / (and pos-
sibly one further point) is lying on it. We now increase the parameter s until the
surface hits a further point of …. At this time s > t the process jumps to this new
point .Y .1/

s ; Y .2/

s /. Geometrically, increasing s means opening the cone further keeping
the point .Y .1/

t ; Y .2/

t / on the boundary and moving the tip upwards on the y-axis.

(iii) Similarly, given the point .Y .1/

t ; Y .2/

t / one can go backwards in time by decreas-
ing s, or equivalently closing the cone and moving the tip downwards on the y-axis.
The independence properties of Poisson processes ensure that this procedure yields a
process ..Y .1/

t ; Y .2/

t / W t > 0/ which is Markovian in both the forward and backward
direction. Note however that the projection .Y .1/

1 W t > 0/ is not Markovian (in either
time direction).

(iv) An animation of the process ..Y .1/

t ; Y .2/

t / W t > 0/ provided by Marcel Ortgiese
can be found at http://people.bath.ac.uk/maspm/animation_ageing.pdf

Remark 4.4. The process which describes the asymptotics of the scaled potential value
in the peak, �

Y .2/

t C d
˛�d kY .1/

t k1 W t > 0�;
corresponds to the vertical distance of the point .Y .1/

t ; Y .2/

t / to the boundary of the
domain H0 given by y D � d

˛�d kxk1, see Figure 2(a). The process which describes
the asymptotics of the scaled growth rate of the solution,

�
Y .2/

t C .1 � 1
t
/kY .1/

t k1 W t > 0�

corresponds to the y-coordinate of the tip of the cone Ct , see Figure 2(b).
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y

y D � d
˛�d kxk1

t1

t2

t0 D 1

(a) The process describing the potential in the peak.

t1

t2

t0 D 1

y

y D � d
˛�d kxk1

(b) The process describing the growth rate of the solution.

Figure 2. The position of the cone Ct at three times 1 D t0 < t1 < t2 is indicated by the three
dashed contours. The maximal point of the Poisson process is marked by the bold dot on the
dashed horizontal line. The two times t1 and t2 are jump times for the process .Y .1/

t W t � 1/

with the Poisson points triggering the jumps marked. The vertical positions of the three dots
represent the value of this process. (a) The length of the arrows indicate the value of the process
.Y .2/

t C d
˛�d

kY .1/

t k1 W t > 0/ at the three times corresponding to the dots at the end of the arrows.
(b) The length of the arrows indicate the value of the process .Y .2/

t C .1� 1
t
/kY .1/

t k1 W t > 0/ at
the three times, increasing from left to right.



80 P. Mörters

The proof of this result uses the point process technique developed in [24]. We
briefly describe the main idea here. Recall that at most times the peak Xt equals the
maximiserZt of the variational problem given by‰t . We have seen that, in probability,

1

T
logU.T / � max

z2Zd
‰T .z/:

For rT D .T= logT /
˛

˛�d and aT D .T= logT /
d

˛�d the point process

…T D
X
z2Zd

ı
. z

rT
;

‰T .z/

aT
/
;

where ıx denotes the Dirac measure in x, converges to a Poisson point process… with
intensity measure 
. dx dy/, as defined in the description of the limiting process. For
fixed t and large T we obtain, when z=rT is of constant order,

‰tT .z/

aT
� ‰T .z/

aT
C d

˛�d
�
1 � 1

t

� kzk1
rT

:

Note further that
�.z/

aT
� ‰T .z/

aT
C d

˛�d
kzk1
rT

:

This allows us to approximate the events of interest with events involving only the point
process …T . Informally, we obtain

P
˚
ZtT

rT
2 A; �.ZtT /

aT
2 B�

�
“
x2A;yC d

˛�d
x2B

P
˚
…T . dx dy/ > 0;

…T

˚
. Nx; Ny/ W Ny � y > d

˛�d
�
1 � 1

t

�
.kxk1 � k Nxk1/

� D 0
�
;

where the first line of conditions on the right means that there is a site z=rT 2 A

with ‰T .z/=aT D y and �.z/=aT 2 B , and the second line means that ‰tT .z/ is not
surpassed by ‰tT . Nz/ for any other site Nx D Nz=rT . We can now use the convergence
of …T to … inside the formula to give the limit theorem for the finite-dimensional
distributions of 	�

XtT

rT
; �.XtT /

aT

� W t > 0


:

Checking a tightness criterion in Skorokhod space completes the argument.

5 Ageing in the parabolic Anderson model

In a physical system which changes over time we are naturally interested in the time
scales in which we experience significant changes of the system. If the system has
randomness we may, for example, try to find a function s.t/ such that the probability
that the state at time t remains unchanged up to time t C s.t/ remains bounded from
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zero and one, as t " 1. We may say that the system exhibits ageing if s.t/ goes to
infinity as t " 1, while in typical cases of ageing we even observe a linear dependence
of s.t/ on t . Hence, as time goes on, in an ageing system changes become less likely
and the typical time scales of the system are increasing. Therefore, ageing can be
associated to the existence of infinitely many time-scales that are inherently relevant to
the system. This is in marked contrast to metastable systems, which are characterised by
a finite number of well separated time-scales, corresponding to the lifetimes of different
metastable states.

Ageing has been the subject of extensive research. Some interesting papers exhibit-
ing the ageing phenomenon include the case of spherical spin glasses [7], the random
energy model with Glauber dynamics [2] and interacting diffusions [12]. The bulk of
the research however is on very simple trap models which give a phenomenological
description of a particle moving in an energy landscape getting trapped in deeper and
deeper energy wells. Interest for trap models in the mathematical community was cre-
ated through the pioneering work of [14] and [6], and a survey is provided in the lecture
notes of [3]. Recent work of Ben Arous and Černý [5] shows that in the case of trap
models ageing is naturally linked with the arcsine law for stable subordinators, and this
connection is believed to be of a universal nature.

Coming back to the parabolic Anderson model with Pareto tails, we can conjecture
on the basis of the scaling limit theorem that the system exhibits some form of ageing:
doubling the length of the observation window asymptotically doubles the length of
periods of near constancy of the solution profile. However, the statement of the scaling
limit theorem is not strong enough to verify a full ageing result, which can be obtained
by other means.

Theorem 5.1 (Ageing in probability, Theorem 1.1 in [27].). For any � > 0 there exists
0 < I.�/ < 1 such that, for all 0 < " < 1

2
,

lim
t"1

P
n

sup
z2Rd

sup
s2Œt;tCt�/�

ˇ̌
v.t; z/ � v.s; z/ˇ̌ < "o

D lim
t"1

P
n

sup
z2Rd

ˇ̌
v.t; z/ � v.t C t�; z/

ˇ̌
< "

o

D I.�/:

Remark 5.2. As discussed in [4] in trap models it is often the case that a particle is in
the same state at times t and t C s.t/ but has left this state briefly several times during
the interval Œt; t C s.t/�. This can lead to different relevant scales for the two limits
above. For the parabolic Anderson model this is not the case, the profile never returns
to an earlier state.

Remark 5.3. The constant I.�/ 2 .0; 1/ can be given explicitly in terms of an integral.
The most interesting fact is that it does not come from a generalised arcsine law as in
the paradigm cases described in [5]. We can also describe its tails at infinity and zero
as

I.�/ � C ��d as � " 1; and 1 � I.�/ � c � as � # 0;
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for explicit constants 0 < c; C < 1.

Let us briefly discuss the proof of Theorem 5.1. We first show that

lim
t"1

P
n

sup
z2Rd

sup
s2Œt;tCt��

ˇ̌
v.t; z/ � v.s; z/ˇ̌ < "o

D lim
t"1

P
˚
Zt D ZtCt�

�
;

where Zt can be taken to be the maximiser in the variational problem given by ‰t . To
discuss the limit on the right hand side we again approximate the probability on the
right hand side in terms of the point process …t . We are able to write

‰tC�t .z/
at

D ‰t .z/

at
C �

1C �

d

˛ � d
jzj
rt

C error; (3)

where the error can be suitably controlled. Hence (in symbolic notation)

P
˚
Zt D ZtCt�

�

�
“

P
˚
…t .ıx ıy/ > 0;…tf. Nx; Ny/ W Ny > yg D 0;

…tf. Nx; Ny/ W j Nxj > jxj and Ny > y � d
˛�d

�
1C� .j Nxj � jxj/g D 0

�
;

where the first line of conditions on the right means that x is a maximizer of ‰t with
maximum y, and the second line means that x is also a maximizer of‰tC�t . As t " 1
the point process…t is replaced by… and we can evaluate the probability. and complete
the proof.

It is more difficult to come to a notion of ageing in an almost-sure sense, which
is observable from a typical trajectory of the solution. Roughly speaking, given the
state of the system at some time t , we may ask for the maximal time R.t/ such that the
system is still in the same state at time t C R.t/. This ‘residual lifetime function’ – to
borrow a terminology from renewal theory – hits zero whenever there is a change of
state. To find a meaningful notion of the time scale in which we experience a change
we would therefore ask for a characterisation of the upper envelopes of the residual
lifetime function.

To make this plan concrete recall that .Xt W t � 0/ is the process of peaks of the
solution. Define the residual lifetime function by

R.t/ D sup
˚
s � 0 W Xt D XtCs

�
;

for t � 0. Roughly speaking, R.t/ is the waiting time, at time t , until the next change
of peak, see the schematic picture in Figure 3. We have shown in Theorem 5.1 that
the law of R.t/=t converges to the law given by the distribution function 1 � I . In
the following theorem, we describe the smallest asymptotic upper envelope for the
process .R.t/ W t � 0/.
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t

R(t)

Figure 3. A schematic representation of the remaining lifetime function R.

Theorem 5.4 (Almost sure ageing, Theorem 1.2 in [27]). For any nondecreasing func-
tion h W .0;1/ ! .0;1/ we have, almost surely,

lim sup
t"1

R.t/

th.t/
D

8̂̂
<
ˆ̂:
0 if

Z 1

1

dt

th.t/d
< 1;

1 if
Z 1

1

dt

th.t/d
D 1:

The proof of Theorem 5.4 is technically more involved, because we can no longer
benefit from the point process approach and have to do significant parts of the argument
from first principles. We consider events

P

²
R.t/

t
� �t

³
� P

˚
Zt D ZtCt�t

�
;

for �t " 1. We significantly refine the argument leading to Theorem 5.1 and replace
the convergence of P fZt D ZtCt�g by a moderate deviation statement: For �t " 1
not too fast we show that

P
˚
Zt D ZtCt�t

� � C ��d
t ;

for a suitable constant C > 0. Then, if '.t/ D th.t/, this allows us to show that, for
any " > 0, the series

P
n P fR.en/ � "'.en/g converges if

P
n h.e

n/�d converges,
which is essentially equivalent to

R
h.t/�d dt=t < 1. By Borel–Cantelli we get that

lim sup
n!1

R.en/

'.en/
D 0;

which implies the upper bound in Theorem 5.4. The lower bound follows using a more
delicate second moment estimate.

6 Conclusion

The aim of this project was to study the possible effects of a highly irregular potential
on a diffusion on a d -dimensional lattice. By modeling the potential as a spatially
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independent, identically distributed random field with polynomial tails we have seen
that the diffusion shows interesting extreme behaviour, in particular

• the growth rate of the total mass is asymptotically random,

• the solution is asymptotically concentrated in a single point at most times,

• this point goes to infinity at superlinear speed,

• the solution is asymptotically concentrated in two points at all times,

• the system exhibits ageing behaviour.

In the proofs we combine a very fine analysis of the random walk paths contributing in
the Feynman–Kac formula with extreme value theory for the random field.
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From exploration paths to mass excursions –
variations on a theme of Ray and Knight

Etienne Pardoux� and Anton Wakolbinger��

1 Introduction

The two classical theorems of Ray and Knight (see e.g. [24], [32] or [33]) give beautiful
connections between Brownian excursions (described by Itô’s excursion measure) and
excursions of Feller’s branching diffusion.

t

�
�

Figure 1. Itô meets Feller. Sketch of a Brownian excursion and the corresponding excursion of
a Feller branching diffusion. (Photo of William Feller: courtesy of Mladen Vranic, Toronto.)

Here is an informal statement of the second Ray–Knight theorem: The time which a
(suitably stopped) reflected Brownian motion spends near level t (and which is formally
captured by its local time at t ), viewed as a process in t , is a Feller branching diffusion.
Let’s go for the trees in the forest: The reflected Brownian motion is the concatenation
of many Brownian excursions, and the random path of the Feller branching diffusion is
a sum of many Feller excursions (we will come back to this in Section 4). And indeed,
as adumbrated in Figure 1, the just described “Ray–Knight mapping” works also on
these building blocks, and maps a Brownian excursion into a Feller excursion.

A nice way to understand the Ray–Knight mapping is to interpret the Brownian
excursion as the exploration path of a tree, and the Feller excursion as width profile
of the same tree. This interpretation, and the mapping from exploration excursions to
width profiles (or mass excursions), is most easily conceived in a (pre-limit) situation
of binary trees in continuous time. We will review this in Section 2. There, we will
also point to a few historic landmarks and give some more hints to the literature.

�Research supported in part by the Agence Nationale de la Recherche under grant ANR-06-BLAN-0113.
��Research partly supported by Deutsche Forschungsgemeinschaft (FOR 498).
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In Section 3 we will state a continuous-time version of the Harris representation
of binary Galton–Watson trees in terms of continuous and piecewise linear exploration
paths whose slopes change at constant rate.

In Section 4 we describe the result of a scaling limit. This takes the exploration paths
to reflected Brownian motion (exploring a forest of continuum trees) and the rescaled
mass processes to a Feller branching diffusion. With the right scaling the image of Itô’s
excursion measure under this mapping is the excursion measure of Feller’s branching
diffusion, which is an excursion measure from an exit boundary as defined by Pitman
and Yor [30]. Poisson processes and subordinators will play a central role. Section 5
deals with subcritical branching by a Girsanov reweighting of both the exploration and
the mass excursion measures.

In Sections 6–8 we give a brief synopsis of a few recent developments in the frame-
work of “exploration and mass excursions”. Intended symmetries in the presentation are
captured by the following tableau (where FBD stands for Feller’s branching diffusion):

Sections 4 and 5:
Ray–Knight representation
of FBD

Section 8:
Ray–Knight representation
of FBD with logistic growth

Section 6:
Trees of excursions
of FBD

Section 7:
Trees of excursions
of FBD with logistic growth

In Section 6 we focus on Bertoin’s trees of alleles in branching processes with
rare neutral mutations, with all mutations leading to ever new types. In the scaling
limit studied in [6], the tree of alleles can be viewed as a rooted tree all of whose nodes
have a countable out-degree. The root is labelled by a subcritical Feller branching dif-
fusion, and all the other nodes are labelled by subcritical Feller excursions, where given
that the label of the parent is a mass path z D .zt /, the labels of its children are a Poisson
population of mass excursions with intensity measure A.z/ NQ, with A.z/ D R 1

0
zt dt

being the “size” of z and NQ being the subcritical Feller excursion measure. As we
will review in Section 6, the total size of the generations in the “tree of alleles” is then
a (discrete time, continuum mass) branching process which can be represented as an
iteration of independent copies of inverse Gaussian subordinators.

Without changing the mathematics of this model, one may think of a geographically
instead of a genetically structured population and replace the concept of “mutation to an
ever new type” by that of “migration to an ever new colony”. Interesting extensions of
this model have been considered. In [7], Bertoin allows for dependencies between the
number of emigrant and “homebody” children, otherwise leaving the independence in
the individual reproduction untouched. Another extension (which includes the model
with local competition discussed in Section 7) is to replace the excursion measure NQ of
the subcritical Feller branching by the excursion measureQ of some other diffusion on
RC, but with the same emigration mechanism as in the model described at the beginning
of Section 6. This is the class of Virgin Island models studied by Hutzenthaler [14].
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The last two sections feature Feller’s branching diffusion with logistic growth, a
process which has been studied in detail by Lambert [18]. In Section 7 we review the
Virgin Island model in which the measureQ that governs the tree of colony sizes is the
excursion measure of Feller’s branching diffusion with logistic growth. In an individual-
based interpretation, this process incorporates supercritical reproduction and pairwise
fights between individuals within each colony.

At first sight, the Feller branching diffusion with logistic growth does not lend itself
to a Ray–Knight representation, because the competition between individuals destroys
the “branching property”, i.e. the independence in the reproduction. (Other than in
Section 7, we now focus on the situation within one colony.) In Section 8, however, we
will provide such a representation, by introducing an order among the individuals and
decreeing that the pairwise fights are always won by the individual “to the left”. As
we will see, this results in an exploration process which is a reflected Brownian motion
with constant upward drift plus a downward drift which is proportional to the local time
accumulated at the current level. The exploration path encodes a forest of countably
many continuous trees in the same way as reflected Brownian motion does in the critical
Feller branching case, with a sampling from the exploration time axis corresponding to
a sampling from the leaves in the forest, see [23]. With the above-mentioned “left-right
rule” for the individual fights, the excursions which come later in the exploration tend
to be smaller – the trees to the right are “under attack from those to the left”.

In this exposé our aim is to explain concepts and ideas on an intuitive rather than a
thoroughly formal level. To this end we sometimes resort to a verbal description and
refrain from giving full and rigorous proofs.

2 Harris paths and tree profiles

With a binary tree in continuous time one can associate (like in Figure 2) two excursions
from zero. One is the exploration excursion � which arises by traversing the tree at a
constant speed and recording the height as a function of the exploration time s. The
other is the mass excursion � which gives the profile of the tree, i.e. the number of
extant branches as a function of the real time t .

The idea to establish a correspondence between planar (rooted) trees and paths by
traversing the vertices of the tree and recording the height (i.e. the distance of the root)
as a function of the “exploration time” goes back to Theodore Harris ([13], cf. [28],
ch. 6). Following Pitman and Winkel [29] we name such an exploration excursion a
Harris path. Later we will also consider the concatenation of such excursions, which
describe the exploration of a forest of trees (and is called Harris path as well). For the
moment, let us consider one single tree.

The number �t of branches extant in the tree at time t equals half the number of the
level t -crossings of the Harris path �, which in turn equals the number of excursions of
� above height t . Let us agree (for the moment) on a traversal speed 2. This results in
slope ˙2 of the Harris path, and consequently half the number of its level t -crossings
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ζ
η

s

t

Figure 2. Left: A binary tree and its Harris path (exploration excursion) �. Right: The tree
profile (mass excursion) �.

can be read off as

�t D lim
"!0

1

"

Z 1

0

1ft<�s<tC"gds: (1)

With the chosen slope ˙2 of the Harris path, it is clear that the total branch length of the
tree equals the total time that is needed to traverse the tree. In particular, the integrated
mass excursion equals the length of the exploration excursion, i.e.

A.�/ WD
Z 1

0

�t dt D inffs > 0 W �.s/ D 0g DW R.�/: (2)

If the tree is random, say critical binary Galton–Watson with branching rate �2, then
the durations of the successive periods of increase and decrease of the exploration turn
out to be i.i.d. exponential with parameter �2=2, see Section 3.

In an .N 2; N /-scaling as described in Section 4, the concatenation of i.i.d. copies
of rescaled exploration excursions �N converges, as N ! 1, to a reflected Brownian
motion, and the sum of i.i.d. copies of rescaled mass excursions �N converges to a
Feller branching diffusion. Both limiting objects can be represented in terms of Poisson
populations, with the intensity measures being Itô’s excursion measure on one side and
the excursion measure of Feller’s branching diffusion (as described in [30]) on the other.
In this way, “Itô meets Feller”, as the two did in Princeton in 1954, two years after the
appearance of Harris’ paper [13] with its section on “walks and trees”.

In 1963 Daniel Ray and Frank Knight published their papers [31] and [17] which
contain the essence of what is now known as the two Ray–Knight theorems. The relation
(1), which persists in the scaling limit and allows to read off the mass excursion as a
local time process of the exploration excursion (see Section 4), is at the heart of this.

Further landmarks in exploring the connection between Feller branching processes
and Brownian excursions are the work of Kawazu and Watanabe [16] and of Neveu
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and Pitman [25]. In Aldous’ 1991–93 trilogy [3], the continuum random tree shaped
up as a central object. It arises as a limit of rescaled Galton–Watson trees and plays
in the realm of random trees a role similar to that of Brownian motion in the classical
invariance principle. New limit objects, called Lévy trees, appear as soon as heavy-
tailed offspring distributions come into play. For the description and the analysis of
these trees as well, exploration and “height” processes are an important tool. Yet an-
other pioneering development has been Le Gall’s Random snake [21], which, based
on the idea of exploration processes, provides a representation of Dawson and Watan-
abe’s super-Brownian motion (and other measure-valued branching processes, [8]) as
a continuum-tree-indexed Markov motion. For this and further extensions, we refer to
the monographs of Duquesne and Le Gall [10], Evans [11] and Pitman [28], and to the
survey papers [22], [23] by Le Gall.

3 A discrete Ray–Knight theorem

In this section we state a version of the Ray–Knight theorem for Harris paths. The
central observation is Lemma 3.1, which (in the critical case) traces back to [20].
Our proof, which can be easily adapted to a non-critical binary branching like that of
Lemma 8.1 below, is similar to that of a more general result by Geiger and Kersting
([12], Theorem 2.1), who, however, use exploration paths with downward jumps. See
also [29] and [4] for other variants of the proof of Lemma 3.1.

Consider a binary critical Galton–Watson tree in continuous time with branching
rate (or variance parameter) �2, called T(�2) for short. Think of each branch having an
Exp(�2=2)-distributed lifetime and carrying a rate �2=2-Poisson process of birth time
points. When the death clock rings, the branch terminates (in a leaf of the tree), when a
birth clock rings, then a new branch, and hence a new independent subtree, starts, say,
to the right of the mother branch.

The tree is traversed with constant speed 2 in the following “depth first search”
manner: Start from the root and follow the leftmost branch up to its leaf, then turn and
go down. Let B1 > B2 > � � � > BK be the time points of births along the leftmost
branch, written in descending order. If K D 0, that is if there are no birth points along
the leftmost branch, then go down to height 0 and stop. Otherwise, turn at height B1
and enter the branch born there, proceeding in the analogous way as before, now using
the birth time points along that branch. When coming down to heightB1 again, proceed
downwards to height B2 ifK > 1 (and then turn and enter the branch born at time B2,
and so on), otherwise go down to height 0 and stop there.

Lemma 3.1. The exploration process of the tree T.�2/ constructed in the just described
way is in distribution equal to an excursion E from 0 of a process with continuous,
piecewise linear paths with slopes ˙2, starting at height 0with positive slope, changing
slope at rate �2, and dying at its first return to 0.

Proof. Whenever the exploration process moves upwards, it traverses, independently
of its past, an Exp(�2=2/-distributed height before changing slope. Now consider a
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downward piece of the exploration process. The birth points along the branches of the
tree form a Poisson process with intensity �2=2. The same is true for the yet unexplored
birth points on the path between any point in the tree and the root, independently of
the previous exploration. Hence, if the height of the current point is t , the distance
travelled down from this point is distributed as min.T; t/, where T is an Exp(�2=2)-
random variable.

For an RC-valued path h D .hu; u � 0/, we put

ƒs.t; h/ WD lim
"!0

1

"

Z s

0

1ft<hu<tC"gdu (3)

provided the right hand side exists, and define ƒ.t; h/ WD ƒ1.t; h/.
In view of (1) and (3) we thus obtain from Lemma 3.1 the following

Corollary 3.2. For a random excursion E as in Lemma 3.1, ƒ. �; E/ has the same
distribution as the profile (or “mass excursion”) of the random tree T.�2/, and hence
is a critical binary Galton–Watson process with branching rate �2 and one initial
individual.

4 Brownian scaling: Itô meets Feller

Now let us have a look at a scaling by N which, as N ! 1, takes a sequence of
Galton–Watson processes into Feller’s branching diffusion. Time is speeded up by
the factor N , mass is scaled down by the same factor N , and there are bNxc initial
individuals instead of one, with x being a positive real number. As to the exploration
paths, this results in a concatenation of bNxc exploration excursions. In view of (1)
and (3), the downscaling of the mass is achieved by speeding up the exploration by a
factor N , which results in slopes ˙2N . Measured in real time, the rate of change of
the slope is �

2

2
N , and measured in exploration time, it is �2N 2.

Definition 4.1. For N 2 N let HN be a continuous, piecewise linear process with
slopes ˙2N , starting in 0with positive slope, changing slope at rate �2N 2 and reflected
at 0. Moreover, for x > 0, let HN;x be the path HN stopped at the time SNx when
completing bNxc excursions from 0. In other words, SNx equals the smallest s for
which ƒs.0;HN / � bNxc=N .

Remark 4.2. Due to Lemma 3.1,HN;x is equal in distribution to the exploration path
of a rescaled Galton–Watson forest consisting of bxN c trees. Hence, analogous to
Corollary 3.2, the “level counts” of the rescaled Harris path are equal in distribution to
a rescaled Galton–Watson process, i.e.

.ƒ.t;HN;x//t�0
dD

�
1

N
�

bNxc
tN

�
t�0
; (4)

where .�kt /t�0 is a critical binary Galton–Watson process with branching rate �2 and
k initial individuals.



From exploration paths to mass excursions 93

The sequence of paths HN as described in Definition 4.1 converges, as N !
1, in distribution to a reflected Brownian motion with variance parameter 4=�2.
(Note that the expected time between two consecutive changes of the slope of HN is
�N WD 1=.�2N 2/, and the variance of the height difference is .2N /2.1=..�2N 2//2/ D
.4=�2/�N .) Although local times are not continuous functionals of the paths, it is pos-
sible to take the limit N ! 1 in (4), see e.g. [4]. This is one road to the classical

Ray–Knight Theorem. Let H be reflected Brownian motion with variance param-
eter 4=�2. For x � 0 define

Sx WD inffs > 0 W ƒs.0;H/ � xg (5)

and put Hx WD .Hs/0�s�Sx
and ƒ.Hx/ WD .ƒSx

.t;H//t�0. Then

ƒ.Hx/
dD Zx : (6)

Here,Zx is a critical Feller branching diffusion with variance parameter �2, i.e. a weak
solution of the SDE

dZt D �
p
Zt dWt ; Z0 D x; (7)

with W a standard Brownian motion.
The quantityƒs.t;H/ gives one way to measure the time which the pathH spends

at level t up to time s. An alternative way to do this is via the semimartingale local time
Ls.t;H/ (see [32], Chapter VI)). For unit variance (4=�2 D 1), Ls.t;H/ D ƒs.t;H/

a.s. ([32], Corollary VI.1.9). L and ƒ obey the scalings Ls.t; kH/ D kLs.t;H/,
ƒs.t; kH/ D 1

k
ƒs.t;H/ for k > 0. Consequently, L and ƒ are related via

Ls.t;H/ D 4
�2ƒs.t;H/ a.s.; (8)

which corresponds to the occupation times formula, see e.g. [32], Corollary VI.1.6.
Note thatH can be represented asH D 2

�
jˇj, with ˇ a standard Brownian motion.

By Tanaka’s formula, one has jˇsj D Bs C Ls.0; ˇ/ for a standard Brownian motion
B . Since Ls.0; jˇj/ D 2Ls.0; ˇ/ and because of the scaling of Ls.0;H/ we obtain

Hs D 2

�
Bs C 1

2
Ls.0;H/: (9)

Let n be Itô’s excursion measure of Brownian motion, and nC its restriction to EC, the
set of Œ0;1/-valued excursions. The intensity measure for the excursion representation
of (9) on the ƒ:.0;H/-axis is given by

Qn WD 2
�
nC. 2� � 2 �/: (10)

In other words: Let .�i ; �i / be the points of a Poisson process on RC�EC with intensity
measure dx˝ Qn and write

�
�i �x �i for the concatenation of all the excursions �i with
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�i � x, constructed as in [32], Proposition XII.2.5. Put Hx WD .Hs/0�s�Sx
with Sx

defined in (5). Then

Hx dD
�
�i �x

�i : (11)

The prefactor 2=� in (10) comes from the scaling relationƒs.0; 2� jˇj/ D �
2

âƒs.0; jˇj/.
Indeed, because of the relation Ls.0; jˇj/ D 2Ls.0; ˇ/, the measure nC is the inten-
sity measure for the excursion representation of reflected Brownian motion jˇj on the
L:.0; jˇj/.D ƒ:.0; jˇj//-axis.

Clearly,ƒ
� �

�i �x �i
� D P

�i �x ƒ.�i /. Combining this with (11), we arrive at the
following re-formulation of the Ray–Knight representation (6):

X
�i �x

ƒ.�i /
dD Zx (12)

Let zQ be the image of Qn under the mapping � 7! � WD ƒ.�/, i.e.,

zQ D Qn.ƒ.�/ 2 �/: (13)

Then, by the Poisson mapping theorem, .�i ; �i / WD .�i ; ƒ.�i // is a Poisson point
process with intensity measure dx ˝ zQ. Thus, (12) translates into

Zx
dD

X
�i �x

�i ; x � 0; (14)

which is a representation of Feller’s branching diffusion in terms of a path-valued
subordinator that decomposes Zx with respect to the ancestral mass. In particular,

(14) renders the so-called branching property of Feller’s branching diffusion: ZxCx0 dD
Zx CZx

0

, with Zx and Zx
0

independent.
The measure zQ can be understood as the Lévy measure of the path-valued subordi-

nator (14) (or also as the canonical measure of the infinitely divisible random measure
Zxt dt ). We claim that

zQ.�/ D lim
x!0

1

x
P.Zx 2 .�//; (15)

which identifies zQ as the excursion measure of Feller’s branching diffusion (7) in the
sense of Pitman and Yor (see [30], Section 4, and [14], Section 9).

To see (15) it suffices to look at the random variables hf;Zxi WD R 1
0
f .t/Zxt dt

for continuous functions f W RC ! RC with compact support that vanish on Œ0; "�
for some " > 0. Because zQ.�" > 0/ < 1, only a finite (Poisson) number of sum-
mands contribute to hf;Zxi. As x ! 0, the probability that more than one summand
contributes is o.x/, hence P.hf;Zxi 2 .�// D x zQ.hf;Zxi 2 .�//C o.x/.

The (� -finite) measure zQ is Markovian, having the semigroup of (7). Let us em-
phasize, however, that for the dynamics (7), other than in the classical Itô excursion
theory, the point 0 is not regular but absorbing.
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As a preparation for the next two sections we compute for the area under Feller’s
branching diffusion the decomposition that corresponds to the representation (14). In
other words, we compute the Poisson representation of the infinitely divisible random
variable

R 1
0
Zxt dt , with Zx being the solution of (7). Here, a crucial observation is

the identity

R.�/ D A.�/ (16)

for � D ƒ.�/, with R.�/ being the length of the exploration excursion � and A.�/ the
area under the mass excursion � , cf. (2). This identity follows with the choice f � 1

from the occupation times formula ([32], VI.1.6)

Z R.�/

0

f .�s/ds D
Z 1

0

f .t/ƒR.�/.t; �/dt:

We recall that the image of n under the mapping � 7! R.�/ is

	.da/ WD n.R.�/ 2 da/ D 1p
2
a3

da; (17)

see [32], Proposition XII 2.8. This 	 is the Lévy measure of the inverse Brownian local
time at 0, which is a 1

2
-stable subordinator. Using (14), (2) and (5) we obtain

A.Zx/ WD
Z 1

0

Zxt dt
dD

X
�i �x

A.�i / D
X
�i �x

R.�i / D Sx : (18)

Hence .A.Zx// as well as .Sx/ is a subordinator with Lévy measure

zQ.A.�/ 2 da/ D Qn.R.�/ 2 da/ D 2
�
nC.R.�/ 2 da/ D 1

�
	.da/; (19)

where we used (17) and the fact that nC ıR�1 D 1
2
n ıR�1 in the last equality of (19).

Thus, due to Lévy’s representation of Brownian local time as current maximum of a
Brownian motion ([32], Theorem VI 2.3), the distribution of Sx equals that of the time
at which a standard Brownian motion first hits the level x=� (or equivalently, the time
at which a Brownian motion with variance parameter �2 first hits the level x.)

5 Subcritical branching: reweighting the excursions

As a preparation for Section 6 we analyze the Ray–Knight representation of a subcritical
Feller branching diffusion Zx that satisfies

dZt D �
p
Zt dWt � cZt dt; Z0 D x: (20)

for a fixed c > 0.
Let us first discuss the dynamics of the exploration process. The subcriticality leads

to a decrease of the birth rate, and hence to a downward drift in the exploration process.
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To figure out what this drift is, let us revert to the (continuous time, discrete mass)
picture described at the beginning of Section 4. There, the rate of birth points along
the branches (in real time after speeding up by the factor N ) was �2

2
N , and now it is

�2

2
N � c. Due to the exploration speed 2N , the rate (in exploration time) of change

from a downwards to an upwards slope is thus �2N 2�2cN . The rate from an upwards
to a downwards slope remains unaffected and is �2N 2. In the limitN ! 1 this leads
to the drift � 2c

�2 ds and the quadratic variation 4
�2 ds, and to the exploration process

being a reflected Brownian motion governed by the equation

Hs D 2

�

�
Bs � c

�
s
�

C 1

2
Ls.0;H/: (21)

The excursion measure Nn governing (21) is (10) multiplied by a Girsanov density, up
to time R.�/ ^ s, s > 0, is exp

� � R R.�/^s
0

c
�
d�r � 1

2

R R.�/^s
0

�
c
�

�2
dr

�
. As s ! 1,

this converges to g.R.�// WD exp
� � 1

2

�
c
�

�2
R.�/

�
; hence

d Nn
d Qn.�/ D g.R.�//: (22)

Because of (13), (16) and (22), the excursion measure NQ of the c-subcritical Feller
branching diffusion arises by reweighting that of the critical Feller branching diffusion
with the Girsanov density g.A.�//:

d NQ
d zQ.�/ D g.A.�//: (23)

This can also be seen without recurring to the exploration excursions: the Girsanov
density which introduces the c-subcriticality for a Feller branching diffusion is

exp
�

�
Z 1

0

cZt

�
p
Z t

dWt � 1
2

Z 1

0

� .cZt /
2

�2Zt
dt

�
;

which for an excursion Z D � equals g.A.�// D exp
� � 1

2

�
c
�

�2
A.�/

�
.

To obtain the Lévy measure of the subordinator .Sx/ given by (5) and (18), but now
in the c-subcritical case, we have to multiply (19) by the Girsanov factor g.a/. This
Lévy measure is thus given by

�.da/ WD g.a/ 1
�
	.da/ D exp

� � 1
2

�
c
�

�2
a
�
1
�

1p
2
a3

da: (24)

The distribution of Sx is explicit. Indeed, again due to Lévy’s representation of local
time, the distribution of Sx equals the distribution of the time at which a Brownian
motion with variance parameter �2 and drift c first hits the level x. This distribution is
known as the inverse Gaussian with parameters x=c and x2=�2, and has density

P.Sx 2 da/ D xp
2
�2a3

exp
�

� .ca � x/2
2�2a

�
: (25)
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6 Bertoin’s “Trees of alleles with rare mutations”

In the second paper of a recent trilogy [5], [6], [7] on trees of alleles and trees of colonies
in branching processes, Jean Bertoin considers a critical Galton–Watson process in
discrete generations with bNxc ancestors, offspring variance �2, and probability c=N
that an individual at its birth acquires a new mutation never seen so far in the population,
which it then inherits to all its descendants (see in particular Section 4 of [6]). The
evolution is neutral in the sense that all the individuals, irrespective of their type, have
the same reproduction law.

The situation is thus similar to the so called infinite sites model in population genet-
ics, with the type or allele of an individual being the set of all mutations it carries. In this
way one obtains a tree of alleles: the root consists of all individuals that descend from
the ancestors without any mutation. Each child of the root consists of a mutant child
� of one of these non-mutant individuals, plus that part of �’s offspring that carries no
additional mutation. Bertoin investigates the process of the total sizes of the alleles and
shows that as N ! 1 this process, when divided by N 2, converges to a continuous
state branching process with discrete generations and reproduction measure � given
by (24). We give a brief intuitive explanation of this along the lines of the previous
section.

With the Brownian scaling discussed at the beginning of Section 4, and with one of
the two factorsN taken for rescaling the mass and the other one for rescaling the time,
the rescaled mass process of the non-mutant individuals converges to the c-subcritical
Feller branching diffusion Z.0/ WD Zx following (20). Write A.0/ DW R 1

0
Z
.0/
t dt

for the total non-mutant (or “wild-type”) mass. The mass cA.0/, which is lost from
the non-mutants due to mutation, serves as ancestral mass for another c-subcritical
Feller branching diffusion Z.1/. In this way, one obtains inductively a sequence Z.k/,
k D 1; 2; : : : of c-subcritical Feller branching diffusions, obeying (20) withZ.k/,W .k/

and cA.k�1/ WD c
R 1
0
Z
.k�1/
t dt in place of Z, W and x, and with Z.k/ independent

of .Z;Z.1/; : : : ; Z.k�1//, given A.k�1/. The process A D .A.0/; A.1/; : : : / is an RC-
valued Markov chain, withA.k/ describing the sum of the sizes of the (countably many)
k-th step mutant alleles.

In view of equation (18), A.0/ has the same distribution as Sx , where S D .S`/`�0
is a subordinator with Lévy measure � defined in (24). Consequently the Markov
chain A can be represented as an iteration of independent subordinators. For this, let
S .0/; S .1/; S .2/; : : : be independent copies of S , and put M0 WD S

.0/
x ,

M1 WD S
.1/
cM0

; : : : ; Mk WD S
.k/
cMk�1

; : : : . (26)

The process A D .A.0/; A.1/; : : : / (which describes the total generation sizes in the
tree of alleles) then obeys

.A.0/; A.1/; : : : /
dD .M0;M1; : : : /: (27)

Thus, A is a continuous state branching process with discrete generations (a so-called
Jiřina process).
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Indeed, for each k,Mk is a sum of jumps of S .k/, and for k � 1 each of these jumps
“stems” from a jump of S .k�1/. By forgetting the structure of M0 (and thus decreeing
that all the summands of M1 stem from M0), but keeping track of the genealogy the
subordinator jumps in the later generations, one arrives at a tree whose nodes are labelled
with the jump sizes, with M0 at its root. This is what Bertoin calls the tree indexed
continuous state branching process (CSBP) with reproduction measure �.

As the main result of [6], Bertoin proves that in the regime described at the beginning
of this section, the rescaled tree of alleles N�2AN converges in the sense of finite
dimensional distributions to the just described tree indexed CSBP.

We also mention recent related work ofAbraham and Delmas [1] in the framework of
continuous state branching processes. Intuitively, the forest of non-mutant trees (which
makes up the original allele) arises from a forest with a critical offspring dynamics by
pruning, i.e. “cutting off” the mutant individuals together with their entire offspring.
This procedure is iterated when passing from the k-th step mutants to the .k C 1/-st
step ones. In this sense, the individual genealogy that underlies this model fits into a
general framework of pruned trees, see [2] and references therein.

There is also a geographic (instead of a genetic) interpretation of the tree of mass
excursions: instead of types, one may think of colonies (or islands), with “mutation
to an ever new type” becoming “emigration to an ever new island”. It is this picture
which Bertoin adopts in [7]. There, he also considers a situation in which a bivariate
subordinator .T .`/; Y.`//`�0 (instead of the pair .S`; Sc`/`�0) appears in an analogue
of (26). The jumps of Y occur at the same points ` as those of T , the pair of jump
sizes being governed by a Lévy measure on RC � RC. With an appropriate scaling,
the bivariate subordinator allows to describe dependencies between the numbers of
“homebody” and emigrant children in a large population limit, see Theorem 2 in [7].
With .T .0/; Y .0//; .T .1/; Y .1//; : : : being i.i.d. copies of .T; Y /, the analogue of (26)
and (27) becomes

A.0/x WD T .0/.x/; A.1/x WD T .1/.Y .0/.x//; A.2/x WD T .2/.Y .1/.Y .0/.x///; : : : .
(28)

Let us write R.x/ WD T .0/.x/ C T .1/.Y .0/.x// C T .2/.Y .1/.Y .0/.x/// C � � � . Both
T .`/`�0 and .R.`//`�0 are subordinators, henceT .`/ andR.`/ are sums over countably
many jumps. We denote the populations of jump sizes in T .x/ and in R.x/ by Jx and
Cx , noting that both J D .J`/`�0 and C D .C`/`�0 are measure-valued subordinators.
A decomposition of Cx with respect to the “first generation colonies” gives

Cx
dD Jx C zCY.x/; (29)

with . zC`/ an independent copy of .C`/. This is a re-formulation of Bertoin’s stochastic
fixed point equation in [7], Theorem 1, which there is expressed as an integral equation
involving the Lévy measures of .T; Y / and of C .

In the next section we will discuss another extension of the “tree of alleles” model,
again formulated in a geographic framework with emigration to ever new colonies. In
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this model, the current population size in a colony will have an impact on the individual
death rate. The population size in one colony, as a function of the ancestral mass x,
is then no subordinator any more. Still, due to the “Virgin Island assumption”, the
tree of colonies will be described by an iteration of subordinators exactly as in (26),
with the subordinators S .1/; S .2/; : : : figuring in (26) being independent copies of a
subordinator. While this subordinator need not have a representation like (5), its Lévy
measure still is the image of an excursion measure Q under the mapping � 7! A.�/,
see formula (31) below.

7 Feller branching with logistic growth, and Virgin Islands

As an additional ingredient to the stochastic dynamics in (20) we now add a nonlinear
drift. For simplicity we assume it to be logistic, thus considering

dZt D �
p
Zt dWt C .
Zt � �Z2t / dt � cZt dt; Z0 D x: (30)

In a population model, the additional drift terms 
Zt dt and ��Z2t dt describe a super-
critical reproduction and a killing due to pairwise fights; we will elaborate more on this
in the next section. In a geographic picture, the drift term �cZt dt results from emigra-
tion. The SDE (30) describes the evolution of the population size in the “mother colony”,
and the total mass that emigrates from the mother colony is c

R 1
0
Ztdt DW cA.0/. The

Virgin Island assumption is that each migration (of an infinitesimal mass cZt dt ) is to
a new colony, where cZt dt becomes a potential ancestral mass.

Thus, cA.0/ DW cM0 serves as the (random) time argument in a subordinator zS with
Lévy measure � defined by

�.da/ D Q.A.�/ 2 da/; (31)

where the mass excursion measureQ is again defined by (15), but now withZ following
(30) instead of (20). Proceeding inductively like in (26), we now arrive at a tree of
colonies. This is the Virgin Island model studied by M. Hutzenthaler in [14], also
for more general drift and diffusion coefficients than those in (30). Figure 3, adapted
from [14], symbolizes a “tree of mass excursions” (embedded in time) which could
either be a tree of alleles (as in the previous section) or a tree of colonies. In [14],
the analogy between this time embedding and a (continuous-mass generalization of a)
Crump–Mode–Jagers branching process is elaborated. In the Feller branching case,
a similar construction has been carried out in [9] as a basis for a superprocess with
dependent spatial motion and interactive immigration.

Let us emphasize again that for the logistic Feller branching (30) there is no sub-
ordinator representation as in (14), since the non-linear drift in (30) destroys the inde-
pendence in the reproduction (and the infinite divisibility of Zt ). However, due to the
Virgin Island assumption, which makes the evolution of the different colonies indepen-
dent of each other, the tree of colony sizes still does have a representation in terms of an
iteration of independent copies of a subordinator zS , and hence as a tree-indexed con-
tinuous state branching process as described after formula (27). In the case discussed
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z

t

Figure 3. The root and three of its (countably many) children in a tree of excursions.

there (that is for 
 D � D 0), the Lévy measure of these subordinators was given by
(24). In the present case (with � > 0) there is no explicit formula for the Lévy measure
of the subordinators except the equality (31). However, there is still a handy criterion
that allows to decide whether the total mass (summed over all colonies) in the Virgin
Island model is finite a.s. This happens if and only if E zSca0

� a0 for all a0 2 RC, or
equivalently iff

c

Z 1

0

a �.da/ � 1: (32)

Because of (31), the first moment of � is

Z 1

0

a �.da/ D
Z 1

0

aQ.A.�/ 2 da/ D
Z 1

0

dt

Z 1

0

y Q.�t 2 dy/; (33)

with the last equality due to Fubini. Remarkably,

Z 1

0

dt Q.�t 2 dy/ D m.y/ dy; (34)

where

m.y/ D 1

�2y=2
exp

� Z y

0

z.
 � c � �z/
�2z=2

dz

�
(35)

is the speed density of (30) (in its adequate norming). Indeed, both sides of (34) are
invariant measures for the semigroup of (30), and therefore must be proportional to
each other. That they are in fact equal follows e.g. from Lemma 9.8 in [14]; our (34) is
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equation (178) in [14]. Putting (33) – (35) together we see that (32) is equivalent to

c

Z 1

0

exp
�
.
 � c/y � � �2

4
y2

�
dy � 1; (36)

which thus characterizes the a.s. finiteness of the total mass in the Virgin Island model
obtained from (30).

It turns out that the Virgin Island model is most favorable for survival in the limit
t ! 1 when compared with models with the same local population dynamics (30) but
a possibly different migration mechanism. To be specific, fix for d 2 N probability
weights mk , k 2 Zd , and consider the system of interacting diffusions

dZk;t D �
p
Zk;t dWk;t C .
Zk;t � �Z2k;t / dt C c

� X
j

mj�kZj;t �Zk;t
�
dt;

Zk;0 D xı0k; k 2 Zd ;

(37)

whereWk , k 2 Zd , are independent standard Brownian motions. Using a self-duality of
the solution of (37) and a comparison between (37) (now with a spatially homogeneous
initial configuration) and a mean field model, it is shown ([15], Theorem 1, Theorem 3
and Corollary 4) that under the assumption (36) the total mass process

P
k2Zd Zk;t

from (37) hits 0 in finite time a.s., irrespective of the choice of the weightsmk . In [14]
a direct comparison of (37) with the corresponding Virgin Island model is announced
also for more general diffusion and drift coefficients, in which case no self-duality
would be available.

We conclude this section with a representation of the random variable
R 1
0
Zxt dt ,

with Zx being the solution of (30). This uses a time change introduced by Lambert in
[18]. Consider the additive functional

At D
Z t

0

Zxs ds;

and the associated time change

˛t D inffs > 0; At > sg:
As noted in [18], the process Y xt WD Zx˛t

is an Ornstein–Uhlenbeck process, solving
the SDE

dY xt D .
 � c � �Y xt /dt C �dBt ; Y x0 D x;

with this identification is valid only for 0 � t � �x , where �x WD infft > 0; Y xt D 0g.
Let Tx be the extinction time of the logistic Feller process Zxt . We clearly have ˛�x D
Tx , and consequently

�x D
Z 1

0

Zxt dt:

In the particular case � D 
 D 0, this identity ties in with the remark at the end of
Section 5.



102 E. Pardoux and A. Wakolbinger

8 A Ray–Knight representation of logistic Feller branching

As mentioned in the previous section, the Feller branching diffusion with logistic
growth, which follows the SDE (30), has no subordinator representation as in (14),
nor has it a Ray–Knight representation in terms of a concatenation of independent ex-
ploration excursions. This is due to the non-linear term on the r.h.s. of (30) that comes
from the pairwise fights in which one of the two fighters is killed. However, by breaking
the symmetry between the individuals we will manage to bring an exploration process
and a Ray–Knight representation back into the picture.

To explain the strategy, we consider a “discrete mass - continuous time” approxima-
tion of (30) and its exploration process. As in Section 4, forN 2 N, the approximation
will be given by the total mass Z.N/ of a population of individuals, each of which has
mass 1=N . The initial mass isZ.N/0 D bNxc=N , andZ.N/ follows a Markovian jump
dynamics: from its current state k=N ,

Z.N/ jumps to

´
.k C 1/=N at rate kN�2=2C k
;

.k � 1/=N at rate kN�2=2C k.k � 1/�=N: (38)

The quadratic death term k.k�1/�=N can be attributed to each of the k.k�1/=2 pairs
fighting at rate 2� , with each of the fights being lethal for one of the two individuals.
The dynamics of the total mass will not be affected if we view the individuals alive at
time t as being arranged “from left to right”, and decree that each of the pairwise fights is
won by the individual to the left. In this way we arrive at the “death rate due to fights”
2�Li .t/=N for individual i , where Li .t/ denotes the number of contemporaneous
individuals to the left of individual i at time t . In this way we grow a forest of bNxc
trees, with all the individuals being under attack from the contemporaneans to their
left. This forest is explored with speed 2N in the way as described in Section 3,
leading to slopes ˙2N of the exploration path HN . For an individual i living at
real time t and being explored in an upward piece of HN at exploration time s, the
exploration process HN experiences a rate of change from positive to negative slope
which is increased by the pairwise fights. This additional rate of change from positive
to negative slope is 2�Li .t/=N in real time, and 4�Li .t/ in exploration time. In terms
of the “local time” (3) this can be expressed as 4�Nƒs.HN

s ;H
N /, since the number

of contemporaneans to the left of the individual i is Li .t/ D Nƒs.t;H
N /. In the

same way as we arrived at Lemma 3.1 in the case 
 D � D 0, we can now identify the
stochastic dynamics of s 7! HN

s :

Lemma 8.1. The exploration path s 7! HN
s obeys the following stochastic dynamics:

• At time s D 0, HN starts at height 0 and with slope 2N .

• When HN moves upwards, its slope jumps from 2N to �2N at rate N 2�2 C
4�Nƒs.H

N
s ;H

N /.

• WhenHN moves downwards, its slope jumps from �2N to 2N at rateN 2�2C2N
 .

• WheneverHN reaches 0, its slope jumps from �2N to 2N , i.e.HN is reflected at 0.
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Write
SNx D inffs W ƒNs .0;HN / � bNxc=N g: (39)

for the first time at which HN completes bNxc excursions. Just as we obtained
from Lemma 3.1 the discrete Ray–Knight representation for a Galton–Watson process
(Corollary 3.2), we obtain in the following Corollary of Lemma 8.1 a similar represen-
tation for the Galton–Watson process with logistic growth:

Corollary 8.2. Let HN be a stochastic process following the dynamics specified in
Lemma 8.1. Then t 7! ƒSN

x
.t;HN / follows the jump dynamics (38).

In [19] we prove that the sequence of processes HN converges, as N ! 1, to the
weak solution of

Hs D 2

�
Bs C 2


�2
s � �

Z s

0

Lr.Hr ;H/dr C 1

2
Ls.0;H/; s � 0: (40)

with B a standard Brownian motion and Ls.t;H/ the semimartingale local time ofH ,
with L and ƒ connected by (8). One ingredient in this proof is the following

Proposition 8.3 ([19]). For � > 0, 
; � � 0, the stochastic integral equation (40)
has a unique weak solution. This solution is obtained by a Girsanov transform from a
reflected Brownian motion with variance parameter �2=4.

A main result of [19] is a Ray–Knight representation of Feller’s branching diffusion
with logistic growth in terms of a reflected Brownian motion H which experiences a
constant positive drift plus a negative drift that is proportional to the local time spent
by H so far at its current level:

Theorem 8.4. Let H be the solution of (40), and for x > 0 let Sx be defined by (5).
Then .ƒSx

.t;H//t�0 is a Feller branching diffusion with logistic growth, i.e. a weak
solution of (30) (with c D 0).

The strategy in [19] to prove this theorem is to justify the passage to the limit
N ! 1 in Corollary 8.2. As a conclusion from this theorem, we obtain an analogue
of the representation (14) for the logistic Feller process (30), but now as a path-valued
Markovian jump process rather than a path-valued subordinator. To see this, let .�i ; �i /
be the point process of excursions on RC � E , where E is the space of excursions from
0, and such that .Hs/0�s�Sx

is the concatenation of the excursions �i with �i � x. For
� 2 E , let �.�/ WD ƒR.�/. �; �/ be the image of � under the Ray–Knight mapping. Then
another way to state Theorem 8.4 is that

X
i W�i �x

�.�i /
dD Zx; (41)

where Zx solves (30) (with c D 0).

Again using the device that “those to the left win against those to the right” (which
of course again is no dictum politicum) we can identify the transition probabilities of
the path-valued Markov process .Zx/x�0. Indeed, the following is readily checked:
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Remark 8.5. For x > 0 let Zx be a solution of (30) with c D 0. For a given path
z D .zt /t�0 and for " > 0, let X".z/ be a solution of

dXt D �
p
Xt dW

.x;xC"/
t C �

.
 � 2zt�/Xt � �X2t
�
dt; X0 D "; (42)

where the standard Wiener process W .x;xC"/ is independent from the Wiener process
W in (30). Then ZxC" WD Zx CX".Zx/ is a weak solution of

dZt D �
p
Zt dW

.0;xC"/
t C 
Zt � �Z2t dt; Z0 D x C ":

We conjecture that the Markov process .Zx/x�0 follows a “jump kernel” Qz that
is given by Pitman and Yor’s excursion measure of the diffusion process (42), i.e.

Qz D lim
"!0

1

"
P.X".z/ 2 �/:

With z as on the l.h.s. of (41), Qz would then be the image under the Ray–Knight
mapping � 7! � D ƒ.�/ of the conditional intensity kernel of the point process .�i ; �i /,
given its restriction to Œ0; x� � EC.

Note added in proof. Following a similar route as in [26] we were recently able to prove
Theorem 8.4 also directly by a Girsanov argument, see [27]. We thank J. F. Le Gall for
pointing us to [26].

Acknowledgement. We are grateful to Jean Bertoin, Jean-François Delmas, Martin
Hutzenthaler, Ute Lenz, Arno Siri-Jégousse and an anonymous referee for many stim-
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Gaussian approximation of functionals:
Malliavin calculus and Stein’s method

Gesine Reinert

1 Introduction

Over the last few years a very fruitful interplay between Malliavin calculus and Stein’s
method has been developed, yielding not only a new angle on limit theorems, but
also new results, notably invariance theorems and a result on the universality of Wiener
chaos. These results allow to derive bounds on distributional distances for fairly general
uni- or multivariate real-valued functionals of random fields, and they include many
well-studied normal approximations as special cases.

Below are a few examples to illustrate the range of objects which have been consid-
ered. These objects are often phrased in terms of symmetric real-valued functions f on
Rd , that is, f .i�.1/; : : : ; i�.d// D f .i1; : : : ; id / for any permutation � on f1; : : : ; dg
and any .i1; : : : ; id / 2 Rd . Often we also assume that f vanishes on diagonals, that
is, f .i1; : : : ; id / D 0 whenever there exist k ¤ j such that ik D ij .

Example 1.1 (Multilinear homogeneous sums). Fix integers N; d > 2. Let X D
fXi W i > 1g be a collection of centered independent random variables; and let
f W f1; : : : ; N gd ! R be a symmetric function vanishing on diagonals. Then

Qd .X/ D
X

1�i1;:::;id �N
f .i1; : : : ; id /Xi1 : : : Xid

is called the multilinear homogeneous sum, of order d , based on f and on the first N
elements of X. In Section 5 we shall give bounds to the standard normal distribution,
in Wasserstein distance, for such sums.

Example 1.2 (Functionals of Rademacher sequences). Let X D fXn W n > 1g be
a Rademacher sequence, that is, a sequence of i.i.d. random variables with values in
f�1; 1g such that P .X1 D 1/ D P .X1 D �1/ D 1=2. Assume that fn W Nn ! R
vanishes on diagonals, and put

Q.X/ D
X
n�0

X
i1;:::;in

fn.i1; : : : ; in/Xi1 : : : Xin :

We are interested in assessing how far away Q.X/ is from a normally distributed
random variable. Note that here, in contrast to Example 1.1, the sum is potentially
over an infinite number of summands. An easy example is the number of (weighted)
d -runs in an infinite Bernoulli sequence; see [35]. As a variant it is possible to obtain
similar results when replacing the Rademacher sequence by a sequence of compensated
Poisson variables; see [41].
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Example 1.3 (A functional of a Gaussian process). Let B be a centered Gaussian
process with stationary increments such that

R
R j�.x/jdx < 1, where �.u � v/ WD

E
�
.BuC1 � Bu/.BvC1 � Bv/

�
. Let f W R ! R be a non-constant function which

is twice continuously differentiable, let Z � N .0; 1/ be a standard normal variable,
assume that Ejf .Z/j < 1 and EŒf 00.Z/4� < 1. Fix a < b in R and, for any T > 0,
consider

FT D 1p
T

Z bT

aT

�
f .BuC1 � Bu/ � EŒf .Z/�

�
du:

In Section 4 we shall assess its distributional distance to the standard normal.

Example 1.4 (Functions of functions of independent normals). An example which is
considered in [10] is to let X D .X1; : : : ; Xn/, where eachXi D ui .Z/, withZ standard
normal, and ui being a real-valued, smooth function, for each i . Let g W R ! R be
twice continuously differentiable and put W D g.X/. For example we could consider
W D P

i�j ai;jXiXj ; or W D ReT r.f .A.X///, where A.x/ is a complex n � n

matrix. Under a “symmetric interaction rule” ong, [10] derives a normal approximation
for W , with bounds, using Stein’s method.

Some applications where functionals of random fields play an important role include
power and bipower variations of stochastic integrals as in [6] and [17], the correlation
structure of Mexican needlets (which are a class of wavelet systems) and models for
cosmological data analysis (see [23] and [26]); and the estimation of Hurst indices, see
[55].

The common theme behind these examples and applications are possibly nonlinear
functionals of independent random elements which admit a chaos decomposition, see
(8), which looks like

F D E.F /C
X
n>1

nŠ
X

i1<i2<���<in
fn.i1; : : : ; in/Xi1 : : : Xin ; (1)

where the functions fn are usually assumed to be symmetric and to vanish on diagonals.
Heuristically, if the fn’s render the summands to be only “weakly” dependent, then the
average should be approximately normally distributed under some conditions which
should be related to those of the asymptotics of U -statistics; see for example [22] for
the latter.

The main aims are not only to obtain normal asymptotics for functionals of the form
(1), but also to give explicit bounds on distances (such as Wasserstein or Kolmogorov
distance) to the normal distribution, as well as easy criteria for such bounds to tend to
zero under the asymptotic regime under consideration. For the first aim, bounds on the
distance, Stein’s method has proven a powerful tool in many special cases of (1). For
the second aim, the influence function, see (15), is a straightforward quantity in which
to express the bounds.

The purpose of this paper is an expository overview, mainly based on the results
in [30], [33], [34], and [35]. While detailed proofs are omitted, the main ideas for the
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proofs are outlined, and special emphasis is put on the interplay between Malliavin
calculus and Stein’s method.

The paper is organised as follows. In Section 2 we briefly review Stein’s method
for normal approximation, and outline how in particular exchangeable pair couplings
come into use. We shall see that Taylor expansions play a prominent role, and thus a
differentiable structure is key for applying Stein’s method for normal approximations.
For infinite-dimensional objects, such a differentiable structure is provided by Malliavin
calculus, and Section 3 provides a very brief introduction to the main ingredients for
making the connection with Stein’s method. In Section 4, it is shown how Stein’s
method and Malliavin calculus combine in various ways; a first application, to second-
order Poincaré inequalities, is given. Section 5 details the universality theorem of
Wiener chaos, where universality is for multilinear homogeneous sums, in the sense
that the asymptotic normality of the sum does not depend on the precise underlying
distribution of the random variables. Finally, Section 6 points out generalisations as
well as open problems.

2 Stein’s method for normal approximation

2.1 The main idea. In [52], Stein published a novel method for proving normal
approximations with bounds on the distance; see also [53]. Here is just a brief overview;
for more details see for example [15] or [16]. The method is based on the observation
that

Z � N .0; �2/ ” EZf .Z/ D �2Ef 0.Z/ for all smooth functions f: (2)

Here and in the following, N .0; �2/ denotes the mean zero variance �2 normal dis-
tribution. Also, smoothness means sufficiently often continuously differentiable; the
precise conditions may vary throughout this paper.

The main idea of Stein’s method for normal approximation is that for a random
variable W with EW D 0 and Var.W / D �2, if

�2Ef 0.W / � EWf .W /

is close to zero for many functions f , then because of (2), W should be close to
Z � N .0; �2/ in distribution.

To make use of this idea, given a test function h, we solve for f D fh in the
so-called Stein equation

�2f 0.w/ � wf .w/ D h.w=�/ � Eh.Z/: (3)

Now we can evaluate the difference of expectations Eh.W=�/� Eh.Z/ by the expec-
tation of the left-hand side of (3), namely �2Ef 0.W /� EWf .W /. We can bound the
solutions of (3) in terms of the derivatives of h; for example we find k f 00 k� 2

�3 k h0 k,
see [53], p. 25. Here k � k denotes the supremum norm.
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2.2 A very basic example. Let X;X1; : : : ; Xn be i.i.d. mean zero random variables
with Var.X/ D 1

n
, and put W D Pn

iD1Xi . Let Wi D W � Xi D P
j¤i Xj . Then

using Taylor expansion around Xi ,

EWf .W / D
nX
iD1

EXif .W /

D
nX
iD1

EXif .Wi /C
nX
iD1

EX2i f
0.Wi /CR

D 1

n

nX
iD1

Ef 0.Wi /CR;

(4)

where

R D
nX
iD1

EXiff .W / � f .Wi / � .W �Wi /f 0.Wi /g:

So Ef 0.W /� EWf .W / D 1
n

Pn
iD1 Eff 0.W /� f 0.Wi /g CR; and we can bound the

remainder termR. Similarly using Taylor expansion again we can bound the difference
1
n

Pn
iD1 Ef 0.Wi /� Ef 0.W /. The result is summarised in the following theorem, see

for example [47], Theorem 2.1.

Theorem 2.1. For any continuous, bounded real-valued function h with piecewise
continuous, bounded first derivative, and for Z � N .0; 1/,

jEh.W / � Eh.Z/j � kh0k
�
2p
n

C
nX
iD1

EjX3i j
�
:

Thus Stein’s method cannot only be used to prove approximations, but it gives an
explicit bound on the distance to normal in terms of test functions.

While the i.i.d. case is very well covered by a range of techniques, Stein’s method
is particularly powerful in the presence of dependence. It is easy to see how local
dependence would yield a slightly modified Taylor expansion in (4). To disentangle
dependence, couplings are often used; here we use exchangeable pair couplings as an
illustration. For an overview on couplings for normal approximations, see for example
[47].

2.3 Exchangeable pair coupling. Let .W;W 0/ be a pair of exchangeable random
variables; assume EW D 0 and EW 2 D 1, and that there is a 0 < � < 1 such that the
following regression condition holds:

E.W 0jW / D .1 � �/W: (5)

The regression condition (5) is natural in view of the fact that if .W;W 0/were bivariate
standard normal with correlation �, then (5) would be satisfied with � D 1 � �.
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Example 2.2. Let us revisit the example from Subsection 2.2 of a sum of i.i.d. random
variables, X1; : : : ; Xn, with mean zero, variance 1

n
, and W D Pn

iD1Xi . To construct
an exchangeable pair, pick an index I uniformly from f1; : : : ; ng. If I D i , we replace
Xi by an independent copy X�

i , and put

W 0 D W �XI CX�
I :

Then .W;W 0/ is exchangeable, and

E.W 0jW / D W � 1

n
W C EX�

I D
�
1 � 1

n

�
W:

Thus (5) is satisfied with � D 1
n

.

Under the regression condition (5) it is easy to see that

EWf 0.W / D 1

2�
E.W �W 0/.f 0.W / � f 0.W 0//:

Essentially Taylor expansion gives that, for any smooth h W R ! R

jEh.W / � Eh.Z/j � .sup h � inf h/

s
E

�
1 � 1

2�
E..W �W 0/2jW /

�2

C 1

4�
kh0kEjW �W 0j3:

In [49] the exchangeable pair coupling has been extended to a multivariate setting
to

E.W 0 �W jW / D �ƒW (6)

for an invertible d � d matrixƒ. Both formulations (5) and (6) allow an additive error
termR; see [49] and [50]. Examples where dependence is present and exchangeable pair
couplings are straightforward include simple random sampling and some permutation
statistics; see for example [53].

2.4 Stein’s method for chi-square approximation. Stein’s method has been gener-
alised to many other distributions; foremost the Poisson distribution, see for example
[2], [5], and [11], but also to the chi-square distribution, in [24] and [43], see [46] for
an overview. In [24] the general case of Gamma distributions is studied, leading to the
Stein equation for �2p

xf 0.x/C 1

2
.p � x/f .x/ D h.x/ � �2ph; (7)

with �2ph denoting the expectation of h under the �2p distribution. The role of this
equation is similar to that of (3). [43] showed that if h W R ! R is absolutely bounded,
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jh.x/j � ceax for some c > 0; a 2 R, and the first k derivatives of h are bounded,
then the equation (7) has a solution f D fh such that, for j D 0; : : : ; k,

k f .j / k�
p
2�p
p

k h.j / k

with h.0/ D h. While in what follows we shall concentrate on normal approximations,
many of our results have analogous chi-square approximation results.

2.5 Ingredients for normal approximation via Stein’s method. Stein’s method for
normal approximation being based on a differential equation, a main ingredient is
a differential structure which allows for Taylor expansion. As we are interested in
functionals of random fields, here we shall employ Malliavin calculus for this structure.
Other choices could include Fréchet derivatives for stochastic processes [4], or Gâteaux
derivatives for random measures [48].

The second ingredient for a successful approximation of Stein’s method for normal
approximation is the ability to make use of weak dependence. In the above example this
could happen via exchangeable pairs or other coupling constructions. While coupling
constructions are sometimes not straightforward to find, here we shall use the notion
of an influence function to quantify weak dependence.

3 Ingredients from stochastic analysis

For a calculus which allows to treat possibly non-linear functionals of Gaussian pro-
cesses on possibly infinite-dimensional spaces we employ Malliavin calculus, intro-
duced by [25]. Versions for functionals of other stochastic processes are available,
such as for Rademacher processes ([44], [45]), and for compensated Poisson processes
(see for example [54]).

The three necessary concepts for our purposes are (isonormal Gaussian) processes,
a chaos decomposition in terms of multiple integrals, and Malliavin operators. We shall
explain these in turn. For further expository presentations see for example [28], [32]
and [40].

3.1 Isonormal Gaussian processes. Let H be a real separable Hilbert space with inner
product h�; �iH, and for any q > 1 let H˝q be the qth tensor product of H; similarly denote
by Hˇq the associated qth symmetric tensor product. We call X D fX.h/; h 2 Hg an
isonormal Gaussian process over H, defined on some probability space .�;F ; P /, if
it is a centered Gaussian family, whose covariance is E ŒX.h/X.g/� D hh; giH. We
assume that F is generated by X. We also say that X is a centered Gaussian Hilbert
space, with respect to the inner product given by the covariance, isomorphic to H.

For example, the Wiener integral corresponds to H D L2.Œ0; 1�; dx/: In this case,
X D .Xt ; t 2 Œ0; 1�/ defined by Xt D X.1Œ0;t�/ is (the space generated by) a standard
Brownian motion. As another example, if H D L2.A;A; d	/, where .A;A/ is a
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measurable space, then X is (the space generated by) a Gaussian measure over A.
Isonormal Gaussian processes have been introduced by [19]; see also [22] for much
more detail on Gaussian processes indexed by Hilbert spaces.

3.2 Chaos decomposition in terms of multiple integrals. To define the Wiener chaos
we employ Hermite polynomials; we use as definition for the qth Hermite polynomial

Hq.x/ D .�1/qe x2

2
dq

dxq

�
e� x2

2

�
;

with H0.x/ D 1. For every q > 1, the qth Wiener chaos of X , denoted by Hq , is the
closed linear subspace of L2.�;F ; P / generated by the random variables of the type
fHq.X.h//; h 2 H; khkH D 1g. We put H0 D R. For every q > 1, we introduce the
mapping

Iq.h
˝q/ D qŠHq.X.h//:

This mapping can be extended to a linear isometry between the symmetric tensor product
Hˇq (equipped with the modified norm

p
qŠ k�kH˝q ) and the qth Wiener chaos Hq .

If H D L2.A;A; d	/, and X is (the space generated by) a Gaussian measure over
A, where .A;A/ is a Polish space and 	 is � -finite and non-atomic, then the integral
Iq corresponds to the Wiener–Itô integral and can be constructed as follows. For step
functions of the type X

1�i1;:::;iq�n
ai1;:::;iq 1Ai1

.x1/ � � � 1Aiq
.xq/

with theA0
is pairwise disjoint, and ai1;:::;iq D 0whenever jfi1; : : : ; iqgj < q, we define

the (multiple) integral as

Iq.f / D
X

1�i1;:::;iq�n
ai1;:::;iqX.Ai1/ � � �X.Aiq /:

Then we use that the set of such elementary functions is dense in H˝q to extend the
notion of an integral for all f 2 L2.	q/.

Note that EIq.f / D 0. To state further properties of the integral Iq.f /, let Qf
denote the canonical symmetrisation of f :

Qf .i1; : : : ; iq/ D 1

qŠ

X
�

f .i�.1/; : : : ; i�.q//:

Then the integral is symmetric in the sense that

Iq.f / D Iq. Qf /:
Moreover, for every functional F of X which satisfies EŒF .X/2� < 1 there exists a
unique sequence ffq; q � 1g with fq 2 Hˇq; q � 1 such that

F D E.F /C
1X
qD1

Iq.fq/ D
1X
qD0

Iq.fq/; (8)
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where we put I0.f0/ D E.F /. The series converges in L2.P /. Equation (8) is called
chaos decomposition of F .

3.3 Malliavin operators. Malliavin calculus, introduced in [25], originally for finding
conditions under which solutions of stochastic differential equations have a density,
is an infinite-dimensional calculus on spaces of functionals of (Gaussian) processes.
Here we cannot give it justice, but instead concentrate on the operators needed for our
purpose; see for example [39] for more detail on Malliavin calculus.

Let X D fX.h/; h 2 Hg be an isonormal Gaussian process, defined on the prob-
ability space .�;F ; P /. To clarify the domains of the Malliavin operators we de-
fine, for k � 1, the Hilbert spaces L2.�.X/; P;H˝k/ of H˝k-valued functionals
on X, with scalar product hF;GiL2.�.X/;P;H˝k/ D EhF;GiH˝k . We also intro-
duce S � L2.�.X/; P;H/ as the set of all cylindrical random variables of the form
F D f .X.
1/; : : : ; X.
n//, where f W Rn ! R is infinitely differentiable with com-
pact support, and 
1; : : : ; 
n 2 H. For such F 2 S we define its Malliavin derivative
DF 2 H with respect to X as

DF D
nX
iD1

@f

@xi
.X.
1/; : : : ; X.
n//
i :

In particular DX.h/ D h for every h 2 H.
If H D L2.A;A; 	/, where .A;A/ is a measurable space and 	 has no atoms, and

if F D P1
qD0 Iq.fq/ satisfies EŒF .X/2� < 1, then a version ofDF D fDaF; a 2 Ag

is given by

DaF D
1X
qD1

qIq�1.fq.�; a//:

In general, the kth derivative DkF 2 L2.�.X/; P;H˝k/ is defined by iteration.
The domain of the operator Dk in L2.�.X/; P;H˝k/, denoted by Dk;2, is the closure
of the set S with respect to the norm

kF k2k;2 D E
�
F 2

� C
kX
iD1

E
�kDiF k2

H˝i

�
:

The chain rule. For 
 W Rm ! R being a continuously differentiable function with
bounded partial derivatives, and F D .F1; : : : ; Fm/ 2 D1;2, we have

D
.F / D
mX
jD1

@


@xj
.F /DFj : (9)

We note that the assumptions on 
 can be weakened to Lipschitz, if F has a law which
is absolutely continuous on Rm.
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The chain rule (9) does not hold in the Rademacher nor in the Poisson case. But in
both cases we can usefully bound

D
.F / �
mX
jD1

@


@xj
.F /DFj I

see [35] and [41].

Skorohod integral and integration by parts. The Skorohod integral or divergence
operator ı is the adjoint of the derivative D W D1;2 ! L2.�.X/; P;H/, and can be
defined via the integration by parts formula

EŒF ı.u/� D EhDF; uiH (10)

forF 2 D1;2 andu 2 dom.ı/. The domain dom.ı/ of ı is the set of all random elements
in u 2 L2.�.X/; P;H/ such that for all F 2 D1;2, we have EŒhDF; uiH� � cEŒF 2�

1
2 ,

where c is a constant depending on u but not on F .
If H D L2.A;A; 	/, where .A;A/ is a measurable space and 	 has no atoms, and

if F D P1
qD0 Iq.fq/ satisfies EŒF .X/2� < 1, and u.z/ D P1

qD0 Iq.fq.�; z//, then

ı.u/ D
1X
qD0

IqC1. Qfq/:

The Ornstein–Uhlenbeck operator. If F D P1
qD0 Iq.fq/ 2 L2.�.X/; P;H/ with

chaos decomposition (8) and EŒF .X/2� < 1, the Ornstein–Uhlenbeck operator is
defined as

LF D �
1X
qD1

qIq.fq/;

provided that this series converges inL2.P /. The crucial relation between the Ornstein–
Uhlenbeck operator, the Malliavin derivative and the Skorohod integral is

ıD D �L: (11)

We note that the image of L is the set fF 2 L2.�.X/; P;H/ W EŒF � D 0g, and that
LF D L.F � EŒF �/. Hence we can define the (pseudo)-inverse L�1 such that for
F D P1

qD1 Iq.fq/ 2 L2.�.X/; P;H/, we have

L�1F D �
1X
qD1

1

q
Iq.fq/:

Moreover, L is the (infinitesimal) generator of the Ornstein–Uhlenbeck semigroup
Tt , defined such that for F D P1

qD0 Iq.fq/ 2 L2.�.X/; P;H/, and t � 0,

Ttf D
1X
qD0

e�qtIq.fq/:
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Alternatively, we can use a representation via Mehler’s formula: if X0 is an inde-
pendent copy of X, then

TtF D EŒF .e�taC
p
1 � e�2tX0/�

ˇ̌
aDX (12)

holds; see e.g. [39].

4 Combining Stein’s method and Malliavin calculus

4.1 A basic result for the distance to normality. It is convenient to use Wasserstein
distance in our context; but results are also available in Kolmogorov distance, and in
total variation distance. Let U;Z be two generic real-valued random variables. The
Wasserstein distance between the law of U and the law of Z is defined as

dW .U;Z/ D sup
f Wkf kLip�1

jEŒf .U /� � EŒf .Z/�j;

where kf kLip D supx¤y
jf .x/�f .y/j
kx�ykEuclid

is the Lipschitz norm. Here k � kEuclid is the usual

Euclidean norm. The Kolmogorov distance between two Rd -valued random elements
U D .U1; : : : ; Ud / and Z D .Z1; : : : ; Zd / is defined as

dKol.U;Z/ D sup
xD.x1;:::;xd /2Rd

jP .U1 � x1; : : : ; Ud � xd /

� P .Z1 � x1; : : : ; Zd � xd /j:
The topologies induced by dW and by dKol, on the class of all probability measures on
R, are strictly stronger than the topology of weak convergence.

Instead of starting with Lipschitz test functions, in view of Taylor’s formula let
g W R ! R be continuously differentiable with bounded first derivative, and F 2
D1;2 with E.F / D 0. Then the following calculation shows how Stein’s method and
Malliavin calculus interact.

EŒFg.F /� D EŒLL�1Fg.F /�
D EŒg.F /.�ı.DL�1F //� by (11)

D EŒg.F /ı.�DL�1F /�
D EŒhDg.F /;�DL�1F iH� by (10)

D EŒg0.F /hDF;�DL�1F iH� by (9):

Comparing this calculation to Eg0.F / as arising from (3), the following theorem by
[31], Theorem 3.1, is now straightforward.

Theorem 4.1. Let Z � N .0; 1/ and let F 2 D1;2 be such that E.F / D 0. Then

dW .F;Z/ � Ej1 � hDF;�DL�1F iHj:
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For Rademacher sequences, [35] show that from the lack of a chain rule like (9)
arises an additional additive term in the bound, 20

3
E

�˝jDL�1F j; jDF j3˛
`2.N/

�
. In view

of Theorem 5.3 this term turns out to be natural.
Other versions of this theorem are available; for multivariate normal approximation

see [36], for chi-square approximations see [31] and [34], and for Poisson sequences
see [41] and [42].

4.2 Connections with exchangeable pairs. We point out two connections with ex-
changeable pairs as in Subsection 2.3; firstly a connection between Malliavin operators
and exchangeable pairs, and secondly a connection between exchangeable pairs and a
Mehler-type formula.

Assume that X D .X1; : : : ; Xd / is a vector of finitely many components, and

F D F.X/ D
dX
qD1

X
1�i1<���<iq�d

qŠfq.i1; : : : ; iq/Xi1 � � �Xiq D
dX
qD1

Iq.fq/

with E.F / D 0 and E.F 2/ D 1. For an exchangeable pair, pick an index I 2
f1; 2; : : : ; dg at random so that P .I D i/ D 1

d
, independent of X1; : : : ; Xd , and if

I D i replace Xi by an independent copy X�
i in all sums in the decomposition (13)

which involveXi . Call the resulting expression F 0. Also denote the vector of variables
with the exchanged component by X0. Then .F; F 0/ forms an exchangeable pair. Re-
lated to the multivariate regression condition (6), putting W D .I1.f1/; : : : ; Id .fd //;

we have that

EŒI 0
q.fq/ � Iq.fq/jW�

D � 1
d

dX
iD1

X
1�i1<���<iq�d

1fi1;:::;iqg.i/ qŠfq.i1; : : : ; iq/E.Xi1 � � �Xiq jW/

D � q
d
Iq.fq/

and we obtain

E.F 0 � F jW/ D 1

d
LF D � 1

d
ıDF: (13)

In [35] this expression is used in a similar fashion as (5) to obtain a bound to the standard
normal distribution.

Equation (13) also leads to a connection between Mehler-type representations (12)
and exchangeable pairs. Take an independent copy X� D fX�

1 ; X
�
2 ; : : : ; X

�
d

g of X D
.X1; : : : ; Xd /, fix t > 0, and define Xt D fX t1; X t2; : : : X td g as follows: independently,
for every k > 1,X t

k
D Xk with probability e�t andX t

k
D X�

k
with probability 1� e�t

(for exampleX t1 D X1; X
t
2 D X�

2 ; : : : ; X
t
d

D Xd ). Then formally, using (13) and that
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LF D limt!0
TtF�F

t
,

EŒF .X0/ � F.X/jW� D 1

d
lim
t!0

TtF.X/ � F.X/
t

D 1

d
lim
t!0

1

t
ŒE.F.Xt /jX/ � F.X/�:

Thus our exchangeable pair for (13) can be viewed as the limit as t ! 0 of this
construction. For further connections between Mehler-type expressions and Stein’s
method in a Gaussian setting see also [4], [10], and [31].

4.3 Application to Poincaré-type inequalities. In its most basic formulation, the
Gaussian Poincaré inequality states that, for every differentiable function f W R ! R,
and Z � N .0; 1/

VarŒf .Z/� � EŒf 0.Z/2�;

with equality if and only if f is affine. Thus, if the random variable f 0.Z/ has small
L2-norm, then f .Z/ has small fluctuations. For extensions of this inequality to smooth
functionals of multi-dimensional (and possibly infinite-dimensional) Gaussian fields,
and to non-Gaussian probability distributions see for example [3], [8], [9], [12], [13],
[14], and [21].

In our set-up, let H be a separable real Hilbert space, and let X be an isonormal
Gaussian process over H. Then in [33], Proposition 3.1, the following theorem is
proved.

Theorem 4.2. Fix p > 2 and let F 2 D1;p be such that E.F / D 0.

(1) The following estimate holds:

E
��DL�1F

��p
H

� E kDF kpH .

(2) If in addition F 2 D2;p , then

E
��D2L�1F

��p
op � 1

2p
E

��D2F
��p

op ;

where
��D2F

��
op indicates the operator norm of the random Hilbert–Schmidt

operator
H ! H W f 7! ˝

f;D2F
˛
H

(and similarly for kD2L�1F kop).

(3) If p is an even integer, then

E
�
F p

� � .p � 1/p=2 E
�kDF kpH

�
:

The proofs for Item 1 and Item 2 are based on Mehler’s formula (12); the argument
can be sketched as follows. Assume that H D L2.A;A; 	/, with 	 non-atomic. Let
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X 0 indicate an independent copy of X . Assume that F has chaos decomposition (8).
Then, with (12),

DxL
�1F D �

X
q>1

Iq�1
�
fq .X; x/

�

D
Z 1

0

e�tTtDxF.X/dt

D
Z 1

0

e�t EX 0 DxF
�
e�tX C

p
1 � e�2tX 0�dt

D EY EX 0 DxF
�
e�YX C

p
1 � e�2YX 0�;

where Y � E.1/ is an independent exponential random variable of mean 1. Here, if
U is a random variable, then EU denotes the expectation with respect to U . It follows
that

E
��DL�1F

��p
H

� EX EY EX 0

���DF �
e�YX C

p
1 � e�2YX 0����p

H

D E kDF kpH ;

where we used that e�tX 0 C p
1 � e�2tX lawD X for any t > 0. The proof for Item 2

is very similar. To see how the proof for Item 3 works, note that

E
�
F 2k

� D E
�
LL�1F � F 2k�1�

D �E
�
ıDL�1F � F 2k�1� by (11)

D .2k � 1/E�hDF;�DL�1F iHF
2k�2� by (10) and (9):

Now apply Hölder’s inequality, re-arrange and then apply the Cauchy–Schwarz in-
equality to obtain Item 3.

Example 4.3 (The Gaussian process example revisited). As in Example 1.3 assume that
B is centered Gaussian, with stationary increments, such that

R
R j�.x/jdx < 1, where

�.u� v/ WD E
�
.BuC1 �Bu/.BvC1 �Bv/

�
. LetZ � N .0; 1/ and let f W R ! R be a

non-constant real function which is twice continuously differentiable and symmetric,
such that Ejf .Z/j < 1 and EŒf 00.Z/4� < 1. Fix a < b in R and, for any T > 0,
put

FT D 1p
T

Z bT

aT

�
f .BuC1 � Bu/ � Ef .Z/

�
du:

Let h be a real-valued Lipschitz function with Lipschitz constant 1. Then, as T ! 1,
Theorem 4.2 can be employed to show that

ˇ̌ˇ̌E
	
h

�
FTp

Var.FT /

�

� EŒh.Z/�

ˇ̌ˇ̌ D O.T �1=4/;

see Theorem 6.1 in [33].
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Essentially combining Theorem 4.1 with estimates from Theorem 4.2 gives the
following second-order infinite-dimensional Poincaré inequality, see Theorem 1.1 in
[33].

Theorem 4.4. Let F 2 D2;4 be such that E .F / D 	 and Var .F / D �2 > 0. Let
Z � N .	; �2/. Then

dW .F;Z/ �
p
10

2�2
E

�kD2F k4op

� 1
4 � E

� kDF k4H
� 1

4 :

Theorem 4.4 is used in [33] to derive random contraction inequalities, which lead
to new necessary and sufficient conditions which ensure that sequences of random
variables belonging to a fixed Wiener chaos converge in distribution to a standard
normal variable; a simplified version is as follows.

Theorem 4.5. Fix q > 2, and let Fn D Iq .fn/ be a sequence of multiple Wiener–Itô
integrals such that E

�
F 2n

� ! 1 as n ! 1. Then, as n ! 1.

Fn
law�! N .0; 1/ ” ��D2Fn

��
op

L4.�/����! 0:

In the next section we shall meet equivalent conditions for multilinear homogeneous
sums to converge in distribution to a standard normal variable.

5 Universality of Wiener chaos

In this section we illustrate how Stein’s method combined with Malliavin calculus leads
to a universality statement of Wiener chaos. This section is based on [34]. The setting is
that of multilinear homogeneous sums as in Example 1.1; recall that X D fXi W i > 1g is
a sequence of centered, independent random variables. Let f W f1; : : : ; N gd ! R be a
symmetric function, vanishing on diagonals, and consider the multilinear homogeneous
sum

Qd .X/ D Qd .N; f;X/ D
X

1�i1;:::;id �N
f .i1; : : : ; id /Xi1 : : : Xid : (14)

Note that, for d D 2, Qd .X/ is a quadratic form with no diagonal term; see for
example [20] for normal approximations of such objects.

WhileQd .X/ is a sum of locally dependent random variables, the neighbourhoods
of dependence are typically too large to make a Taylor expansion of the type (4) and
hence a direct application of Stein’s method feasible. Also to note that Qd .X/ is a
completely degenerate U -statistic, so standard results for normal approximation of
non-degenerate U -statistics do not apply.

However, if X D G, where G D .Gi ; i � 1/ are i.i.d. standard normal, then
Qd .G/ is an element of the d th Wiener chaos. Applying Theorem 4.1 to elements of
the d th Wiener chaos yields an easy to compute bound on the Wasserstein distance to
the standard normal distribution, see Theorem 3.1 in [34], as follows.
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Theorem 5.1. Fix d > 2. LetF D Id .h/, h 2 Hˇd , be an element of the d th Gaussian
Wiener chaos such that E.F 2/ D 1, and let Z � N .0; 1/. Then

dW .F;Z/ �
r
d � 1
3d

jE.F 4/ � 3j:

We note that for Z � N .0; 1/ we have EŒZ4� D 3.

5.1 The influence function. Following [27], for f as in (14) the influence of the
variable i is defined as

Inf i .f / D 1

.d � 1/Š
X

1�i2;:::;id �N
f 2.i; i2; : : : ; id /: (15)

It roughly quantifies the contribution of Xi to the overall configuration of the homoge-
neous sum Qd .X/. A similar notion was developed in [51].

Example 5.2 (2-runs). IfWn counts the number of 2-runs inn independent Bernoulli(p)
trialsX1; : : : ; Xn, then we can writeWn as multilinear homogeneous sum with d D 2;
standardising,

Wnp
Var.Wn/

D
X

1�i1;i2�N
f .i1; i2/Xi1Xi2

with

f .i1; i2/ D 1p
Var.Wn/

1

2Š
.1.i2 D i1 C 1/C 1.i1 D i2 C 1//:

Then, using the torus convention,

Inf i .f / D 1

4Var.Wn/

X
j

.1.i D j C 1/C 1.j D i C 1//2 D 1

2Var.Wn/
:

With p fixed, Var.Wn/ � n, see for example [49], and hence Inf i .f / � n�1.

5.2 A bound on the distance to normal, and universality of Wiener chaos. The
assumptions for our bound on the distance to the normal for a multilinear homogeneous
sum (14), and for our universality result, are as follows. Assume that the underlying
collection of independent, centered random variables X D .Xi ; i � 1/ satisfy that for
all Xi we have that E.X2i / D 1 and E.X4i / < 1. Fix d > 2, and let fNn; fn W n > 1g
be such that Nn ! 1 as n ! 1. Suppose that each fn W f1; : : : ; Nngd ! R
is symmetric and vanishes on diagonals. Assume that Qd .n;X/ D Qd .Nn; fn;X/
satisfies EŒQd .n;X/2� D 1 for all n.

Let G D .Gi ; i � 1/ be an i.i.d. centered standard Gaussian sequence. The fol-
lowing theorem from [34] gives a bound between the distance between Qd .n;X/ and
a standard normal variable, in terms of the influence function.
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Theorem 5.3. Let h W R ! R have bounded derivatives up to order 3. Then there
exists an explicit constant C > 0, such that

jEh.Qd .n;X// � Eh.Qd .n;G//j � C

�
max

1�i�Nn

Inf i .fn/C
r

max
1�i�Nn

Inf i .fn/

�
;

jEh.Qd .n;G/ � Eh.Z/j � C
p

jEŒQd .n;G/4� � 3j
and

jEŒQd .n;X/
4� � EŒQd .n;G/

4�j � C

�
max

1�i�Nn

Inf i .fn/C
r

max
1�i�Nn

Inf i .fn/

�
:

The proof consists of bounding jEh.Qd .n;X// � Eh.Qd .n;G//j by applying
Theorem 3.18 in [27], which gives a bound in terms of the influence function, using a
generalisation of the Lindeberg invariance principle, and bounding jEh.Qd .n;G/ �
Eh.Z/j using Theorem 5.1.

Before we continue to universality, it should be pointed out that the above invariance
principle is very related to the following qualitative limit theorem which was proved in
[18], in the above setting and under slightly weaker assumptions.

Theorem 5.4. If, as n ! 1,

(i) EŒQd .n;X/4� ! 3, and

(ii) .d � 1/Šmax1�i�Nn
Inf i .fn/ ! 0,

thenQd .n;X/ converges in law to a standard Gaussian random variableZ � N .0; 1/.

Finally the main theorem from [34] shows the universality of Wiener chaos. By
universality we mean the observation that most information about large random systems
does not depend on the particular distribution of the components.

Theorem 5.5. Fix integers m > 1 and d1; : : : ; dm > 2. For every j D 1; : : : ; m,
let f.N .j /

n ; f
.j /
n / W n > 1g be a sequence such that fN .j /

n W n > 1g is a sequence of
integers going to infinity, and each function f .j /n W f1; : : : ; N .j /

n gdj ! R is symmetric
and vanishes on diagonals. Define Qdj

.N
.j /
n ; f

.j /
n ;G/, n > 1, according to (14) and

assume that, for every j D 1; : : : m, the sequence EŒQdj
.N

.j /
n ; f

.j /
n ;G/2�, n > 1, is

bounded. Let V be a m �m non-negative symmetric matrix whose diagonal elements
are different from zero, and let Nm.0; V / indicate a centered Gaussian vector with
covariance V . Then, as n ! 1, the following conditions (1) and (2) are equivalent.

(1) The vector fQdj
.N

.j /
n ; f

.j /
n ;G/ W j D 1; : : : ; mg converges in law to Nm.0; V /;

(2) for every sequence X D fXi W i > 1g of independent centered random vari-
ables, with unit variance and such that supi EjXi j3 < 1, the law of the vector

fQdj
.N

.j /
n ; f

.j /
n ;X/ W j D 1; : : : ; mg converges to the law of Nm.0; V / in the

Kolmogorov distance.
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It is obvious that (2) implies (1). To see that the converse holds, fix z 2 R. We have
ˇ̌
P

�
Qd .n;X/ � z

��P
�
Z � z

�ˇ̌
� ˇ̌

P
�
Qd .n;X/ � z

��P
�
Qd .n;G/ � z

�ˇ̌ C ˇ̌
P

�
Qd .n;G/ � z

��P
�
Z � z

�ˇ̌
DW ı.a/n .z/C ı.b/n .z/:

To show that ı.a/n .z/ ! 0 use Theorem 2.2 in [27]; to derive that ı.b/n .z/ ! 0 we
employ Theorem 5.1.

6 Generalizations

Using similar tools as for normal approximations, chi-square approximations are also
available; these are sometimes called non-central limit theorems; see for example [31]
and [34]. In [31], [33], and [34], bounds on distributional distances are available not
only for metrics based on smooth functions and Wasserstein distance, but also for other
distances such as Kolmogorov distance, and total variation distance. These papers also
contain generalisations to multivariate settings.

Recently these ideas have been applied to Wigner chaos in a free probability setting,
yielding convergence criteria to the semicircular law, see [37]. In [29] the universality
principle for Gaussian Wiener chaos is applied to prove multi-dimensional central limit
theorems, and an almost-sure central limit theorem, for the spectral moments associated
with random matrices with real-valued i.i.d. entries.

An application to finding the density of a random variable which is measurable and
differentiable with respect to an isonormal Gaussian process is in [38], relating back to
the original aims by [25]. In [1], the approach is applied to obtain partial differential
equations for densities of multi-dimensional random variables.

We could think of other conceivable generalisations. As Stein’s method does not
require an ordered index set, the results should be generalizable, for example to statistics
based on edges in random graphs. Also it should be straightforward to generalise the
universality result for N D 1. Another direction would be to generalise the results to
approximations by a Gaussian process, or by a Gaussian random measure. Convergence
to a Gaussian random measure via Stein’s method has been set up in [48]. In [40]
functionals of Gaussian random measures are considered, and [7] show an almost-sure
CLT for multiple stochastic integrals. In [4] convergence to a Gaussian process has
been studied via Stein’s method, but not yet in connection with Malliavin calculus.

Acknowledgments. Many thanks to the anonymous referee for a very careful reading
of the manuscript, and to the organisers of the SPA 2009 conference for an excellent
meeting.
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Merging and stability for time inhomogeneous finite
Markov chains

Laurent Saloff-Coste� and Jessica Zúñiga��

1 Introduction

As is apparent from most text books, the definition of a Markov process includes, in the
most natural way, processes that are time inhomogeneous. Nevertheless, most modern
references quickly restrict themselves to the time homogeneous case by assuming the
existence of a time homogeneous transition function, a case for which there is a vast
literature.

The goal of this paper is to point out some interesting problems concerning the
quantitative study of time inhomogeneous Markov processes and, in particular, time
inhomogeneous Markov chains on finite state spaces. Indeed, almost nothing is known
about the quantitative behavior of time inhomogeneous chains. Even the simplest
examples resist analysis. We describe some precise questions and examples, and a few
results. They indicate the extent of our lack of understanding, illustrate the difficulties
and, perhaps, point to some hope for progress.

We think the problems discussed below have an intrinsic mathematical interest (in-
deed, some of them appear quite hard to solve) and are very natural. Nevertheless, it is
reasonable to ask whether or not time inhomogeneous chains are relevant in some appli-
cations. Most of the recent interest in Markov chains is related to Monte Carlo Markov
Chain algorithms. In this context, one seeks a Markov chain with a given stationary
distribution. Hence, time homogeneity is rather natural. See, e.g., [26]. Still, one of
the popular algorithms of this sort, the Gibbs sampler, can be viewed as a time inhomo-
geneous chain (one that, despite huge amount of attention, is still resisting analysis).
Time inhomogeneity also appears in the so-called simulated annealing algorithms. See
[12] for a discussion that is close in spirit to the present work and for older references.
However, certain special features of each of these two algorithms distinguish them from
the more basic time inhomogeneous problems we want to discuss here. Namely, in the
Gibbs sampler, each individual step is not ergodic (it involves only one coordinate)
whereas, in the simulated annealing context, the time inhomogeneity vanishes asymp-
totically. Other interesting stochastic algorithms that present time inhomogeneity are
discussed in [10].

In many applications of finite Markov chains, the kernel describes transitions be-
tween different classes in a population of interest. Assuming that these transition
probabilities can be observed empirically, one application is to compute the stationary

�Research partially supported by NSF grant DMS 0603886.
��Research partially supported by NSF grants DMS 0603886, DMS 0306194 and DMS 0803018.
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measure which describes the steady state of the system. Examples of this type include
models for population migrations between countries, models for credit scores used to
study the default risk of certain loan portfolios, etc. In such examples, it is natural to
consider cases when the Markov kernel describing the evolution of the system depends
on time in either a deterministic or a random manner. The reason for the time inho-
mogeneity may come, for example, from seasonal factors. Or it may model various
external events that are independent of the state of the system. Even if one decides that
time homogeneity is warranted, one may wish to study the possible effects of small but
non-vanishing time dependent perturbations of the model. It seems rather important
to understand whether or not such perturbations can drastically alter the behavior of
the underlying model. This type of practical questions fit nicely with the theoretical
problems discussed below.

A large class of natural examples of time inhomogeneous chains comes from time
inhomogeneous random walks on groups. These are discussed in [2], [28]. A special
case is the semi-random transpositions model discussed in [14], [21], [22], [28].

2 Merging and stability

This section introduces the two main properties we want to focus on: merging (in total
variation or relative-sup) and stability. Given two Markov kernels K1, K2, we set

K1K2.x; y/ D
X
z

K1.x; z/K2.z; y/:

Given a sequence .Ki /11 and 0 � m � n, we set

Km;n D KmC1 : : : Kn; Km;m D I:

2.1 Merging. Recall that an aperiodic irreducible Markov kernel K on a finite state
space admits a unique invariant probability measure� . Further, for any starting measure
�0 and any large time n, the distribution �n D �0K

n at time n is both essentially
independent from the starting distribution �0 and well approximated by � .

Consider now the evolution of a system started according to an initial distribution
�0 and driven by a sequence .Ki /11 of Markov kernels so that, at time n, the distribution
is �n D �0K1K2 : : : Kn. In [1], [4] such a sequence .�n/11 of probability measures is
called a “set of absolute probabilities” but we will not use this terminology here. In many
cases, for very large n, the distribution �n will be essentially independent of the initial
distribution�0. Namely, if�0; �0

0 are two initial distributions and�n D �0K1 : : : Kn,
�0
n D �0

0K1 : : : Kn, then it will often be the case that

lim
n!1 k�n � �0

nkTV D 0:

We call this loss of memory property merging (total variation merging, to be more
precise).
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One may also want to know whether or not

lim
n!1 sup

x

²ˇ̌̌
ˇ�

0
n.x/

�n.x/
� 1

ˇ̌̌
ˇ
³

D 0:

We call this later property relative-sup merging. Total variation merging is often dis-
cussed under the name of “weak ergodicity”. See, e.g., [1], [4], [6], [15], [16], [18],
[24]. We think “merging” is more appropriate.

If there is merging, then one may want to ask quantitative questions about the
merging time. For any � 2 .0; 1/, we set

T1.�/ D inf ¹n W 8�0; �0
0; k�n � �0

nkTV � �º (2.1)

and

T1.�/ D inf
²
n W 8�0; �0

0;

�����
0
n

�n
� 1

����1
� �

³
: (2.2)

The next definition introduces the collective notions of merging and merging time
for a given set Q of Markov kernels.

Definition 2.1. Let Q be a set of Markov kernels on a finite state space. We say that
Q is merging in total variation (resp. relative-sup) if any sequence .Ki /11 of kernels in
Q is merging in total variation (resp. relative-sup). We say that Q has total-variation
(resp. relative-sup) �-merging time at most T .�/ if the total variation (resp. relative-sup)
�-merging time (2.1) (resp. (2.2)) is bounded above by T .�/, for any sequence .Ki /11
of kernels in Q.

Let us emphasize that, from the view point of the present work, it is more natural
to think in terms of properties shared by all sequences drawn from a set of kernels than
in terms of properties of some particular sequence.

2.2 Stability. In the previous section, the notion of merging was introduced as a natural
generalization of the loss of memory property in the time inhomogeneous context. The
notion of stability introduced below is a generalization of the existence of a positive
invariant distribution.

Definition 2.2. Fix c � 1. Given a Markov chain driven by a sequence of Markov
kernels .Ki /11 , we say that a probability measure � is c-stable (for .Ki /11 ) if there
exists a positive measure �0 such that the sequence �n D �0K0;n satisfies

c�1� � �n � c�:

When such a measure � exists, we say that .Ki /11 is c-stable.

Example 2.3. LetK be an irreducible aperiodic kernel. Then the chain driven byK is
1-stable. Indeed, it admits a positive invariant measure � and �Kn D � . Further, for
any probability measure �0 with k.�0=�/�1k1 � �, the sequence �n D �0K

n, n D
1; 2; : : : , satisfies .1� �/� � �n � .1C �/� . Indeed, in the space of signed measures,
the linear map� 7! �K is a contraction for the distanced.�; �/ D k.�=�/�.�=�/k1.
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In the next definition, we consider the notion of c-stability for a family Q of Markov
kernels on a fixed state space. This definition is of interest even in the case when
Q D fQ1;Q2g is a pair.

Definition 2.4. Fix c � 1. Given a set Q of Markov kernels on a fixed state space,
we say that a probability measure � is a c-stable measure for Q if there exists a
positive measure �0 such that for any choice of sequence .Ki /11 in Q, the sequence
�n D �0K0;n satisfies

c�1� � �n � c�:

When such a measure � exists, we say that Q is c-stable.

Example 2.5. Assume the state space is a group G and let Q be the set of all Markov
kernelsQ such thatQ.zx; zy/ D Q.x; y/ for all x; y; z 2 G. This set is 1-stable with
1-stable measure u, the uniform measure on G.

Example 2.6. On the two-point space, a finite set Q of Markov kernels is c-stable if

and only if it contains no pairs fQ1;Q2g withQi D
�

ai 1�ai

1�bi bi

�
such thatQ1 ¤ Q2,

a1 D 0, b2 D 0. This condition is clearly necessary. It is not immediately obvious that
it is sufficient. See [29].

Remark 2.7. Consider the problem of deciding whether or not a pair Q D fQ1;Q2g
of two irreducible ergodic Markov kernels with invariant measure �1; �2, respectively,
is c-stable. This can be pictured by considering a rooted infinite binary tree with edges
labeled Q1 (= left) and Q2 (= right) as in Figure 1. Obviously, any sequence .Ki /11
withKi 2 Q corresponds uniquely to an end! 2 �where� denotes the set of the ends
the tree. Given an initial measure �0 (placed at the root), the measure �!n D �0K0;n
is obtained by following ! from the root down to level n. Thus, for each choice of �0,
we obtain a tree with vertices labeled with measures.

�0?�����

����
Q1 Q2
� �

�
�

�
�

Q1 Q2 �
�

�
�� �� �

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

Q1 Q2Q1�

�

��1 �2

Figure 1. The Q1;Q2 tree.

The question of c-stability is the problem of finding an initial measure �0 which, in
some sense, minimizes the variations among the �!n ’s. At the left-most and right-most
ends !1, !2, we get �!i

n ! �i . Note that, ifQ1,Q2 share the same invariant measure
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�1 D �2 D � , then the choice�0 D � yields a tree all of whose vertices are labeled by
� . The existence of a c-stable measure �0 can be viewed as a weakening of this. The
difficulty is that the existence of an invariant measure and thus the equality between �1
and �2 can be viewed as an algebraic property whereas there seems to be no algebraic
tools to study c-stability.

2.3 Simple results and examples. We are interested in finding conditions on the
individual kernels Ki of a sequence .Kn/11 that imply merging. This is not obvious
even if we consider the very special case when all the Ki ’s are drawn from a finite set
of kernels Q D fQ0; : : : ;Qmg or even from a pair Q D fQ0;Q1g.

• Suppose that Q0, Q1 are irreducible and aperiodic. Does it imply any sequence
.Ki /

1
1 drawn from Q D fQ0;Q1g is merging?

The answer is no. Let �0 be the invariant measure of Q0 and let Q1 D Q�
0 be the

adjoint of Q0 on `2.�0/. If .Q0; �0/ is not reversible (i.e., Q0 is not self-adjoint on
`2.�0/) then it is possible thatQ0Q�

0 is not irreducible. WhenQ0Q
�
0 is not irreducible,

the sequence Ki D Qi mod 2 is not merging.

• Suppose thatQ0,Q1 are reversible, irreducible and aperiodic. Does it imply any
sequence .Ki /11 drawn from Q D fQ0;Q1g is merging in relative-sup?

The answer is no, even on the two point space! On the two point space, Q D fQ0;Q1g
is merging in total variation as long as Q0, Q1 are irreducible aperiodic but relative
sup merging fails for the irreducible aperiodic pairs of the type

Q0 D
�

0 1

1 � a a

�
; Q1 D

�
b 1 � b
1 0

�
;

with 0 < a; b < 1. See [29].
The following examples are instructive.

Example 2.8. OnS D f1; : : : ; 5g consider the reversible kernelsQ0,Q1 corresponding
to the graphs in Figure 2 (all edges have weight 1). Consider the sequence Ki D
Qi mod 2 so that K1 D Q1; K2 D Q0; K3 D Q1; : : : . If, at an even time n D 2`, the
chain is at states 2 or 5 then from that time on, the chain will be in f2; 5g at even times
and in f3; 4g at odd times. In this example, the chain driven by .Ki /11 is merging in
total variation but is not merging in relative-sup.

Example 2.9. The kernels depicted in Figure 3 yield an example where total variation
(hence, a fortiori, relative-sup) merging fails. In this example, the sequence .Ki /11 with
Ki D Qi mod 2 fails to be merging in total variation because the chain will eventually
end up oscillating either between 2 and 1, or between f4; 7g and f5; 6g, with a preference
for one or the other depending on the starting distribution �0.

Let us give two simple results concerning merging.
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Figure 2. A five-point example.
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Figure 3. A seven-point example.

Proposition 2.10. Assume that, for each i , there exists a state yi and a real �i 2 .0; 1/
such that

8 x; Ki .x; yi / � �i :

If
P
i �i D 1 then the sequence .Ki /11 is merging in total variation. If, in addition,

each Ki is irreducible then the sequence .Ki /11 is also merging in relative-sup.

Proof. For total variation, this can be proved by a well-known Doeblin’s coupling
argument (see, e.g., [13], [29]) and irreducibility of the kernels is not needed. Of
course, the mass might ultimately concentrate on a fraction of the state space.

Merging in relative-sup is a bit more subtle and irreducibility is needed for that
conclusion to hold (even in the time homogeneous case). A proof using singular values
can be found in [29].

Remark 2.11. Under the much stronger hypothesis 8 x; y; Ki .x; y/ � �i > 0, one
gets an immediate control of any sequence �n D �0K0;n, n D 1; 2; : : : , in the form

8 z; �n � min
x;y

fKn.x; y/g � �n.z/ � sup
x;y

fKn.x; y/g � 1 � .N � 1/�n

where N is the size of the state space.

Remark 2.12. The hypothesis 9yi ;8 x; Ki .x; yi / � �i > 0, is obviously too strong
in many cases but it can often be applied to study a time inhomogeneous chain .Ki /11
by grouping terms and considering the sequence Qi D Kni ;niC1

for an appropriately
chosen increasing sequence ni . In the simplest case, for a given sequence .Ki /11 , one
seeks � 2 .0; 1/ and an integer m such that K`m;`mCm.x; y/ � � for all x; y; `. When
such a lower bound holds, one concludes that (1) the chain is merging in total variation
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and relative-sup and (2) there exists c 2 .0; 1/ such that for any starting measure �0
and n large enough, the measures �n D �0K0;n satisfy c � �n.z/ � 1� c. However,
this type of argument is bound to yield very poor quantitative results in most cases.

For the next result, recall that an adjacency matrix A is a matrix whose entries are
either 0 or 1.

Proposition 2.13. On a finite state space let .Ki /11 be a sequence of Markov kernels.
Assume that:

(1) (Uniform irreducibility) There exist `, � 2 .0; 1/ and adjacency matrices .Ai /11 ,
such that, 8 i; x; y; A`i .x; y/ > 0 and Ki .x; y/ � �Ai .x; y/:

(2) (Uniform laziness) There exists � 2 .0; 1/ such that, 8 i; x, Ki .x; x/ � �.

Then the chain driven by .Ki /11 is merging in total variation and relative-sup norm.
Moreover, there exist n0 and c 2 .0; 1/ such that for any starting distribution �0, all
n � n0 and all z, �n D �0K0;n satisfies �n.z/ 2 .c; 1 � c/.
Proof. LetN be the size of the state space. Using (1)–(2), one can show (see [29]) that
Kn;nCN .x; y/ � .minf�; �g/N�1. The desired result follows from Proposition 2.10
and Remark 2.12.

Note that this argument can only give very poor quantitative results!

3 A short review of the literature

The largest body of literature concerning time inhomogeneous Markov processes come,
perhaps, from the analysis of Partial Differential Equations where time dependent co-
efficients are allowed. The book [36] can serve as a basic reference. Unfortunately,
it seems that the results developed in that context are local in nature and are not very
relevant to the quantitative problems we are interested in. The literature on (finite) time
inhomogeneous Markov chains can be organized under three basic headings: Weak
ergodicity, asymptotic structure, and products of stochastic matrices. We now briefly
review each of these directions.

3.1 Weak ergodicity. One of the earliest references concerning the asymptotic behav-
ior of time inhomogeneous chains is a note of Emile Borel [2] where he discusses time
inhomogeneous card shufflings. In the context of general time inhomogeneous chains
on finite state spaces, weak ergodicity, which we call total variation merging, i.e., the
tendency to forget the distant past, was introduced in [19] and is the main subject of
[16]. See also [5] and the reference to the work of Doeblin given there. A sample
of additional old and not so old references in this direction is [15], [18], [23], [24],
[25], [32]. An historical review is given in [33]. The main tools developed in these
references to prove weak ergodicity are the use of ergodic coefficients and couplings.
A modern perspective, close in spirit to our interests, is in [10], [11], [13]. It may be
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worth pointing out that, by design, ergodic coefficients mostly capture some asymptotic
properties and are not well suited for quantitative results, even in the time homogeneous
case.

3.2 Asymptotic structure. One of the basic results in the theory of time homogeneous
finite Markov chains describes the decomposition of the state space into non-essential
(or transient) states, essential classes and periodic subclasses. It turns out that, perhaps
surprisingly, there exists a completely general version of this result for time inhomoge-
neous chains. This result is rather more subtle than its time homogeneous counterpart.
Sonin [34], Theorem 1, calls it the Decomposition-Separation Theorem and reviews its
history which starts with a paper of Kolmogorov [19], with further important contribu-
tions by Blackwell [1], Cohn [4] and Sonin [34].

Fix a sequence .Kn/11 of Markov kernels on a finite state space�. The Decompo-
sition-Separation Theorem yields a sequence .fSkn ; k D 0; : : : cg/1nD1 of partitions of
� so that:

(a) With probability one, the trajectories of any Markov chain .Xn/ driven by .Kn/11
will, after a finite number of steps, enter one of the sequence Sk D .Skn /

1
nD1, k D

1; : : : ; c, and stay there forever. Further, for each k,

1X
nD1

P.Xn 2 Skn IXnC1 … SknC1/C P.Xn … Skn IXnC1 2 SknC1/ < 1:

(b) For each k D 1; : : : ; c, and for any two Markov chains .X1n /
1
1 ; .X

2
n /

1
1 driven

by .Kn/11 such that limn!1 P.X in 2 Skn / > 0, and any sequence of states xn 2 Skn ,

lim
n!1

P.X1n D xnjX1n 2 Skn /
P.X2n D xnjX2n 2 Skn /

D 1:

The sequence .S0n /
1
1 describes “non-essential states” and a chain is weakly ergodic

(i.e., merging in total variation) if and only if c D 1, i.e., there is only one essential
class. We refer the reader to [34] for a detailed discussion and connections with other
problems.

The Decomposition-Separation Theorem can be illustrated (albeit, in a rather trivial
way) using Example 2.9 of Figure 3 above. In this case, � D f1; : : : ; 7g. We consider
the sequence of partitions .Skn /, k 2 f0; 1; 2g, where S02n D f1; 3; 5; 6g, S02nC1 D
f2; 3; 4; 7g, S12n D f2g, S12nC1 D f1g and S22n D f4; 7g, S22nC1 D f5; 6g. Any chain
driven byQ1;Q0;Q1; : : : will eventually end up staying either in S1n or in S2n forever.

The Decomposition-Separation Theorem is a very general result which holds with-
out any hypothesis on the kernelsKn. We are instead interested in finding hypotheses,
perhaps very restrictive ones, on the individual kernels Kn that translate into strong
quantitative results concerning the merging property of the chain.

3.3 Products of stochastic matrices. There is a rather rich literature on the study
of products of stochastic matrices. Recall that stochastic matrices are matrices with
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non-negative entries and row sums equal to 1. This last assumption, which breaks the
row/column symmetry, implies that there is significant differences between forward and
backward products of stochastic matrices. Given a sequence Ki of stochastic matrices
The forward products form the sequence

K
f
0;n D K1K2 : : : Kn; n D 1; : : : ;

whereas the backward products form the sequence

Kb0;n D Kn : : : K2K1; n D 1; : : : :

There is a crucial difference between these two sequences: The entries Kf0;n.x; y/ do
not have any general monotonicity properties but, for any y,

n 7! M.n; y/ D max
x

fKb0;n.x; y/g
is monotone non-increasing and

n 7! m.n; y/ D min
x

fKb0;n.x; y/g
is monotone non-decreasing. These properties are obvious consequences of the fact
that the matrices Ki are stochastic matrices. Of course, both limn!1M.n; y/ and
limn!1m.n; y/ exist for all y.

If, for some reason, we know that

8 x; x0; lim
n!1

X
y

jKb0;n.x; y/ �Kb0;n.x0; y/j D 0

then it follows that the backward products converge to a row-constant matrix …, i.e.,

8 x; x0; y; ….x; y/ D lim
n!1Kb0;n.x; y/; ….x; y/ D ….x0; y/:

The references [16], [19], [23], [25], [35], [38] form a sample of old and recent works
dealing with this observation.

Changing viewpoint and notation somewhat, consider all finite products of matrices
drawn from a set Q ofN�N stochastic matrices. For! D .: : : ; Ki�1; Ki ; KiC1; : : : / 2
QZ a doubly infinite sequence of matrices and m � n 2 Z, set

K!m;n D KmC1 : : : Kn .Km;m D I /:

A stochastic matrix is called (SIA) if its products converge to a constant row matrix.
Here, (SIA) stands for stochastic, irreducible and aperiodic although “irreducible” really
means that the matrix has a unique recurrent class (transient states are allowed so that
the constant row limit matrix may have some 0 columns). A central result in this area
(e.g., [35], [38]) is that, if Q is finite and all finite products of matrices in Q are (SIA)
then, for any doubly infinite sequence ! 2 QZ,

lim
n�m!1

X
y

jK!m;n.x; y/ �K!m;n.x0; y/j D 0 (3.1)
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and
lim

m!�1K!m;n D …!
n (3.2)

where …!
n is a row-constant matrix. Let �!n be the probability measure corresponding

to the rows of row-constant matrix …!
n . Observe that (3.1) and (3.2) imply

lim
n!1

X
y

jK!0;n.x; y/ � �!n .y/j D 0:

The following proposition establishes some relations between these considerations,
total variation merging and stability.

Proposition 3.1. Let Q be a set of N � N stochastic matrices. Assume that Q is
merging (in total variation) and c-stable w.r.t. a positive measure � . Then

(1) Any finite productP of matrices in Q is irreducible aperiodic and its unique positive
invariant measure �P satisfies c�1� � �P � c� .

(2) For any ! 2 QZ and any n 2 Z, �!n satisfies c�1� � �!n � c� , i.e., any limit
row � 0 of backward products of matrices in Q satisfies c�1� � � 0 � c� .

Proof. (1) As Q is c-stable w.r.t. � , there exists a positive measure �0 such that for
any finite product P of matrices in Q and any n, c�1� � �0P

n � c� . Since Q is
merging, we must have limn!1 P n D …P with …P having constant rows, call them
�P . This implies c�1� � �P � c� . Since � is positive, �P must be positive and
limn!1 P n D …P implies that P is irreducible aperiodic. We note that (1) is, in fact,
a sufficient condition for stability. See [29], Proposition 4.9. Under the hypothesis that
Q is merging, (1) is thus a necessary and sufficient condition for c-stability.

(2) Fix ! 2 QZ. By hypothesis, on the one hand, there exists a positive probability
measure �0 such that c�1� � �0K

!
m;n � c� . On the other hand, merging imply

that limm!�1K!m;n D …!
n and thus, limm!�1 �0K

!
m;n D �!n . The desired result

follows.

3.4 Product of random stochastic matrices. For pointers to the literature on products
of random stochastic matrices and Markov chains in a random environment, see, e.g.,
[3], [6], [27], [37] and the references therein. We end this section with short comments
regarding the simplest case of products of random stochastic matrices, i.e., the case
where the matrices Ki form an i.i.d sequence of stochastic matrices. The backward
and forward productsKb0;n D Kn : : : K1,Kf0;n D K1 : : : Kn become random variables
taking values in the set of allN �N stochastic matrices. Although these two sequences
of random variables have very different behavior as n varies, Kb0;n and Kf0;n have the
same law. Takahashi [37] proves that if

8 x; x0; lim
n!1

X
y

jKf0;n.x; y/ �Kf0;n.x0; y/j D 0 almost surely
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then Kf0;n converges in law and the limit law is that of the limit random variable

limn!1Kb0;n. Rosenblatt [27] applies the theory of random walks on semigroups to

show that the Cesaro sums n�1 Pn
1 K

f
0;j .x; y/ always converge to a constant almost

surely. The articles [3], [6] discuss similar results under more general hypotheses on
the nature of the random sequence .Ki /11 . Unfortunately, these interesting results
concerning random environments do not shed much light on the quantitative questions
emphasized here.

4 Quantitative results and examples

Informally, the question we want to focus on is the following. Let .K; �/ be an ir-
reducible aperiodic Markov kernel and its stationary probability measure. Let .Ki /11
be a sequence of Markov kernels so that, for each i , Ki is a perturbation of K with
invariant measure �i that is a perturbation of � (what “perturbation” means here is left
open on purpose). For an initial distribution �0, consider the associated sequence of
measures defined by �n D �0K1 : : : Kn, n D 1; 2; : : : .

Problem 4.1. (1) Does total variation merging hold?
(2) Does relative-sup merging hold?
(3) Does there exists c � 1 such that, for n large enough,

8 x; c�1 � �n.x/

�.x/
� c‹

Obviously, these questions call for quantitative results describing the merging times,
the constant c and the “large” time n in terms of bounds on the allowed perturbations.

To understand what is meant by quantitative results, it is easier to consider a family of
problems depending on a parameter representing the size and complexity of the problem.
So, one starts with a family .�N ; KN ; �N / of ergodic Markov kernels depending on
the parameter N whose mixing time sequence .T1.N; �//11 (say, in total variation)
is understood. Then, for each N , we consider perturbations .KN;i /1iD1 of KN with
stationary measure �N;i close to �N and ask if the merging time of .KN;i /1iD1 can be
controlled in terms of T1.N; �/.

Problem 4.2. Let �N D f0; : : : ; N g. Let QN be the set of all birth and death chains
Q on VN withQ.x; xC �/ 2 Œ1=4; 3=4� for all x; xC � 2 VN , � 2 f�1; 0; 1g and with
reversible measure � satisfying 1=4 � .N C 1/�.x/ � 4, x 2 VN .

(1) Prove or disprove that there exists a constant A independent of N such that QN

has total variation �-merging time at most AN 2.1C logC 1=�/.

(2) Prove or disprove that there exists a constant A independent of N such that QN

has relative-sup �-merging time at most AN 2.1C logC 1=�/.
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(3) Prove or disprove that there exist constantsA;C � 1, such that, for anyN and any
sequence .Ki /11 2 QN , we have

8 x; y 2 �N ; 8n � AN 2;
1

C.N C 1/
� K0;n.x; y/ � C

N C 1
:

Here the time homogeneous model is the birth and death chain KN with constant
ratesp D q D r D 1=3 and�N D 1=.NC1/, so thatKN .x; y/ D 0unless jx�yj � 1,
K.0; 0/ D K.N;N / D 2=3 and K.x; x/ D K.x; x ˙ 1/ D 1=3 otherwise. Of course,
it is well known that T1.KN ; �/ ' T1.KN ; �/ ' N 2.1C logC.1=�// for small � > 0.
Problem 1.2 asks whether or not these mixing/merging times are stable under suitable
time inhomogeneous perturbations of KN and whether or not the limiting behavior
stays comparable to that of the model chain. To the best of our knowledge the answer
is not known and this innocent looking problem should be taken seriously.

There appears to be only a small number of papers that attempt to prove quantitative
results for time inhomogeneous chains. These include [11], [13], [14], [21], [22] and
the authors’ works [28], [29], [30], [31]. The works [14], [21], [22], [28] treat only
examples of time inhomogeneous chains that admit an invariant measure. Technically,
this is a very specific hypothesis and, indeed, these works show that many of the well
developed techniques that have been used to study time homogeneous chains can be
successfully applied under this hypothesis.

4.1 Singular values. A typical qualitative result about finite Markov chains is that an
irreducible aperiodic chain is ergodic. We do not know of any quantitative versions of
this statement. LetK be an irreducible aperiodic Markov kernel with stationary measure
� so that �n D �0K

n ! � as n tends to infinity, for any starting distribution �0.
If .K; �/ is reversible (i.e., �.x/K.x; y/ D �.y/K.y; x/) and if ˇ denotes the

second largest absolute value of the eigenvalues of K acting on `2.�/ then ˇ < 1 and

2k�n � �kTV � k�0=�k2ˇn (4.1)

where k�0=�k2 is the norm of f0 D �0=� in `2.�/. This can be considered as a
quantitative result although it involves the perhaps unknown reversible measure � .

If .K; �/ is not reversible, the inequality still holds with ˇ being the second largest
singular value of K on `2.�/ (i.e., the square root of the second largest eigenvalue of
KK� whereK� is the adjoint ofK on `2.�/). However, it is then possible that ˇ D 1,
in which case the inequality fails to capture the qualitative ergodicity of the chain.

Inequality (4.1) has an elegant generalization to the time inhomogeneous setting.
Let .Ki /11 be a sequence of irreducible Markov kernels (on a finite state space). Fix
a positive probability measure �0 (by positive we mean here that �0.x/ > 0 for all x)
and set

�n D �0K0;n:

In the time inhomogeneous setting, we want to compare this sequence of measures
.�n/

1
1 to the sequence of measures .K0;n.x; �//11 describing the distribution at time n

of the chain started at an arbitrary point x.
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To state the result, for each i , consider Ki as a linear operator acting from `2.�i /

to `2.�i�1/. One easily checks that this operator is a contraction. Its singular values
are the square roots of the eigenvalues of the operator Pi D K�

i Ki W `2.�i / ! `2.�i /

where K�
i W `2.�i�1/ ! `2.�i / is the adjoint operator which is a Markov operator

with kernel

K�
i .x; y/ D Ki .y; x/�i�1.y/

�i .x/
:

We let
	i D 	.Ki ; �i ; �i�1/

be the second largest singular value of Ki W `2.�i / ! `2.�i�1/. It is the square root
of the second largest eigenvalue of the Markov kernel

Pi .x; y/ D 1

�i .x/

X
z

Ki .z; x/Ki .z; y/�i�1.z/: (4.2)

Theorem 4.3. With the notation introduced above, we have

kK0;n.x; �/ � �nkTV � �0.x/
�1=2

nY
1

	i

and ˇ̌ˇ̌K0;n.x; y/
�n.y/

� 1
ˇ̌ˇ̌ � Œ�0.x/�n.y/�

�1=2
nY
1

	i

For the proof, see [11], [29]. The proofs given in [11] and [29] are rather different
in spirit, with [11] avoiding the explicit use of singular values. Introducing singular
values allows for further refinements and is useful for practical estimates. See [28],
[29]. When coupled with the hypothesis of c-stability, the above result becomes a
powerful and very applicable tool. See, e.g., [29], Theorem 4.11, and the examples
treated in [29], [30]. Unfortunately, proving c-stability is not an easy task.

A good example of application of Theorem 4.3 is the following result taken from
[29]. We refer the reader to [29] for the proof.

Theorem 4.4. Fix 1 < a < A < 1. Let QN .a; A/ be the set of all constant rate birth
an death chains on f0; : : : ; N g with parameters p; q; r satisfying p=q 2 Œa; A�. The set
QN .a; A/ is merging in relative-sup with relative-sup �-merging time bounded above
by

T1.�/ � C.a;A/.N C logC 1=�/:

In contrast, note that the set Q D fQ1;Q2g where Qi is the pi , qi constant rate
birth and death chain on f0; : : : ; N g and p1 D q2, q1 D p2 cannot be merging faster
than N 2 because the product K D Q1Q2 is, essentially, a simple random walk on a
circle with almost uniform invariant measure. See [29], Example 2.17.
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It may be illuminating to point out that Theorem 4.3 is of some interest even in
the time homogeneous case. SupposeK is irreducible aperiodic kernel with stationary
measure � and second largest singular value 	 on `2.�/. Then we have

ˇ̌̌
ˇK

n.x; y/

�.y/
� 1

ˇ̌̌
ˇ � Œ�.x/�.y/��1=2	n: (4.3)

One difficulty attached to this estimate is that both Œ�.x/�.y/��1=2 and 	 depends on
the perhaps unknown stationary measure � .

Consider instead an initial measure �0 > 0 and set �n D �0K
n. Then we also

have ˇ̌ˇ̌Kn.x; y/
�n.y/

� 1
ˇ̌ˇ̌ � Œ�0.x/�n.y/�

�1=2
nY
1

	i (4.4)

where 	i is the second largest singular value of K W `2.�i / ! `2.�i�1/. In particular,
setting ��

0 D minxf�0.x/g,

ˇ̌ˇ̌ �.y/
�n.y/

� 1
ˇ̌ˇ̌ � Œ��

0�n.y/�
�1=2

nY
1

	i : (4.5)

The estimates (4.4)–(4.5) have the disadvantage that each 	i depends on �0 through
�i�1 and �i . They have the advantage that they do not depend in any direct way of � .
From a computational viewpoint, they offer a dynamical estimate of the error in the
approximation of � by �n.

4.2 An example where stability fails. In this section, we present a simple example
that indicates why stability is a difficult property to study from a quantitative viewpoint.
Let �N D f0; 1; : : : ; N g, N D 2nC 1. Fix p; q; r � 0 with p C q C r D 1, p ¤ q,
and �1 2 Œ0; 1/. Consider the Markov kernels Q1 given by

Q1.2x; 2x C 1/ D p; x D 0; : : : ; n;

Q1.2x; 2x � 1/ D q; x D 1; : : : ; n;

Q1.2x � 1; 2x/ D q; x D 1; : : : ; n;

Q1.2x C 1; 2x/ D p; x D 0; : : : ; n � 1;
Q1.x; x/ D r; x D 1; : : : ; 2n;

and
Q1.0; 0/ D q C r; Q1.N;N / D �1; Q1.N;N � 1/ D 1 � �1:

This chain has reversible measure �1 given by

�1.0/ D � � � D �1.N � 1/ D .1 � �1/p�1�1.N / D .1 � �1/p�1

N.1 � �1/p�1 C 1
:
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�	
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�q C r �	


q

q

�r �	

p
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��1�	
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�r�	


q

q

�r��

Figure 4. The chain with kernel Q1.

Next, we let Q2 be the kernel obtained by exchanging the roles of p and q and
replacing �1 by �2 2 Œ0; 1/. Obviously, this kernel has reversible measure �2 given by

�2.0/ D � � � D �2.N � 1/ D .1 � �2/q�1�2.N / D .1 � �2/q�1

N.1 � �2/q�1 C 1
:

As long as p; q are bounded away from 0 and 1 and �1; �2 are bounded away from
1 these kernelsQ1;Q2 can be viewed as perturbations of the simple random walk on a
stick (with loops at the ends). Their respective invariant measures are close to uniform.
In fact, they are uniform if �1 D q C r , �2 D p C r .

It is clear that, even if r�1�2 D 0, for any sequence .Ki /11 with Ki 2 fQ1;Q2g
we have

min
x;y2�N

fKm;mC2NC1.x; y/g � .minfp; qg/2NC1 > 0:

Hence, if we let�0 D u be the uniform measure and set�n D �0K0;n then there exists
a constant c D c.p; q;N / 2 .1;1/ such that

8n; c�1 � �n.x/ � c:

Further, it follows that any such sequence .Ki /11 is merging in total variation and in
relative-sup.

Nevertheless, we are going to show that the stability property fails at the quantitative
level as N tends to infinity. For this purpose, we compute the kernel of K D Q1Q2.
To understand K, it is useful to imagine that the elements of f0; : : : ; N g arranged on
a circle with the even points in the upper half of the circle and the odd points on the
lower half of the circle. The only points on the horizontal diameter of the circle are 0
and N .

The kernel K is given by the formulae:

K.2x; 2x C 2/ D p2; K.2x C 2; 2x/ D q2; x D 0; : : : n � 2;
K.2x C 1; 2x C 3/ D q2; K.2x C 3; 2x C 1/ D p2; x D 0; : : : ; n � 2;

K.0; 0/ D 2pq C r; K.x; x/ D 2pq C r2; x D 1; : : : ; N � 2;
K.x; x C 1/ D K.x C 1; x/ D r.p C q/ x D 1; : : : ; N � 2;

K.0; 1/ D q2 C r.1 � r/; K.1; 0/ D p2 C r.1 � r/;
K.N � 1;N / D p�2 C rq;

K.N;N � 1/ D .1 � �2/�1 C .1 � �1/r;
K.N � 2;N / D q2; K.N;N � 2/ D .1 � �1/p;
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K.N � 1;N � 1/ D p.q C 1 � �2/C r2;

K.N;N / D �1�2 C .1 � �1/q:
The following special cases are of interest.

(i) r D 0, �1 D q; �2 D p. In this case �1 D �2 is uniform andK is the kernel of a
nearest-neighbors random walk on the circle with transition probabilities p2, q2

and holding 2pq. Of course, this chain admits the uniform measure as invariant
measure.

(ii) r D 0, �1 D �2 D 0. In this case, K is essentially the kernel of a p0 D p2; q0 D
q2; r 0 D 2pq birth and death chain. More precisely, after writing x0 D N; x1 D
N � 2; : : : ; xn�1 D 1; xn D 0; xnC1 D 2; : : : ; xN�1 D N � 3; xN D N � 1,
we have

K.xi ; xiC1/ D p2; K.xi ; xi�1/ D q2; K.xi ; xi / D 2pq

except for K.x0; x1/ D p, K.x0; x0/ D q, K.xN ; xN / D p C pq. This chain
has invariant measure

�.xi / D �.x0/p
�1.p=q/2i ; i D 1; : : : ; N:

Using the same notation as in (ii) above, we can compute the invariant measure � of
K when r D 0 for arbitrary values of �1, �2. Indeed, � must satisfy the following
equations:

�.xi / D 2pq�.xi /C p2�.xi�1/C q2�i .xiC1/; i D 2; : : : ; N � 1;
�.x1/ D 2pq�.x1/C .1 � �1/p�.x0/C q2�.x2/;

�.x0/ D .�1�2 C .1 � �1/q/�.x0/C q2�.x1/C p�2�.xN /;

�.xN / D p.q C 1 � �2/�.xN /C .1 � �2/�1�.x0/C p2�.xN�1/:

Because of the first equation, we set �.xi / D ˛ C ˇ.p=q/2i for i D 1; : : : ; N . This
gives

.1 � �1/p�.x0/ D .ˇ C ˛/p2;

.p � �1.�2 � q//�.x0/ D q2.˛ C ˇ.p=q/2/C p�2.˛ C ˇ.p=q/2N /;

.1 � �2/�1�.x0/ D ˛.q2 C p.�2 � p//C p�2ˇ.p=q/
2N :

Since the equations of the system � D �K are not independent, the three equations
above are not either. Indeed, subtracting the last equation from the second yields the
first. So the previous system is equivalent to

.1 � �1/p�1�.x0/ D ˇ C ˛;

.1 � �2/�1�.x0/ D ˛.q2 C p.�2 � p//C p�2ˇ.p=q/
2N :
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Hence, recalling that q2 � p2 D q � p since p C q D 1,

ˇ D .1 � �1/.q=p/ � .1 � �2/
q � p C p�2.1 � .p=q/2N /�.x0/

and

˛ D .1 � �2/�1 � .1 � �1/�2.p=q/2N
q � p C p�2.1 � .p=q/2N / �.x0/:

When �1 D �2 D 0 (resp. �1 D q; �2 D p), we recover ˛ D 0, ˇ D p�1�.x0/ (resp.
˛ D �.x0/, ˇ D 0).

The denominator q � p C p�2.1 � .p=q/2N / is positive or negative depending
on whether q > p or q < p. By inspection of these formulae, one easily proves the
following facts (the notation xi refers to the relabelling of the state space introduced in
(ii) above).

• Assume that q > p, r D 0. For any fixed �1 > 0, there is a constant c D
c.p; q; �1; �2/ 2 .1;1/ such that, for all large enough N , we have

8 x; c�1 � .N C 1/�.x/ � c:

If �1 D 0 then there is a constant c D c.p; q; �2/ 2 .1;1/ such that, for all large
enough N , we have

8 xi ; c�1 � .q=p/2i�.xi / � c:

• Assume that q < p, r D 0. For any fixed �2 > 0, there is a constant c D
c.p; q; �1; �2/ 2 .1;1/ such that, for all large enough N , we have

8 x; c�1 � .N C 1/�.x/ � c:

If �2 D 0 then there is a constant c D c.p; q; �1/ 2 .1;1/ such that, for all large
enough N , we have

8 xi ; c�1 � .q=p/2.i�N/�.xi / � c:

On the one hand, when r D �1 D �2 D 0 and 0 < p ¤ q < 1 are fixed, there
are no constants c independent of N for which the set Q D fQ1;Q2g is c-stable. One
can even take pN ; qN so that pN =qN D 1C aN�˛ C o.N�1/ as N tends to infinity
with a > 0 and 0 < ˛ < 1. ThenQ1 andQ2 are asymptotically equal but there are no
constants c independent of N for which Q D fQ1;Q2g is c-stable.

On the other hand, when 0 < p; q; r < 1, �1 D qC r and �2 D pC r , the uniform
measure is invariant for both kernels and Q is 1-stable.

It seems likely that for fixed �1; �2; r; p; q with 0 < p; q < 1 and either r > 0 or
�1�2 > 0 the set Q is c-stable but we do not know how to prove that.
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5 Time dependent edge weights

In this section, we consider a family of graphs GN D .�N ; EN /. These graphs are non-
oriented with no multiple edges (edges are pairs of vertices e D fx; yg or singletons
e D fxg). We assume connectedness. We let d.x/ be the degree of x, i.e., d.x/ D
#fe 2 E W e 3 xg and set

ı.x/ D d.x/P
x d.x/

:

For simplicity, we assume that these graphs have bounded degree, i.e.,

8N; 8 x 2 �N ; d.x/ � D;

uniformly inN . A simple example is the lazy stick of length .N C1/ as in Problem 4.2
and Figure 5.

�� �� �� �� ��������

Figure 5. The lazy stick.

5.1 Adapted kernels. For any choice of positive weights w D .we/e2E on Gn, we
obtain a reversible Markov kernelK.w/with support on pairs .x; y/ such that fx; yg 2
E, in which case

K.w/.x; y/ D wfx;ygP
e3x we

:

The reversible measure is

�.w/.x/ D c.w/�1
X
e3x

we; c.w/ D
X
x

X
e3x

we:

For instance, picking w D 1, i.e., we D 1 for all e 2 E, we obtain the kernel
Ksr.x; y/ D K.1/.x; y/ D 1E .fx; yg/=d.x/ of the simple random walk on the given
graph. The reversible measure for Ksr is �.1/ D ı.

Set
R.w/ D max

˚
we=we0 W e; e0 2 E�

:

Observe that R.w/ � b implies

8 x; b�1ı.x/ � �.w/.x/ � bı.x/: (5.1)

For instance, to prove the upper bound, let w0 D minfweg and write

�.w/.x/ D c.w/�1
X
e3x

we � 1P
x d.x/

X
e3x

we

w0
� bı.x/:

The proof of the lower bound is similar. Further, we also have

8 x; y; .Db/�1�.w/.y/ � �.w/.x/ � Db�.w/.y/: (5.2)
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Indeed,
P
e3x we � Dbw0 � Db

P
e3y we .

For any N and b > 1, set

Q.GN ; b/ D fK.w/ W R.w/ � bg:

For any N , b > 1 and fixed probability measure � on �N , set

Q.GN ; b; �/ D fK.w/ W R.w/ � b; �.w/ D �g:

The set of weight Q.GN ; b; �/may well be empty. However, we can use the Metropolis
algorithm construction to prove the following lemma.

Lemma 5.1. Assume that fxg 2 E for all x (i.e, the graphs GN have a loop at each
vertex) and that a�1 � �.x/=ı.x/ � a. Then the set Q.GN ; a

2.b3 C bD/; �/ is
non-empty for any b � 1. It contains a continuum of kernels K.w/ for any b > 1.

Proof. Starting from any weight v withR.v/ � b, we define a new weight w by setting

8 fx; yg 2 E; x ¤ y; wfx;yg D vfx;yg min
²
�.x/

�.v/.x/
;
�.y/

�.v/.y/

³

and

wfxg D c.v/�.x/ �
X
y¤x

vfx;yg min
²
�.x/

�.v/.x/
;
�.y/

�.v/.y/

³
:

It is clear that �.w/ D � (Indeed,K.w/ is the kernel of the Metropolis algorithm chain
for � with proposal based on K.v/). Further, since

X
y¤x

vfx;yg min
²
�.x/

�.v/.x/
;
�.y/

�.v/.y/

³
� �.x/

�
c.v/ � vfxg

�.v/.x/

�
;

we have
�.x/vfxg
�.v/.x/

� wfxg � c.v/�.x/:

Now, since a�1ı.x/ � �.x/ � aı.x/ and v 2 Q.GN ; b/, we obtain

8 x ¤ y; x0 ¤ y0;
wfx;yg
wfx0;y0g

� b3a2:

and

8 fx; yg 2 E; x0; max
²
w¹x;yº
w¹x0º

;
w¹x0º
w¹x;yº

³
� a2bD:

Hence R.w/ � a2.b3 C bD/ and K.w/ 2 Q.GN ; a
2.b3 C bD/; �/ as desired.
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5.2 Time homogeneous results. For each N , let 	N be the second singular value of
.Ksr; ı/, i.e., the second largest eigenvalue in absolute value of the simple random walk
on GN . For instance, for the “lazy stick” of Figure 5, 1 � 	N is of order 1=N 2. For
any w, let 	.w/ be the second largest singular value of .K.w/; �.w//. The following
lemma concerns the time homogeneous chains associated with kernels in Q.GN ; b/.

Proposition 5.2. For any b � 1 and any K.w/ 2 Q.GN ; b/,

b�2.1 � 	N / � 1 � 	.w/:
In particular, uniformly over w 2 Q.GN ; b/,ˇ̌ˇ̌K.w/n.x; y/

�.w/.y/
� 1

ˇ̌ˇ̌ � bd�1� 
N .1 � b�2.1 � 	N //n; (5.3)

with 
N D P
x d.x/, d� D minxfd.x/g:

Proof. This is based on the basic comparison techniques of [7]. In the present case,
it is best to compare the lowest and second largest eigenvalues of Ksr, call them ˇ�
and ˇ1, respectively, with the same quantities ˇ�.w/ and ˇ1.w/ relative toK.w/. The
relation with the singular value 	.w/ is given by 	.w/ D maxf�ˇ�.w/; ˇ1.w/g. For
comparison purpose, one uses the Dirichlet forms (recall that edges here are (non-
oriented) pairs fx; yg)

Ew.f; f / D 1

c.w/

X
eDfx;yg

jf .x/ � f .y/j2we

and

Esr.f; f / D E1.f; f / D 1


N

X
eDfx;yg

jf .x/ � f .y/j2:

Clearly, for any f ,

Esr.f; f / � c.w/b

N

Ew.f; f /; Var�.w/.f / � 
N b

c.w/
Varı.f /: (5.4)

This yields 1 � ˇ1 � b2.1 � ˇ1.w//. A similar argument using (the sum here is over
all x; y with fx; yg 2 E, which explains the 1

2
factor)

Fw.f; f / D 1

2c.w/

X
x;yWfx;yg2E

jf .x/C f .y/j2wfx;yg

yields 1C ˇ� � b2.1C ˇ�.w//. This gives the desired result.

Example 5.3. For our present purpose, call “.d; �/-expander family” any infinite family
of regular graphs GN of fixed degree d , with j�N j D #�N tending to infinity with N
and satisfying 	N � 1��. See [17], [20] for various related definitions and discussions
of particular examples. Proposition 5.2 shows that for anyK.w/ 2 Q.GN ; b/, we haveˇ̌ˇ̌K.w/n.x; y/

�.w/.y/
� 1

ˇ̌ˇ̌ � bj�N j.1 � �=b2/n;
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Let us point out that, beside singular values , there are further related techniques that
yield complementary results. They include the use of Nash and logarithmic Sobolev
inequalities (modified or not). See [8], [9], [28], [30]. For instance, to show that
on the “lazy stick” GN of Figure 5, any chains with kernel in Q.GN ; b/ converges to
stationarity in order N 2, one uses the Nash inequality technique of [8].

5.3 Time inhomogeneous chains. A fundamental question about time inhomoge-
neous Markov chains is whether or not a result similar to (5.3) holds true for time
inhomogeneous chains with kernels in QN .GN ; b/. Little is known about this.

Fix b > 1. Let .Ki /11 be a sequence of Markov kernels in Q.GN ; b/ and Km;n
be the associated iterated kernel. Recall that the property “	N < 1” is equivalent
to the irreducibility and aperiodicity of Ksr. Because all the kernels in Q.GN ; b/ are
(uniformly) adapted to the graph structure GN , there exists ` D `.N; b/ and � D
�.N; b/ > 0 such that, for all n, Kn;nC`.x; y/ � �. As explained in Section 2.3, this
implies relative-sup merging for any such time inhomogeneous chain. However, this
result is purely qualitative. No acceptable quantitative result can be obtain by such an
argument.

Problem 5.4. Fix reals D; b > 1. Prove or disprove that there exists a constant A
such that for any family GN with maximal degree at mostD, any sequence .Ki /11 with
Ki 2 Q.GN ; b/, any initial distributions �0; �0

0 and any � > 0, if

n � A.1 � 	N /�1.log j�N j C logC.1=�//

then �n D �0K0;n and �0
n D �0

0K0;n satisfy

max
x2�N

²ˇ̌ˇ̌�0
n.x/

�n.x/
� 1

ˇ̌ˇ̌³ � �:

This is an open problem, even for the “lazy stick” of Figure 5. It seems rather
unclear whether one should except a positive answer or not.

Next, we consider another question, quite interesting but, a priori, of a different
nature. Recall that, given GN , ı denotes the normalized reversible measure of Ksr.

Problem 5.5. Fix realsD; b > 1. Prove or disprove that there exists a constant A � 1

such that for any family GN with maximal degree at mostD, any sequence .Ki /11 with
Ki 2 Q.GN ; b/ and any initial distributions �0, if

n � A.1 � 	N /�1.log j�N j/

then �n D �0K0;n satisfies

8 x 2 �N ; A�1 � �n.x/

ı.x/
� A:
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In words, a positive solution to Problem 5.4 yields the relative-sup merging in time
of order at most A.1� 	N /�1 log j�N j, uniformly for any time inhomogeneous chain
with kernels in Q.GN ; b/ whereas a positive solution to Problem 5.5 would indicate
that, after a time of order at most A.1 � 	N /

�1 log j�N j, uniformly for any time
inhomogeneous chain with kernels in Q.GN ; b/ and for any initial distribution �0, the
measure�n D �0K0;n is comparable to ı. In fact, because of the uniform way in which
Problem 5.5 is formulated, a positive answer implies that the measure ı is A-stable for
Q.GN ; b/.

At this writing, the best evidence for a positive answer to these problems is contained
in the following two partial results. The first result concerns sequences whose kernels
share the same invariant distribution. For the proof, see [28].

Theorem 5.6. Fix reals D; b > 1 and measures �N on �N . Assume that GN has
maximal degree at most D and that Q.GN ; b; �N / is non-empty. Under these circum-
stances, there is a constantA D A.D; b/ such that for any � > 0, any sequence .Ki /11
with Ki 2 Q.GN ; b; �N / and any pair �0; �0

0 of initial distributions, if

n � A.1 � 	N /�1.log j�nj C logC.1=�//

then �n D �0K0;n and �0
n D �0

0K0;n satisfy

max
x2�N

²ˇ̌ˇ̌�0
n.x/

�n.x/
� 1

ˇ̌ˇ̌³ � �:

Note the hypothesis that Q.GN ; b; �N / is non-empty implies that b�1 � �N =ı � b.
The second result assumes c-stability. For the proof, see [30].

Theorem 5.7. Fix reals D; b; c > 1. Assume that GN has maximal degree at most
D. Let .Ki /11 be a sequence of kernels on �N with Ki 2 Q.GN ; b/. Assume that the
distribution ı on�N is c-stable for .Ki /11 . Then there exists a constantA D A.D; b; c/

such that for any � > 0 and pair �0; �0
0 of initial distributions, if

n � A.1 � 	N /�1.log j�nj C logC.1=�//

then �n D �0K0;n and �0
n D �0

0K0;n satisfy

max
x2�N

²ˇ̌
ˇ̌�0
n.x/

�n.x/
� 1

ˇ̌ˇ̌³ � �:

Theorem 5.6 can be viewed as a special case ofTheorem 5.7. Indeed, if Q.GN ; b; �N /

is not empty then we must have b�1ı � �N � b1ı so that ı is a b-stable measure for
any sequence of kernels in Q.GN ; b; �N /. By Lemma 5.1, it is not difficult to produce
examples where Theorem 5.6 applies. Finding examples of application of Theorem 5.7
(where the Ki ’s do not all share the same invariant distribution) is a difficult problem.

Under the stability hypothesis of Theorem 5.7, methods such as Nash inequalities
and logarithmic Sobolev inequality can also be applied. See [30].



Merging and stability for time inhomogeneous finite Markov chains 149

Remark 5.8. Consider the kernels Q1, Q2 of Section 4.2, with fixed p, q, r , �1, �2
with r D �1 D �2 D 0 and 0 < p ¤ q < 1. The kernels Q1, Q2 are adapted
to the graph structure of Figure 6. We proved in Section 4.2 that stability fails for

�� � � � ����

Figure 6. The underlying graph for the kernels Q1, Q2 of Section 4.2.

Q D fQ1;Q2g. Even on the “lazy stick” of Figure 5, we do not understand whether
stability holds or not. An interesting example of stability on the lazy stick is proved
in [29]. This example involves perturbations that are localized at the ends of the stick.
Further examples are discussed in [31].
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[24] U. Păun, Ergodic theorems for finite Markov chains. Math. Rep. (Bucur.) 3 (53) (2001),
383–390. 129, 133

[25] A. Rhodius, On the maximum of ergodicity coefficients, the Dobrushin ergodicity coeffi-
cient, and products of stochastic matrices. Linear Algebra Appl. 253 (1997), 141–154. 133,
135

[26] G. Roberts and J. Rosenthal, General state space Markov chains and MCMC algorithms.
Probab. Surv. 1 (2004), 20–71. 127

[27] M. Rosenblatt, Products of independent identically distributed stochastic matrices. J. Math.
Anal. Appl. 11 (1965), 1–10. 136, 137

[28] L. Saloff-Coste and J. Zúñiga, Convergence of some time inhomogeneous Markov chains
via spectral techniques. Stochastic Process. Appl. 117 (2007), 961–979. 128, 138, 139, 147,
148

[29] L. Saloff-Coste and J. Zúñiga, Merging for time inhomogeneous Markov chains, part I:
Singular values and stability. Electron. J. Probab. 14 (2009), 1456–1494. 130, 131, 132,
133, 136, 138, 139, 149

[30] L. Saloff-Coste and J. Zúñiga, Merging for time inhomogeneous Markov chains, part II:
Nash and log-Sobolev inequalities. Ann. Probab. 39 (2011), 1161–1203. 138, 139, 147,
148



Merging and stability for time inhomogeneous finite Markov chains 151

[31] L. Saloff-Coste and J. Zúñiga, Time inhomogeneous Markov chains with wave like behavior.
Ann. Appl. Probab. 20 (2010), 1831–1853. 138, 149

[32] E. Seneta, On strong ergodicity of inhomogeneous products of finite stochastic matrices.
Studia Math. 46 (1973), 241–247. 133

[33] E. Seneta, On the historical development of the theory of finite inhomogeneous Markov
chains. Proc. Cambridge Philos. Soc. 74 (1973), 507–513. 133

[34] I. Sonin, The asymptotic behaviour of a general finite nonhomogeneous Markov chain
(the decomposition-separation theorem). In Statistics, probability and game theory, IMS
Lecture Notes Monogr. Ser. 30, Inst. Math. Statist., Hayward, CA, 1996, 337–346. 134

[35] Ö. Stenflo, Perfect sampling from the limit of deterministic products of stochastic matrices.
Electron. Commun. Probab. 13 (2008) 474–481. 135

[36] D. Stroock and S. R. S.Varadhan, Multidimensional diffusion processes. Grundlehren Math.
Wiss. 233, Springer-Verlag, Berlin 1997. 133

[37] Y. Takahashi, Markov chains with random transition matrices. KNodai Math. Sem. Rep. 21
(1969) 426–447. 136

[38] J. Wolfowitz, Products of indecomposable aperiodic stochastic matrices. Proc. Amer. Math.
Soc. 14 (1963), 733–737. 135





Some mathematical aspects of market impact modeling

Alexander Schied� and Alla Slynko

1 Introduction

Market impact risk is a specific kind of liquidity risk. It describes the risk of not being
able to execute a trade at the currently quoted price because this trade feeds back in an
unfavorable manner on the underlying price. Spectacular cases in which market impact
risk played an important role were the debacle of Metallgesellschaft in 1993, the LTCM
crisis in 1998, or the unwinding of Jérôme Kerviel’s portfolio by Societé Générale in
2008. But market risk can also be significant in much smaller trades, and it belongs
to the daily business of many financial institutions. The basic observation is that the
liquidity costs of large trades can be reduced significantly by splitting the large trade
into a sequence of smaller trades, sometimes called child orders, which are then spread
out over a certain time interval. In recent years, there has been a strong trend toward
the application of electronic trading algorithms to compute the size and schedule of the
child orders. These algorithms are typically based on a market impact model, that is,
on a stochastic model for asset prices that takes into account the feedback effects of
trading strategies.

While standard financial market models assume that asset prices are given exoge-
nously, and thus result in a predominantly linear theory, market impact models allow
trading strategies to feed back on asset prices, which results in a predominantly nonlin-
ear theory. This makes market impact modeling a fascinating and rewarding research
subject from a mathematical point of view. Moreover, market impact models are often
used in practical applications and it would be desirable to gain a better understanding
of their behavior and their stability. From an economic perspective, market impact is
one of the basic mechanisms responsible for price formation, and so its analysis might
contribute to new insights on how financial markets function.

One of the earliest market impact model classes that has so far been proposed, and
which has also been widely used in the financial industry, is based on the discrete-time
model by Bertsimas & Lo [9] and Almgren & Chriss [6], [7] and its continuous-time
variant by Almgren [5]. We will call these models first-generation market impact
models in the sequel. They distinguish between the following two impact components.
The first component is temporary and only affects the individual trade that has also
triggered it. The second component is permanent and affects all current and future
trades equally. The unaffected price process is driven by the actions of noise traders
and therefore usually assumed to be a martingale.

The distinction between temporary and permanent price impact is reasonable as
long as the time between the individual child orders is sufficiently long. On a finer

�Support by Deutsche Forschungsgemeinschaft is gratefully acknowledged.
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time scale, one will realize that price impact is in fact not temporary but transient. That
is, a child order creates some immediate price impact that subsequently decays over a
certain, but often short, time span. That is, price impact is only temporary and at least
a part of it disappears, often within just a few minutes. This resilience effect has been
well established in several empirical studies on market microstructure; see Bouchaud
[12] and Hasbrouck [31] for two recent surveys with comprehensive lists of references.
Note that this decay of price impact is ultimately responsible for the fact that liquidity
costs can be reduced when splitting up large orders into smaller child orders. The
increase in trading frequency in modern electronic trading systems has thus led to a
development of a second generation of market impact models. In these models, the
decay of price impact is modeled explicitly. Among the first models of this type are
the model by Bouchaud, Gefen, Potters & Wyart [13] and the limit order book model
by Obizhaeva & Wang [37]. The former was extended and studied by Gatheral [25],
the latter by Alfonsi, Fruth & Schied [1], [2], Alfonsi & Schied [3], Alfonsi, Schied
& Slynko [4], Gatheral, Schied & Slynko [27], [28], and Predoiu, Shaikhet & Shreve
[38].

There are also other approaches in the literature for modeling the market impact of
a large trader; we refer to [8], [19], [29], [39] and the references therein.

In this paper, we will first survey some results on the first-generation market impact
model by Almgren & Chriss [6], [7] and by Almgren [5]. Here we will focus on
the mathematical problem of finding optimal strategies for executing a given order
over a specified time horizon. We will see that this problem leads to a stochastic
control problem with fuel constraint. In presenting the mathematics of this problem
we will follow Schied & Schöneborn [40], Schied, Schöneborn & Tehranchi [41],
and Schöneborn [42]. In the second part of this paper, we will focus on the effects
created by the transience of price impact. To this end, we will consider a linear, second
generation model with general resilience. We will focus in particular on possible model
irregularities and the relations to potential theory. This second part is based on [4] and
on [28].

2 A first-generation market impact model

In this section, we consider the analysis of the optimal order execution problem for the
continuous-time version of the market impact model proposed in [5], [6], [7], [9]. In the
first subsection, we introduce the model and consider the problem of maximizing the
expectation or a mean-variance functional of the revenues. In the subsequent subsection,
we discuss the problem of maximizing the expected utility of revenues.

2.1 The approach by Almgren and Chriss. In the Almgren–Chriss market impact
model it is assumed that the number of shares in the trader’s portfolio is described by
an absolutely continuous trajectory t 7! Xt . Given this trading trajectory, the price at
which transactions occur is

St D S0t C � PXt C �.Xt �X0/;
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where � and � are constants and S0t is the unaffected stock price process. The term � PXt
corresponds to the temporary or instantaneous impact of trading PXt dt shares at time t
and only affects this current order. The term �.Xt �X0/ corresponds to the permanent
price impact that has been accumulated by all transactions until time t . The unaffected
stock price is taken as a Bachelier model,

S0t D S0 C �Wt ;

whereW is a standard Brownian motion. At first sight, it might seem to be a shortcoming
of this model that it allows for negative values of the unaffected price process. In reality,
however, even very large asset positions are typically liquidated within a few days or
hours. Hence negative prices occur only with negligible probability.

Let us now consider a trade execution strategy in which an initial long or short
position of x0 shares is liquidated by time T . The asset position of the trader, X D
.Xt /0�t�T , thus satisfies the boundary condition X0 D x0 and XT D 0. In such a
strategy, � PXt dt shares are sold at price St at each time t . Thus, the revenues arising
from the strategy X D .Xt /0�t�T are

R.X/ WD
Z T

0

St .� PXt / dt

D �
Z T

0

S0t
PXt dt � �

Z T

0

PX2t dt � �
Z T

0

Xt PXt dt � �x20

D x0S0 C
Z T

0

Xt dS
0
t � �

Z T

0

PX2t dt � �

2
x20 :

The optimal trade execution problem consists in maximizing a certain objective
function, which may involve revenues and additional risk terms, over the class of
admissible trading strategies X with side conditions X0 D x0 and XT D 0. The
easiest case corresponds to maximizing the expected revenues,

EŒR.X/ � D x0S0 � �

2
x20 � �E

� Z T

0

PX2t dt
�
:

In this case, which was first considered in [9] in a discrete-time setting, a simple appli-
cation of Jensen’s inequality shows that the unique optimal strategyX� is characterized
by having the constant trading rate

PX�
t D �x0

T
;

regardless of the choice of the unaffected price process. When, as is usually assumed in
practice, time is parameterized in volume time, such a constant trading rate corresponds
to a VWAP strategy, where VWAP stands for volume-weighted average price.

Almgren & Chriss [6], [7] were the first to point out that executing orders late in
the trading interval Œ0; T � incurs volatility risk. They therefore suggested to maximize
a mean-variance functional of the form

EŒR.X/ � � ˛

2
var .R.X//; (1)
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where ˛ is a risk-aversion parameter. For deterministic strategiesX , the mean-variance
functional (1) becomes

x0S0 � �

2
x20 �

Z T

0

�˛
2
�2X2t C � PX2t

�
dt:

Mean-variance maximization over deterministic strategies is thus equivalent to mini-
mizing the action-type functional

R T
0
L.Xt ; PXt / dt where the Lagrangian L is given

by L.x; p/ D ˛
2
�2x2 C �p2. Calculus of variations easily yields

X�
t D x0

sinh �.T � t /
sinh �T

; with � D
s
˛�2

2�
; (2)

as the unique minimizer under the side conditions X0 D x0 and XT D 0. When
strategies are not assumed to be deterministic, mean-variance optimization is more
involved. The main difficulty stems from the fact that the mean-variance functional
is not time consistent so that techniques from stochastic optimal control cannot be
applied directly. We refer to Lorenz & Almgren [34] and Forsyth [23]. Due to these
complications, it can make sense to consider alternative optimization criteria than mean-
variance optimization. In the next section we will investigate the maximization of the
expected utility of revenues. Another risk criterion was recently suggested by Gatheral
& Schied [26].

2.2 Maximization of the expected utility of revenues. From an economic point of
view it is quite natural to consider the maximization of the expected utility, EŒ u.R.X// �,
where u W R ! R is an increasing and strictly concave utility function (see, e.g., Chap-
ter 2 in Föllmer & Schied [22]). This problem formulation has also the advantage
that it can be approached by stochastic optimal control. To see how this works, let us
parameterize our strategies X D .Xt /0�t�T by �t WD � PXt . We then write

X
�
t WD x0 �

Z t

0

�s ds; 0 � t � T: (3)

More precisely, we introduce the class X.x0; T / of all progressively measurable pro-
cesses .�t /0�t�T such that

R T
0
�2t dt < 1,

R T
0
�t dt D x0, and X�t .!/ defined by (3)

is bounded uniformly in t and ! by a constant that may depend on � . We next introduce
the controlled diffusion process

R
�
t WD R0 C �

Z t

0

X�s dBs � �
Z t

0

�2s ds; 0 � t � T:

The problem of maximizing the expected utility of revenues is then mathematically
equivalent to maximizing EŒ u.R�T / � over � 2 X.x0; T /. Note that this is not an
entirely standard control problem because that the class X.x0; T / of admissible controls
depends on the state variables x0 and T . Problems of this type are sometimes called
finite-fuel control problems.
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To derive heuristically the Hamilton–Jacobi–Bellman (HJB) equation for this prob-
lem, let

v.T; x0; R0/ WD sup
�2X.x0;T /

EŒ u.R�T / �

denote the corresponding value function. We would expect that for any � 2 X.x0; T /

the process
V
�
t WD v.T � t; X�t ; R�t /

is a supermartingale, and that it is a true martingale for an optimal strategy � . Itô’s
formula yields

dV
�
t D �vRX

�
t dBt �

�
vt � 1

2
�2.X

�
t /
2vRR C ��2t vR C �tvX

�
dt:

We thus expect that v should solve the partial differential equation (PDE)

vt D 1

2
�2X2vRR � inf

�2R

�
��2vR C �vX

�
: (4)

This equation, however, does not yet take into account the fuel constraint on strategies.
This fuel constraint enters the problem through the initial condition satisfied by v:

lim
T#0

v.T; x0; R0/ D
´
u.R0/ when x0 D 0,

�1 otherwise.
(5)

The intuition for the singular part of this initial condition is the following. When there
is no time left .T D 0/ for liquidating a nonzero asset position .x0 ¤ 0/, then the
liquidation task has not been fulfilled, and this case should receive a penalty.

We have the following result from [41]:

Theorem 2.1 ([41]). For u.x/ D �e�˛x and � D
q
˛�2

2�
, the value function is

v.T; x0; R0/ D � exp
��˛R0 C x20�˛� � coth.�T /

	
; (6)

and the unique maximizing strategy �� is given by the deterministic function

��
t D x0�

cosh.�.T � t //
sinh.�T /

:

Remark 2.2. (a) One can check easily that the function in (6) solves indeed the singular
initial value problem (4), (5).

(b) Note that the optimal strategy X �
�

coincides with the mean-variance optimal
strategy (2). This is clear as soon as one knows that the optimal strategy is deterministic,
because for a deterministic strategy the revenues are normally distributed, and so the
expected exponential utility is an exponential of the mean-variance functional (1).

(c) The fact that optimal strategies for exponential utility functions are deterministic
is not limited to the Almgren–Chriss model. It is also true for more general second-
generation market impact models; see [41].
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For utility functions other than the exponential utility function, the existence of
classical solutions to the singular initial value problem (4), (5) is open. But the problem
can be simplified by allowing for an infinite time horizon. To set up the corresponding
problem, let X denote the class of all progressively measurable processes � such thatR t
0
�2s ds < 1 for all t � 0 and such that X �t .!/ is bounded uniformly in t and !

by a constant that may depend on �. Let X0 be the subclass of all � 2 X for which
R
�
t converges to a limit R�1 as t " 1. Then one possible problem formulation is

to maximize the expected utility EŒ u.R�1/ � over � 2 X0. The corresponding value
function is denoted by

v0.x0; R0/ WD sup
�2X0

EŒ u.R�1/ �: (7)

Alternatively, we can consider the value function

v1.x0; R0/ WD sup
�2X

lim
t"1

EŒ u.R�t / �: (8)

The existence of the limit in (8) follows from Jensen’s inequality and the fact that R�t
satisfies the supermartingale inequality EŒ R�t j Fs � � R

�
s for s � t (even though it

may fail to be a supermartingale due to the possible lack of integrability). Neither in
(7) nor in (8) do we need to require that strategies � 2 X liquidate the asset position
x0 in the sense that X�t ! 0 as t " 1. Intuitively, this is due to the fact that expected
utility discourages the possession of positions in an asset whose price process follows a
martingale, so that we can expect that every optimal strategy will automatically satisfy
X
�
t ! 0. This will indeed come out of our analysis.

In both cases, (7) and (8), the corresponding value function should become inde-
pendent of time, and one can expect that it solves the PDE

0 D 1

2
�2X2vRR � inf

�2R

�
��2vR C �vX

�
: (9)

The initial condition (5) becomes

v.0;R0/ D u.R0/: (10)

It thus seems that the variable x0 can take over the role of “time” for the problem (9),
(10). The reduced form of (9), however, is

v2X D �2��2X2vR � vRR;
which is a fully nonlinear equation in all derivatives of v and hence not solvable in a
straightforward manner.

The ordinary approach to solving stochastic control problems by means of PDEs is
to obtain first a solution of the PDE in question and then to define a Markovian control
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policy as the optimizer of the nonlinear term in the HJB equation. In our case, this
Markovian control policy would be

y�.x0; R0/ D arg min
�

˚
��2vR.x0; R0/C �vX .x0; R0/


 D � vX .x0; R0/

2�vR.x0; R0/
; (11)

when v is a sufficiently smooth solution. The optimality of the resulting strategy will
then have to be shown by a verification argument.

In our case, however, the existence of smooth solutions to the problem (9), (10) is
unclear. We therefore proceed, as it were, by reversing the above steps. The idea is
to determine first the Markovian policy y� by means of another PDE and then use y� to
define a function v as the solution of the linear transport equation

vX C 2�y�vR D 0;

which is equivalent to (11). Due to degeneracies in our equations, we actually need to
modify this idea through working with the following transformed function:

z�.Y;R0/ WD
y�.pY ;R0/p

Y
: (12)

Assuming that v is a sufficiently smooth solution of (9), (10) one computes that z� , when
defined through (12) and (11), should solve the following nonlinear parabolic initial
value problem: 8̂̂

ˆ̂̂̂
<
ˆ̂̂̂
ˆ̂:

z�Y D �2

4z�
z�RR � 3

2
�z� � z�R;

z�.0; R/ D
s
�2A.R/

2�
;

(13)

where A.R/ D �u00.R/=u0.R/ denotes the coefficient of absolute risk aversion of our
utility function. The following result is taken from [40].

Theorem 2.3 ([40]). Suppose that u belongs to C 6 and that its absolute risk aversion
satisfies Amin � A.R/ � Amax for two constants 0 < Amin � Amax < 1. Then:

(a) The initial value problem (13) admits unique classical solution z� 2 C 2;4 s.th.s
�2Amin

2�
� z�.Y;R/ �

s
�2Amax

2�
:

(b) The transport equation ´
zvY D ��z�zvR;
zv.0;R/ D u.R/;

admits a unique C 2;4-solution zv.
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(c) The function v.x0; R/ WD zv.x20 ; R0/ is a classical C 2;4-solution of the HJB

equation (9), (10), and y� defined by y�.x0; R0/ WD x0z�.x20 ; R/ satisfies (11).

(d) The function v is equal to both value functions v0 and v1 defined in (7) and (8).
Moreover, the a.s. unique optimal control policy �� 2 X for both optimization
problems is given in feedback form by

��
t D y�.X��

t ; R
��

t / D � vX

2�vR
.X

��

t ; R
��

t /: (14)

It belongs to X0, and we have

v.x0; R0/ D lim
t!1 EŒ u.R�

�

t / � D EŒ u.R�
�

1 / �:

The preceding theorem implies the following corollary.

Corollary 2.4 ([40]). If u.R/ D �e�˛R, then

X
��

t D X0 exp.��t/:
Proof. When u is of exponential type the corresponding absolute risk aversion satisfies
A.R/ D ˛ for all R. Hence we can take Amin D Amax D ˛ in (1) and obtain
y�.x0; R0/ D x0�, which gives the result via (14).

So we find again that, in the case of exponential utility, optimal strategies are
deterministic. The next theorem shows that the general principle behind this result is
that optimal strategies inherit the monotonicity properties of the absolute risk aversion
of u.

Theorem 2.5 ([40]). Let u1 and u0 be two utility functions satisfying the assumptions
of Theorem 2.3. When the corresponding respective coefficients of risk aversion satisfy
A1 � A0 then the respective optimal strategies inherit this monotonicity relation, i.e.,
y�1 � y�0.
Idea of proof. The function g WD z�1 � z�0 solves

gY D 1

2
agRR C bgR C Vg;

where

a D �2

2z�0 ; b D �3
2
�z�1; and V D ��

2z�1RR
4z�0z�1 � 3

2
�z�0R:

The boundary condition of g is

g.0;R/ D
s
�2A1.R/

2�
�

s
�2A0.R/

2�
� 0:

Therefore the maximum principle or a Feynman–Kac argument together with appro-
priate localization give the result; see [40] for details.
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Corollary 2.6 ([40]). The optimal strategy y�.X;R/ is nondecreasing (nonincreasing)
in R iff A.R/ is nondecreasing (nonincreasing).

Proof. WhenA.R/ is nondecreasing, consider the utility functions u0.R/ WD u.R/ and
u1.R/ WD u.RC ı/, where ı > 0 is fixed. Thus, the result follows from Theorem 2.5.

It is possible to derive further qualitative properties of optimal strategies. For
instance, it is fairly surprising that y� is not necessarily nonincreasing as a function of �
or nondecreasing as a function of the initial portfolio x0. We refer to [40] for details.

Additional surprising features and interesting mathematical problems arise when
one considers an extended market model with d risky assets. In this case, the “time”
parameter X becomes a vector in Rd , and so the value function satisfies a “parabolic”
PDE with a d -dimensional “time” parameter. We refer to Chapter 5 in Schöneborn
[42] for a detailed analysis of this multi-asset situation and for many other interesting
results.

Another important generalization of our setting is the extension to the case of sev-
eral large traders who are competing in a single market. Such extensions were first
considered by Brunnermeier & Pedersen [14] and Carlin, Lobo & Viswanathan [16].
Schöneborn & Schied [43] show that the qualitative behavior of the competitors of a
large seller depends crucially on the ratio �=� of the permanent and temporary price
impact components. When this ratio is large, the market has a plastic behavior with
respect to price impact since the permanent impact component dominates. When the
ratio is small, the market behavior can be qualified as elastic. Schöneborn & Schied
[43] show in particular that competitors tend to engage in predatory trading in plastic
market environments. That is, the competitors shorten the asset when prices are still
high and buy back when the seller has depressed asset prices just before completing
the order execution. This behavior is “predatory”, because it increases the seller’s exe-
cution costs. In elastic markets, on the other hand, competitors tend to act as liquidity
providers by building up long positions, buy shares offered by the seller, and thus allevi-
ate the seller’s execution costs. All these results assume a perfect information structure.
A model with imperfect information is developed in Moallemi, Park & van Roy [35].

3 Second-generation market impact models

In this section we present results from [4] and [28]. In the first subsection we discuss
the discrete-time model of [4], which builds on earlier models [13], [37], [1], [2], [3],
[25]. In Subsection 3.2 we will analyze the continuous-time extension of this model in
[28] and in particular highlight its connections with potential theory. Throughout this
section, we will focus on second-generation market impact models with linear impact.
Models with nonlinear impact are considered in [13], [2], [3], [25]. See [27] for a
discussion of the relations between these models.
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3.1 Transient price impact in discrete time. The results in this section are taken
from [4], and we refer to this paper for all details and proofs. Let us first introduce
the following market impact model for a trader who can move asset prices. As long
as this trader is not active, asset prices are determined by the actions of the other
market participants and are described by a process S0t , t � 0, which is assumed to be
a rightcontinuous martingale on a given filtered probability space .�;F ; .Ft /;P / for
which F0 is P -trivial. .S0t /will again be called the unaffected price process. A strategy
� consists of a sequence �t0 ; �t1 ; : : : ; �tN of trades by which this trader purchases or
liquidates a portfolio of a given number of shares. We thus assume that

NX
nD0

�tn D x0;

where x0 > 0 corresponds to a buy program and x0 < 0 corresponds to a sell program.
A strategy with x0 D 0 is called a round trip.

The order �tn is placed at time tn, where tn belongs to a given set T WD ft0; t1; : : : ; tN g
of trading times such that 0 � t0 < t1 < � � � < tN < 1. We assume moreover that
each �tn is bounded from below and measurable with respect to Ftn . The set of all such
strategies is denoted by„.x0;T /. Both x0 and T will be allowed to vary in the sequel.

When the strategy � D .�t0 ; �t1 ; : : : ; �tN / is applied, the price at time t is defined
as

St D S0t C
X
tn<t

�tnG.t � tn/;

where G W Œ0;1/ ! Œ0;1/ is a bounded function, the resilience function. Thus,
�tnG.0/ denotes the immediate price impact of the order �tn . After a time span	t , this
initial impact decays1 to �tnG.	t/. This description of market impact thus comprises
the following three types of price impact, the instantaneous impact �tn.G.0/�G.0C//,
the permanent impact �tnG.1/, where G.1/ WD limt"1G.t/, and the transient
impact �tn.G.0C/ �G.1//.

Let us now define the expected execution costs of a strategy � 2 „.x0;T /. When
the trade �tn is executed, the price is moved from Stn to StnC D Stn C �tnG.0/.
Intuitively, this linear price impact corresponds to a constant supply curve for which
G.0/�1 dy buy or sell orders are available at each price y, with y ranging from Stn to
StnC

, as shown in Figure 1. The trade �tn is thus carried out at the following average
cost:

c.�tn/ D
Z StnC

Stn

yG.0/�1 dy D 1

2G.0/

�
S2tnC � S2tn

�
:

This quantity is positive for buy orders �tn > 0 and negative for sell orders �tn < 0

(at least as long as prices stay positive). It can thus also be regarded as the cost of the
trade �tn . The expected execution costs of the strategy � D .�t0 ; �t1 ; : : : ; �tN / are now

1The economic intuition is that G.t/ should be a nonincreasing function of t . For the mathematical
problem formulation, however, such a restriction is not necessary.
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price

density of 
limit orders

St StC D St CG.0/�t

�t D 1
G.0/

.StC � St /

1
G.0/

Figure 1. For a supply curve with a constant density 1
G.0/

of limit sell orders, the price is shifted
from St to StC D St CG.0/�t when a market buy order of size �t > 0 is executed.

defined as the expected cumulative costs of all trades in this strategy, i.e.,

E
h NX
nD0

c.�tn/
i

D 1

2G.0/
E

h NX
nD0

�
S2tnC � S2tn

� i
:

Using the martingale property of S0, one easily checks that the expected execution
costs of a strategy � D .�t0 ; �t1 ; : : : ; �tN / 2 „.x0;T / are given by

E
h NX
nD0

c.�tn/
i

D x0S
0
0 C EŒ CT .�/ �;

where CT is the quadratic form defined as

CT .y/ WD 1

2

NX
i;jD0

yiyjG.jti � tj j/; y D .y0; : : : ; yN / 2 RNC1:

This result has the following significance. Suppose that y� 2 RNC1 minimizesCT .y/

in the class of y 2 RNC1 with y>1 D x0, where 1 D .1; : : : ; 1/ 2 RNC1. Then the
deterministic strategy �� WD y� minimizes the expected trade execution costs over all
strategies in „.x0;T /. Clearly, such a minimizer y� exists as soon as CT .y/ � 0 for
all y . But the situation in which CT .y/ � 0 holds for all y and T is well known. It
is tantamount to requiring that the function G.j � j/ is positive definite in the sense of
Bochner [11]. When even CT .y/ > 0 for all T and y ¤ 0, then G we will say that G
is strictly positive definite.

Bochner’s celebrated theorem characterizes precisely those functions G that are
positive definite within the class of continuous functions: A continuous function G is
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positive definite if and only if the function x ! G.jxj/ is the Fourier transform of a
positive finite Borel measure 
 on R, i.e.,

G.jxj/ D
Z
eixz 
.dz/; x 2 R:

It is not difficult to show that G is even strictly positive definite as soon as the support
of 
 is not discrete.

The following result gives a sufficient criterion when a functionG is strictly positive
definite. Its weak form asserting that every nonincreasing convex function G � 0 is
positive definite can be derived from the results by Carathéodory [15], Toeplitz [44],
and Young [45], but was re-discovered many times.

Proposition 3.1. If the resilience functionG is convex, nonincreasing and nonconstant,
then it is strictly positive definite.

Remark 3.2. An important question concerns the viability of a market impact model.
For a standard asset pricing model, viability can be characterized in terms of the ab-
sence of arbitrage opportunities, which is essentially equivalent to the existence of
an equivalent martingale measure. In a market impact model, the existence of such
small-investor arbitrage is usually guaranteed by assuming martingale dynamics for
the unaffected stock price process S0. Huberman & Stanzl [32], however, were among
the first to point out that there can be additional irregularities for large investors. They
identified in particular the so-called price manipulation strategies. These are round
trips (i.e., admissible strategies with x0 D 0) with strictly negative execution costs.
When suitable rescaled and repeated, such price manipulation strategies can lead to a
weak form of arbitrage. Moreover, they can prevent the existence of optimal execution
strategies. For these reasons, models that admit price manipulation should be deemed as
non-viable. We will see later that it is not sufficient just to exclude price manipulation.
There can be other types of irregularities as well. }

Let us consider a few examples of strictly positive definite resilience functions and
have a look at the corresponding optimal strategies.

Example 3.3 (Exponential resilience). Exponential resilience corresponds to the choice
of the resilience functionG.t/ D e��t with � > 0 G is clearly strictly positive definite.
In fact, the optimal strategy �� is explicitly known for an arbitrary time grid T ; see
[1]. Figure 2 shows the optimal strategy for various values of N . When N " 1,
the strategies with equidistant time grids converge to a continuous-time strategy with
two identical block trades at the beginning and end of trading and a continuous VWAP
(Volume-Weighted Average Price) strategy in between, as shown in Example 3.15
below. }

Example 3.4. The resilience function

G.t/ D e.e � cos t /

1C e2 � 2e cos t
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N D 50

N D 25

N D 50

N D 8

Figure 2. Optimal strategies for exponential resilienceG.t/ D e�t . Horizontal axes correspond
to time, vertical axes to trade size. We chose x0 D 10, T D 10, the equidistant time grid,
ti D iT=N , for N D 8; 25; 50, and randomly spaced trading times for N D 50.

is positive definite as the Fourier transform of purely discrete measure


 D 1

2

1X
kD0

e�k.ık C ı�k/:

Corresponding optimal trading strategies are given in Figure 3. }
Example 3.5 (Permanent price impact). The constant resilience function G.t/ � 1 is
positive definite as the Fourier transform of the measure 
 D ı0. In this case, every
strategy � in „.x0;T / is optimal and satisfies C.�/ D x0S0 C 1

2
x20 . }

Example 3.6 (Capped linear resilience). The linear resilience function G.t/ D .1 �
�t/C is strictly positive definite for � > 0. For � � 1=T the optimal strategy is
independent of the underlying time grid: it consists of two symmetric trades of size
x0=2 at t D 0 and t D T , all other trades are zero. The case when � > 1=T with
� D k=T where k 2 N divides N and an equidistant grid of N C 1 trading dates, the
optimal strategy consists of kC1 equidistant trades of equal size; see [4], Proposition 7.

}
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N D 10 N D 25

N D 35 N D 55

Figure 3. Optimal strategies for the resilience function G.t/ D e.e�cos t/

1Ce2�2e cos t
. Horizontal axes

correspond to time, vertical axes to trade size. We chose x0 D 10, T D 10, and the equidistant
time grid, ti D iT=N , for N D 10; 25; 35; 55.

Example 3.7 (Power-law resilience). Several empirical studies have found that market
impact decays with a power law function of the form G.t/ D �.1 C �t/�� for some
�; �; � > 0. For instance, [13] find a value of � � 0:4. See also [25] for additional
arguments and references. By Proposition 3.1, G is strictly positive definite for all
values of �; �; � > 0. As can be seen in Figure 4 the corresponding optimal strategies
behave in a very regular manner, even for randomly chosen trading times. }

Example 3.7 shows that optimal strategies are well-behaved when we take, for
instance, the resilience function

G.t/ D 1

.1C t /2
:

The picture can change dramatically, however, when taking a slightly different definition
of power-law decay as in the next example.

Example 3.8 (Alternative definition of power-law resilience). The resilience function

G.t/ D 1

1C t2
:
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N D 10 N D 15

N D 20 N D 25

Figure 4. Optimal strategies for power-law resilience G.t/ D .1C t /�0:4 and various values of
N . Horizontal axes correspond to time, vertical axes to trade size. We chose x0 D 10, T D 10,
and the equidistant time grid, ti D iT=N , for N D 10; 15; 20. For N D 25 we use randomly
chosen trading times.

is the Fourier transform of the measure 
.dx/ D 1
2
e�jxjdx and thus strictly positive

definite. Figure 5 shows, however, that the optimal strategies oscillate stronger and
stronger between positive and negative trades as the time grid becomes finer and finer.
For N D 120, several individual child orders are of the order 20.000, while the total
order size is just x0 D 10. }

Also the next example shows that the phenomenon of alternating trade signs in the
optimal strategy can actually become quite dramatic.

Example 3.9 (Gaussian resilience). The Gaussian resilience function G.t/ D e�t2

is, modulo constants, its own Fourier transform. Hence it is strictly positive definite.
Figure 6 shows, however, that for increasing N the optimal strategy starts oscillating
stronger and stronger between positive and negative trades. }

The strong oscillations found in the preceding two examples must be regarded as
model irregularities, and market impact models that admit such an alternation between
sell and buy trades cannot be regarded as viable and need to be excluded. It shows
moreover that there can be irregularities in market impact models even when there are
no price manipulation strategies in the sense explained in Remark 3.2, because both
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N D 10 N D 10

N D 25 N D 25

N D 40 N D 40

N D 120 N D 120

Figure 5. Optimal strategies for the resilience functions G.t/ D 1=.1C t /2 (left column) and
G.t/ D 1=.1C t2/ (right column), with equidistant trading dates. Horizontal axes correspond
to time, vertical axes to trade size. We chose x0 D 10, T D 10, and the equidistant time grid,
ti D iT=N , forN D 10; 25; 40; 120. Note the dramatic increase of the size of individual trades
as N becomes larger, in case of resilience function G.t/ D 1=.1C t2/.

resilience functions G.t/ WD 1
1Ct2 and G.t/ D e�t2 are strictly positive definite. The

oscillations observed in Examples 3.8 and 3.9 thus motivate the following definition.

Definition 3.10 ([4]). A market impact model admits transaction-triggered price ma-
nipulation if the expected trade execution costs of a sell (buy) program can be decreased
by intermediate buy (sell) trades. More precisely, in our setting, the model admits
transaction-triggered price manipulation if there exists x0 ¤ 0, a time grid T , and a
vector z 2 RNC1, such that z>1 D x0 and

CT .z/ < minfCT .y/ j y>1 D x0 and all components of y have the same signg:
It is not difficult to show that the absence of transaction-triggered price manipulation

implies the absence of price manipulation strategies
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N D 8 N D 14

N D 22 N D 27

Figure 6. Optimal strategies for Gaussian resilience G.t/ D e�t2
. Horizontal axes correspond

to time, vertical axes to trade size. We chose x0 D 10, T D 10, and the equidistant time grid,
ti D iT=N , for N D 8; 14; 22; 27.

Our goal is now to formulate conditions on a positive definite resilience function
that guarantee that all components of an optimal strategy y� have the same sign. It is
interesting to note that this problem is closely related to the positive portfolio problem,
which consists in characterizing the absence of short sales in a Markowitz portfolio.
This is a well-known problem in finance and aims at guaranteeing the nonnegativity of
the minimizer in the following problem:

minimize y>My � m>y under the constraint that y>1 D x0, (15)

where M is a covariance matrix of assets and m is the vector of (expected) returns.
The positive portfolio problem has received considerable attention in finance but only
relatively few results have been obtained to date; see Green [30], Nielsen [36], Best
& Grauer [10], and the references therein. In our situation, Mij D G.jti � tj j/ is a
covariance matrix as soon as G is positive definite, and so our problem of minimizing



170 A. Schied and A. Slynko

CT .y/ with constraint y>1 D x0 is a special case of (15). The following result can
therefore also be understood as a contribution to the positive portfolio problem.

Theorem 3.11 ([4]). For a convex, nonincreasing, and nonconstant resilience function
G there are no transaction-triggered price manipulation strategies. IfG is even strictly
convex, then all trades in an optimal trade execution strategy are strictly positive for a
buy program and strictly negative for a sell program.

There is also the following partial converse to the preceding theorem. It applies in
particular to strictly positive definite resilience functions that are strictly concave in a
neighborhood of zero such as

G0.t/ D e�t2 ; G1.t/ WD 1

1C t2
;

G2.t/ WD 2
1 � cos �t

t2
; or G3.t/ WD 1C sin �t

t
:

(16)

Proposition 3.12 ([4]). Suppose that G is strictly positive definite and nonincreasing
and

there are s; t > 0, s ¤ t , such that G.0/ �G.s/ < G.t/ �G.t C s/:

Then the model admits transaction-triggered price manipulation strategies.

3.2 Transient price impact in continuous time. Based on the paper [28], to which
we refer for all details and proofs, we now extend the model of Section 3.1 to continuous
time. To this end, we assume again that .S0t / is a rightcontinuous martingale defined on
a given filtered probability space .�;F ; .Ft /;P / satisfying the usual conditions. We
also assume that F0 is P -trivial. A strategy will now be a stochastic processX D .Xt /

that describes the number of shares held by the trader at each time t � 0. It will be
called an admissible strategy if

• the function t ! Xt is leftcontinuous and adapted;

• the function t ! Xt has finite and P -a.s. bounded total variation;

• there exists T > 0 such that Xt D 0 P -a.s. for all t � T .

When the admissible strategy X is applied, the price at time t is defined by

St D S0t C
Z

fs<tg
G.t � s/ dXs;

whereG W .0;1/ ! Œ0;1/ is a measurable function, the resilience function introduced
in previous sections. We assume first that

G is bounded and G.0/ WD lim
t#0

G.t/ exists. (17)
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The assumption (17) will be relaxed later so as to include weakly singular resilience
functions such as G.t/ D t�� for 0 < � < 1.

Following and extending the discussion presented in Section 3.1, one can deduce
that the expected costs of an admissible strategy X are given by

�X0S00 C 1

2
EŒC.X/ �; (18)

where

C.X/ WD
ZZ

G.jt � sj/ dXs dXt :
As before, price manipulation in the sense of [32] can be excluded as soon as C.X/ � 0

for all admissible strategies. This latter property can be characterized by the following
straightforward extension of Bochner’s theorem.

Proposition 3.13 ([28]). For a continuous resilience function satisfying assumption
(17), we have C.X/ � 0 for all admissible strategies X if and only if G.j � j/ can be
represented as the Fourier transform of a positive finite Borel measure 
 on R, i.e.,
G.jxj/ D R

eixz 
.dz/. If, in addition, the support of
 is not discrete, then C.X/ > 0

for every nonzero admissible strategy X .

Let us turn to the optimal trade execution problem, which consists in minimizing
the expected costs for strategies liquidating a given long or short position of x0 shares
within a given time frame. It is clear that this problem is not well-defined as soon as
the model admits price manipulation strategies. We will therefore assume from now
on that the resilience function G is positive definite. In contrast to the discrete-time
case, however, this requirement alone will not be sufficient to guarantee the existence of
optimal strategies; see Theorem 3.18 below. It follows from (18) that every admissible
strategy that minimizes the expected execution costs must have sample paths in the set
of minimizers of C.�/ within the class

X.x0;T / WD ˚
X

ˇ̌
deterministic strategy with X0 D x0 and support in T



:

It is hence enough to study the minimization of C.�/ over the deterministic strategies in
X.x0;T /. In particular, there will be at most one optimal strategy when G is strictly
positive definite.

Our first result is a classical first-order condition characterizing optimal strategies as
measure-valued solutions to generalized Fredholm integral equations of the first kind.

Proposition 3.14 ([28]). Suppose that G is positive definite. Then X� 2 X.x0;T /
minimizes C.�/ over X.x0;T / if and only if there is a constant � 2 R such that X�
solves the generalized Fredholm integral equationZ

G.jt � sj/ dX�
s D � for all t 2 T . (19)

In this case C.X�/ D �x0. In particular, � must be nonzero as soon as G is strictly
positive definite and x0 ¤ 0.
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To illustrate the application of Proposition 3.14 let us discuss the following exam-
ples.

Example 3.15 (Exponential resilience). Consider the case of exponential resilience,
G.t/ D e��t . We have seen above that the function G is strictly positive definite. The
unique optimal trade execution strategy in X.x0; Œ0; T �/ is given by

dX�
s D �x0

�T C 2

�
ı0.ds/C � ds C ıT .ds/

�
:

This result was obtained in [37] using optimal control techniques, but it can also be
proved very easily by simply checking thatX� solves the generalized Fredholm integral
equation in Proposition 3.14; see [28]. }
Example 3.16 (Capped linear resilience). As in Example 3.6, we consider the resilience
function G.t/ D .1 � �t/C for some � > 0 and T D Œ0; T �. For � � 1=T , it is easy
to verify that the strategy X� that consists of two equal block trades of size �x0=2 at
t D 0 and t D T and no trading in between satisfies the generalized Fredholm equation
(19) and hence is the unique optimal strategy. Similarly, when � D N=T for some
N 2 N, then one shows that there is a unique optimal strategy X�, which consists
of N C 1 equidistant equal block trades of size �x0=.N C 1/ at times tk WD kT=N ,
k D 0; 1; : : : ; N . Also in the general case, the unique optimal strategy corresponds to
a purely discrete measure which can be given in explicit form; see [28] for details. An
illustration is given in Figure 7. }

Figure 7. Optimal strategy for the capped linear resilience G.t/ D .1 � t /C, with x0 D �10,
T D 5:15 and N D 5. Horizontal axes correspond to time, vertical axes to trade size.

We now turn to the question of existence or nonexistence of optimal strategies.

Example 3.17 (Gaussian resilience). Let us consider the Gaussian resilience function
G.t/ D e�t2 and set T D Œ0; T �. Clearly, G is strictly positive definite. Nevertheless,



Some mathematical aspects of market impact modeling 173

it was already observed in Example 3.9 that for this resilience function optimal exe-
cution strategies in discrete time show dramatic oscillations when the grid of trading
times becomes more refined. This divergence of the discrete-time optimal strategies
is reflected by the fact that in continuous time optimal execution strategies exist only
for the trivial case x0 D 0. To prove this, suppose by the way of contradiction that
X� 2 X.x0;T / is an optimal strategy, with x0 ¤ 0. Then it would be a solution
of the Fredholm integral equation (19) for some � ¤ 0. Let us consider the function
h.t/ WD R

Œ0;T �
e�.t�s/2 dX�

s for t 2 R. It is not hard to show that h.t/ is analytic in t .
Hence, h cannot be equal to � on Œ0; T � unless it is constant on the entire real line. But
this contradicts the fact that h.t/ ! 0 as jt j ! 1. Therefore X� cannot exist. }

Here is a general criterion that extends the argument given in the preceding example.
It applies in particular to the resilience functions listed in (16).

Theorem 3.18 ([28]). Suppose thatG.j � j/ can be represented as the Fourier transform
of a finite positive Borel measure 
 for which

Z
e"x 
.dx/ < 1 for some " > 0.

Suppose furthermore that the support of 
 is not discrete. Then there are no optimal
strategies in X.x0;T / when x0 ¤ 0 and T is not discrete.

Now let us state our main result on existence, uniqueness and monotonicity of
optimal strategies for the case of resilience functions satisfying the assumption (17).

Theorem 3.19 ([28]). LetG be a nonconstant nonincreasing convex resilience function
satisfying assumption (17). Then there exists a unique optimal strategyX� within each
class X.x0;T /, for given x0 and T . Moreover,X�

t is a monotone function of t . That is,
there is no transaction-triggered price manipulation in the considered market impact
model.

The preceding result is based on and extends Theorem 3.11. The idea behind
it is to use a discrete-time approximation by means of a sequence of discrete sets
T1 � T2 � � � � � T . On each set Tn we can apply Theorem 3.11 and obtain a unique
optimal strategy Xn, which is a monotone step function. The measures �1

x0
dXn are

probability measures on the compact set T and hence a subsequence converges weakly
to a probability measure on T , which in turn corresponds to a strategyX� in X.x0;T /.
One finally checks that X� is optimal.

Next, let us relax the assumption (17) and allow the resilience function G to have a
(weak) singularity at t D 0. More precisely, let us assume that

G W .0;1/ ! Œ0;1/ is nonconstant, nonincreasing, convex,

and satisfies
Z 1

0

G.t/ dt < 1.
(20)
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Under assumption (20), the earlier definition of the price at time t as

St D S0t C
Z

fs<tg
G.t � s/ dXs (21)

is no longer possible for every admissible strategy X . In particular, X must be con-
tinuous for (21) to make sense when G.0C/ D C1. We therefore call an admissible
strategy X G-admissible when its the total variation process jX j satisfiesZZ

G.jt � sj/ d jX js d jX jt < 1:

We denote by XG.x0;T / the class of all G-admissible strategies in X.x0;T /. For
X 2 XG.x0;T / we define as before

C.X/ WD
ZZ

G.jt � sj/ dXs dXt :

We have the following result.

Proposition 3.20 ([28]). Let G be a resilience functions satisfying (20). Then there
exists a nonnegative Radon measure 
 on R such that

C.X/ D
Z

j yX.z/j2 
.dz/; (22)

where yX.z/ D R
eitz dXt for any G-admissible X .

Idea of proof. We first note that there exists a nonnegative Radon measure � such that
G can be written as

G.t/ D G.1�/C
Z
.0;1/

.y � t /C �.dy/:

Then one defines the function

'.x/ WD 1




Z
.0;1/

1 � cos xy

x2
�.dy/

and checks that (22) holds for


.dx/ D G.1�/ı0.dx/C '.x/ dx:

Let us now consider the existence of optimal strategies in XG.x0;T /. A first
observation is that optimal strategies will not exist if, for instance, T is a discrete
set, because then XG.x0;T / is empty unless G is bounded. Otherwise, we have the
following extension of Theorem 3.19.

Theorem 3.21 ([28]). Suppose that assumption (20) holds and that the set XG.x0;T / is
not empty. Then there exists a unique optimal strategyX� in XG.x0;T /. Moreover,X�

t

is a monotone function of t , and so there is no transaction-triggered price manipulation.
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The proof of the preceding theorem relies on approximating the weakly singular
resilience function by bounded convex resilience functions Gn. To these functions
we then apply Theorem 3.19 and use a similar convergence argument as sketched
subsequently to Theorem 3.19.

Definition 3.22. A set A � R will be called exceptional when there exists a Borel
set B 	 A that is a nullset for every positive finite Borel measure � on R for whichRR
G.jt � sj/ �.ds/ �.dt/ < 1. We will say that a property holds quasi everywhere

when it holds outside an exceptional set.

With this terminology, which is borrowed from potential theory, we can now inves-
tigate in which sense we can still define a price process via (21).

Proposition 3.23 ([28]). For any G-admissible strategy X ,
R

fs<tgG.t � s/ dXs , and
hence the price process St in (21), is finite for quasi every t � 0.

Now we state a variant of Proposition 3.14, which holds under assumption (20).

Proposition 3.24 ([28]). A strategy X� 2 XG.x0;T / is optimal if and only if there is
a constant � such that X� solves the generalized Fredholm integral equation

Z
G.jt � sj/ dX�

s D � for quasi every t 2 T .

Moreover, � must be nonzero as soon as x0 ¤ 0.

Already in Definition 3.22 it became apparent that there is a close relation between
classical potential theory and our theory of market impact. This relation stems from
the fact that our cost functional C.�/ is just equal to the Cartan energy of a measure 
,
namely to

E.
/ WD
ZZ

G.jt � sj/ 
.ds/ 
.dt/:

Here we assume that 
 belongs to the set M.G;T / of all signed Borel measures with
support in the compact set T and whose total variation j
j satisfies

ZZ
G.jt � sj/ j
j .ds/ j
j .dt/ < 1:

Clearly, every 
 in M.G;T / can be identified with a unique strategy within the class
XG.�
.T /;T /. We also introduce the following three sets of measures: the set
MC.G;T /of all positive Borel measures in M.G;T /; the set M1.G;T /of all measures

 in M.G;T / with 
.T / D 1; the set MC

1 .G;T / D MC.G;T / \ M1.G;T /.
One of the goals of potential theory consists in finding and characterizing a capac-

itary distribution for a given compact T . This is simply a minimizer 
� of the energy
E.
/ within the class MC

1 .G;T /; see, e.g., Cartan [17], [18], Choquet [20], Fuglede
[24], and Landkof [33]. Note that here the minimization is constrained to positive
measures from the beginning. Usually the existence of 
� is proved by a Cartan-type
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theorem that asserts the completeness of the set MC.G;T / with respect to the norm
k
k WD p

E.
/; see, e.g., [33], Chapter I, � 4.
The results on market impact models as stated in this section compare as follows

to these older results on capacitary distributions in the special case when G is as in
(20). First, Theorems 3.19 and 3.21 present a new method to show the existence
and uniqueness of capacitary distribution for all convex nonincreasing functionsG � 0

without using a Cartan-type theorem. Second, in our method, the capacitary distribution
is not obtained as a minimizer within the class MC

1 .G;T /, but within the larger class
of signed measures M1.G;T /. As a consequence, the capacitary distribution 
� is the
solution of an unconstrained optimization problem. This allows its characterization in
terms of the simple first order condition

G��.t/ D 1 quasi everywhere on T ;

where

G�.t/ WD
Z
G.jt � sj/ 
.ds/:

Constrained optimization over positive measures, however, only leads to the “Kuhn–
Tucker-type” conditions

G��.t/ � 1 quasi everywhere on T ;

G��.t/ D 1 
�-a.e. on T ;

see, e.g., Donogue [21], p. 302.
The capacity of a compact set T � Œ0;1/ is usually defined by one of the following

two alternatives:

Cap .T / D
�

inf
�2M

C
1
.G;T/

ZZ
G.jt � sj/ 
.ds/ 
.dt/

��1

or

Cap .T / D supf
.T / j
 2 MC.G;T /; G� � 1 quasi everywhere on Tg:
Our results yield a simple proof of the following result.

Proposition 3.25. Let the function G satisfy (20). Then

Cap .T / D Cap .T /:

for all compact sets T � Œ0;1/.

Proof. We start with proving the inequality “�”. Let 
� be a minimizer of the energy
functional E.
/ in MC

1 .G;T /. Then, by Theorem 3.21, 
� is also a minimizer in
M1.G;T / and so

G��.t/ D � quasi everywhere on T for some � 2 R
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by Proposition 3.24. Therefore Cap .T / D 1
	

. On the other hand, the measure 1
	

�

satisfies G 1
�
�� � 1 quasi everywhere on T and this implies that

Cap .T / � 1

�

�.T / D 1

�
D Cap .T /:

Now we prove the inequality “ �00. To this end suppose that the measure 
 2
MC.G;T / is such that G� � 1 quasi everywhere on T . Then, for c WD 
.T /, the
measure y
 WD 1

c

 is in MC

1 .G;T / and so

ZZ
G.jt � sj/ y
.ds/ y
.dt/ D

Z
Gy�.t/ y
.dt/ � 1

c
:

Hence

1

Cap .T /
D inf

2M

C
1
.G;T/

ZZ
G.jt � sj/ �.ds/ �.dt/

�
ZZ

G.jt � sj/ y
.ds/ y
.dt/ � 1

c
;

i.e., c � Cap .T /. Taking the supremum over 
 gives the result.
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The self-avoiding walk: A brief survey

Gordon Slade�

1 Self-avoiding walks

This article provides an overview of the critical behaviour of the self-avoiding walk
model on Zd , and in particular discusses how this behaviour differs as the dimension
d is varied. The books [29], [40] are general references for the model. Our emphasis
will be on dimensions d D 4 and d � 5, where results have been obtained using the
renormalisation group and the lace expansion, respectively.

An n-step self-avoiding walk from x 2 Zd to y 2 Zd is a map ! W f0; 1; : : : ; ng !
Zd with: !.0/ D x, !.n/ D y, j!.i C 1/ � !.i/j D 1 (Euclidean norm), and
!.i/ ¤ !.j / for all i ¤ j . The last of these conditions is what makes the walk self-
avoiding, and the second last restricts our attention to walks taking nearest-neighbour
steps.

Let d � 1. Let �n.x/ be the set of n-step self-avoiding walks on Zd from 0 to x.
Let �n D [x2Zd �n.x/. Let cn.x/ D j�n.x/j, and let cn D P

x2Zd cn.x/ D j�nj. We
declare all walks in �n to be equally likely: each has probability c�1

n . See Figure 1.
We write En for expectation with respect to this uniform measure on �n.

What it is not:

• It is not the so-called “true” or “myopic” self-avoiding walk, i.e., the stochastic process
which at each step looks at its neighbours and chooses uniformly from those visited
least often in the past — the two models have different critical behaviour (see [28], [50]
for recent progress on the “true” self-avoiding walk).
• It is by no means Markovian.
• It is not a stochastic process: the uniform measures on �n do not form a consistent
family.

2 Motivations

There are several motivations for studying the self-avoiding walk.
It provides an interesting and difficult problem in enumerative combinatorics: the

determination of the probability of a walk in �n requires the determination of cn. It is
also a challenging problem in probability, one that has proved resistant to the standard
methods that have been successful for stochastic processes.

In addition, it is a fundamental example in the theory of critical phenomena in
equilibrium statistical mechanics, and in particular is formally the N ! 0 limit of the
N -vector model [15]. Finally, it is the standard model in polymer science of long chain

�Research supported in part by NSERC of Canada.
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Figure 1. A random self-avoiding walk on Z2 with 106 steps. Illustration by T. Kennedy.

Figure 2. Appearance of real linear polymer chains as recorded using an atomic force microscope
on surface under liquid medium. Chain contour length is �204 nm; thickness is �0.4 nm. [47]

polymers, with the self-avoidance condition modelling the excluded volume effect [14].
Figure 2 shows some 2-dimensional physical linear polymers, which may be compared
with Figure 1.

3 Basic questions

Three basic questions are to determine the behaviour of:

• cn D number of n-step self-avoiding walks,

• Enj!.n/j2 D 1
cn

P
!2�n

j!.n/j2 D mean-square displacement,

• the scaling limit, i.e., find � and X such that n��!.bntc/ ) X.t/.

The inequality cnCm � cncm follows from the fact that the right-hand side counts
the number of ways that an m-step self-avoiding walk can be concatenated onto the
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end of an n-step self-avoiding walk, and such concatenations produce all .n C m/-
step self-avoiding walks as well as contributions where the two pieces intersect each
other. A consequence of this is that the connective constant � D limn!1 c

1=n
n exists,

with cn � �n for all n (see [40], Lemma 1.2.2, for the elementary proof). Since
the dn n-step walks that take steps only in the positive coordinate directions must be
self-avoiding, we have � � d . And since the set of n-step walks without immediate
reversals has cardinality .2d/.2d � 1/n�1 and contains all n-step self-avoiding walks,
we have � � 2d � 1. Several authors have considered the problem of tightening these
bounds. For example, for d D 2 it is known that� 2 Œ2:625 622; 2:679 193� [33], [46]
and the non-rigorous estimate1 � D 2:638 158 530 31.3/ was obtained in [31].

Another basic question is to determine the behaviour of the two-point function
Gz.x/ D P1

nD0 cn.x/zn, when z equals the radius of convergence zc D ��1 (see
Corollary 3.2.6 in [40] for a proof that zc D ��1 for all x). There is now a strong body
of evidence in favour of the predicted asymptotic behaviours:

cn � A�nn��1; Enj!.n/j2 � Dn2� ; Gzc
.x/ � cjxj�.d�2C�/; (3.1)

with universal critical exponents � , �, � obeying Fisher’s relation � D .2 � �/�. The
exponents are written as in (3.1) to conform with a larger narrative in the theory of critical
phenomena. For d D 4, logarithmic corrections are predicted: a factor .logn/1=4

should be inserted on the right-hand sides of the formulas for cn and Enj!.n/j2 (but no
logarithmic correction to the leading behaviour ofGzc

.x/). A prediction of universality
is the statement that the critical exponents depend only on the dimension d and not on
fine details of how the model is defined. For example, the exponents are predicted to
be the same for self-avoiding walks on the square, triangular and hexagonal lattices in
two dimensions. This will not be the case for the connective constant or the amplitudes
A, D, c, and for this reason the critical exponents have greater importance.

In the remainder of this paper, we discuss what has been proved concerning (3.1),
dimension by dimension.

4 Dimension d D 1

At first glance it appears that for d D 1 the problem is trivial: cn D 2 and j!.n/j D n

for all n, so � D � D 1, and the walk moves ballistically left or right with speed 1.
However, the 1-dimensional problem is interesting for weakly self-avoiding walk.

Let g > 0, let Pn be the uniform measure on all n-step nearest-neighbour walks
S D .S0; S1; : : : ; Sn/ (with or without intersections), and let

Qn.S/ D 1

Zn
exp

h
� g

nX
i;jD0;i¤j

ıSi ;Sj

i
Pn.S/;

where Zn is a normalisation constant.
1The notation � D 2:63815853031.3/ is an abbreviation, common in the literature, for � D

2:63815853031˙ 0:00000000003.
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Theorem 4.1 ([17], [36]). For every g 2 .0;1/ there exist �.g/ 2 .0; 1/ and �.g/ 2
.0;1/ such that

lim
n!1Qn

� jSnj � �n
�

p
n

� C

�
D 1p

2	

Z C

�1
e�x2=2dx:

Note the ballistic behaviour for all g > 0: weakly self-avoiding walk is in the
universality class of strictly self-avoiding walk. In particular, � D 1, in contrast to
� D 1

2
for g D 0. For any g > 0, no matter how small, the 1-dimensional weakly

self-avoiding walk behaves in the same manner as the strictly self-avoiding walk, which
corresponds to g D 1. This is predicted to be the case in all dimensions.

The proof of Theorem 4.1 is based on large deviation methods. For a different
approach based on the lace expansion, see [25]. The natural conjecture that g 7! �.g/

is (strictly) increasing remains unproved. For reviews of the case d D 1, see [26], [27].

5 Dimension d D 2

It was predicted by Nienhuis [44] that � D 43
32

and � D 3
4

for d D 2. According
to Fisher’s relation, this gives � D 5

24
. This prediction has been verified by extensive

Monte Carlo experiments (see, e.g., [39]), and by exact enumeration plus series analysis.
For the latter, cn is determined exactly for n D 1; 2; : : : ; N and the partial sequence is
analysed to determine its asymptotic behaviour. The finite lattice method is remarkable
for d D 2, where cn is known for all n � 71 [32]; in particular,

c71 D 4 190 893 020 903 935 054 619 120 005 916 � 4:2 � 1030:
Concerning critical exponents and the scaling limit, a major breakthrough occurred

in 2004 with the following result which connects self-avoiding walks and the Schramm–
Loewner evolution (SLE).

Theorem 5.1 ([37], loosely stated). If the scaling limit of the 2-dimensional self-
avoiding walk exists and has a certain conformal invariance property, then the scaling
limit must be SLE8=3.

Moreover, known properties of SLE8=3 lead to calculations that rederive the values
� D 43

32
, � D 3

4
, assuming that SLE8=3 is indeed the scaling limit [37]. The above

theorem is a breakthrough because it identifies the stochastic process SLE8=3 as the
candidate scaling limit. However, the theorem makes a conditional statement, and the
existence of the scaling limit (and therefore also its conformal invariance) remains as
a difficult open problem. Numerical verifications that SLE8=3 is the scaling limit were
performed in [34].

Current results fall soberingly short of existence of the scaling limit and critical
exponents for d D 2. In fact, for d D 2; 3; 4 the best rigorous bounds on cn are

�n � cn �
´
�neCn

1=2
.d D 2/;

�neCn
2=.dC2/ logn .d D 3; 4/:
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The lower bound comes for free from cnCm � cncm, and the upper bounds were proved
in [19], [35]. Worse, for d D 2; 3; 4, neither of the inequalities C�1n � Enj!.n/j2 �
Cn2�� (for some C; 
 > 0) has been proved. Thus, there is no proof that the self-
avoiding walk moves away from its starting point at least as rapidly as simple random
walk, nor sub-ballistically, even though it is preposterous that these bounds would not
hold.

6 Dimension d D 3

For d D 3, there are no rigorous results for critical exponents. An early prediction for
the values of �, referred to as the Flory values [14], was � D 3

dC2 for 1 � d � 4. This
does give the correct answer for d D 1; 2; 4, but it is not quite accurate for d D 3. The
Flory argument is very remote from a rigorous mathematical proof.

For d D 3, there are three methods to compute the exponents. Field theory com-
putations in theoretical physics [18] combine the N ! 0 limit for the N -vector model
with an expansion in 
 D 4 � d about dimension d D 4, with 
 D 1. Monte
Carlo studies now work with walks of length 33,000,000 [12], using the pivot algo-
rithm [41], [30]. Finally, exact enumeration plus series analysis has been used; cur-
rently the most extensive enumerations in dimensions d � 3 use the lace expansion
[13], and for d D 3 walks have been enumerated to length n D 30, with the result
c30 D 270 569 905 525 454 674 614. The exact enumeration estimates for d D 3 are
� D 4:684043.12/, � D 1:1568.8/, � D 0:5876.5/ [13]. Monte Carlo estimates are
consistent with these values: � D 1:1575.6/ [11] and � D 0:587597.7/ [12].

7 Dimension d D 4

7.1 The upper critical dimension. A prediction going back to [1] is that for d D 4,

cn � A�n.logn/1=4; Ej!.n/j2 � Dn.logn/1=4: (7.1)

Correspondingly, when the 4-dimensional self-avoiding walk is rescaled by the fac-
tor .Dn/�1=2.logn/�1=8, the scaling limit is predicted to be Brownian motion. The
logarithmic corrections in (7.1) are typical of behaviour at the upper critical dimen-
sion, which is d D 4 for the self-avoiding walk. As discussed in Section 8 below,
self-avoiding walks behave like simple random walks in dimensions greater than 4.

A quick way to guess that 4 is the upper critical dimension is to recall that the ranges
of two independent Brownian motions do not intersect each other if and only if d � 4,
a fact intimately related to the 2-dimensional nature of Brownian paths. Consequently,
one might guess that conditioning a simple random walk not to intersect itself might
have no noticeable effect on the scaling limit when d � 4.

7.2 Continuous-time weakly self-avoiding walk. LetX be the continuous-time sim-
ple random walk on Zd with Exp.1/ holding times and right-continuous sample paths.
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In other words, the walk takes its nearest neighbour steps at the events of a rate-1 Pois-
son process. Let Ex denote expectation for this process started atX.0/ D x. The local
time at x up to time T is given by

tx;T D
Z T

0

1X.s/Dx ds;

and the amount of self-intersection experienced by X up to time T is measured by
Z T

0

ds1

Z T

0

ds21X.s1/DX.s2/ D
X
x2Zd

t2x;T :

Let g > 0 and x 2 Zd . The continuous-time weakly self-avoiding walk two-point
function is defined by

Gg;�.x/ D
Z 1

0

E0.e
�gP

z2Zd t
2
z;T 1X.T /Dx/e��T dT;

where � is a parameter (possibly negative) which is chosen in such a way that the
integral converges. A subadditivity argument shows that there exists a critical value
�c D �c.g/ such that

P
x2Zd Gg;�.x/ < 1 if and only if � > �c . The following

theorem shows that the asymptotic behaviour of the critical two-point function has the
same jxj2�d decay as simple random walk, i.e., � D 0, in all dimensions greater than or
equal to 4, when g is small. In particular, there is no logarithmic correction at leading
order when d D 4.

Theorem 7.1 ([8], [9]). Let d � 4. There exists Ng > 0 such that for each g 2 .0; Ng/
there exists cg > 0 such that as jxj ! 1,

Gg;�c.g/.x/ D cg

jxjd�2 .1C o.1// :

The proof of Theorem 7.1 is based on a rigorous renormalisation method [8], [9]
(see also [2]), discussed further below.

7.3 Hierarchical lattice and walk. Theorem 7.1 has precursors for the weakly self-
avoiding walk on a 4-dimensional hierarchical lattice. The hierarchical lattice is a
replacement of Zd by a recursive structure which is well-suited to the renormalisation
group, and which has a long tradition of use for development of renormalisation group
methodology.

The hierarchical lattice Hd;L ia a countable group which depends on two integer
parameters L � 2 and d � 1. It is defined to be the direct sum of infinitely many
copies of the additive group Zn D f0; 1; : : : ; n � 1g with n D Ld . A vertex in the
hierarchical lattice has the form x D .: : : ; x3; x2; x1/ with each xi 2 Zn and with all
but finitely many entries equal to 0. For x 2 Hd;L, let

jxj D
´
0 if all entries of x are 0,

LN if xN ¤ 0 and xi D 0 for all i > N :
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A metric (in fact an ultra-metric) on Hd;L is then defined by

�.x; y/ D jx � yj:

To visualise the hierarchical lattice, an example of the vertices of a finite piece of
the d -dimensional hierarchical lattice with parameters L D 2 and d D 2 is depicted
in Figure 3. Vertices are arranged in nested blocks of cardinality Ldj where j is the
block level.

level-1 blocks

level-2 blocks

level-3 block

Figure 3. Vertices of the hierarchical lattice with L D 2, d D 2.

Every pair of vertices is joined by a bond, with the bonds labelled according to their
level as depicted in Figure 4. The level `.x; y/ of a bond fx; yg is defined to be the
level of the smallest block that contains both x and y. The metric � on the hierarchical
lattice is then given in terms of the level by

�.x; y/ D L`.x;y/:

There is more structure present in Figure 3 than actually exists within the hierarchical
lattice. In particular, all vertices within a single level-1 block are distance L from each
other, and their arrangement in a square in the figure has no relevance for the metric.
With this in mind, the arrangement of the vertices as in Figure 3 serves to emphasise
the difference between the hierarchical lattice and the Euclidean lattice Zd .

We now define a random walk on Hd;L, in which the probability P.x; y/ of a jump
from x to y in a single step is given by

P.x; y/ D const �.x; y/�.dC2/:

We consider both the discrete-time random walk, in which steps are taken at times
1; 2; 3; : : :, and also the continuous-time random walk in which steps are taken according
to a rate-1 Poisson process. For the continuous-time process, the random walk Green
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level-3 bonds

level-1 bonds

level-2 bonds

Figure 4. Bonds of the hierarchical lattice with L D 2, d D 2.

function is defined to be

G.x; y/ D
Z 1

0

dT Ex.1X.T /Dy/;

where Ex denotes expectation for the process X started at x. It is shown in [3] that for
d > 2

G.x; y/ D const
1

�.x; y/d�2 if x ¤ y; (7.2)

and in this sense the random walk on the hierarchical lattice behaves like ad -dimensional
random walk.

The continuous-time weakly self-avoiding walk is defined as in Section 7.2, namely
we modify the probability of a continuous-time random walk X on Hd;L by a factor
expŒ�gP

x tx;T .X/
2�. The prediction is that for all g > 0 and all L � 2 the weakly

self-avoiding walk (with continuous or discrete time) on Hd;L has the same critical
behaviour as the strictly self-avoiding on Zd (at least for d > 2 where (7.2) holds).
This has been exemplified for d D 4 in the series of papers [3], [5], [6], where, in
particular, the following theorem is obtained. There are some details omitted here that
are required for a precise statement, and we content ourselves with a loose statement
that captures the main message from [5].

Theorem 7.2 ([5], loosely stated). Fix L � 2. For the continuous-time weakly self-
avoiding walk on the 4-dimensional hierarchical lattice H4;L, if g 2 .0; g0/ with g0
sufficiently small, then there is a constant c D c.g; L/ such that

ET0;g j!.T /j � cT 1=2.logT /1=8
�
1C log logT

32 logT
CO

�
1

logT

��
;

where the expectation on the left-hand side is that of weakly self-avoiding walk started
at 0 and up to time T , and where the symbol � requires an appropriate interpretation;
see [5], p. 525, for the details of this interpretation.
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It is also shown in [3] that � D 0 in the setting of Theorem 7.2. Very recently, related
results for the critical two-point function and the susceptibility have been obtained in
[21] for the discrete-time weakly self-avoiding walk on H4;L with g sufficiently small
andL sufficiently large. These results produce the predicted logarithmic correction for
the susceptibility, closely related to (7.1).

The proofs of all these results for the 4-dimensional hierarchical lattice are based on
renormalisation group methods, but the approach of [3], [5], [6] is very different from
that of [21]. The approach of [21] is based on a direct analysis of the self-avoiding paths
themselves. In contrast, the approach of [3], [5], [6], as well as the proof of Theorem 7.1,
are based on a functional integral representation for the two-point function with no direct
path analysis.

7.4 Functional integral representation. The point of departure of the proofs of The-
orems 7.1–7.2, and more generally of the analysis in [3], [5], [6], [8], [9], [16], [43], is
a functional integral representation for self-avoiding walks. Such representations have
their roots in [45], [42], [38], [3] and recently have been summarised and extended in
[7]. We now describe the representation for the continuous-time weakly self-avoiding
walk on Z4.

In fact, the representation is valid for weakly self-avoiding walk on any finite setƒ,
and an extension to Z4 requires a finite volume approximation followed by an infinite
volume limit; the latter is not discussed here. For the present discussion, let ƒ be
an finite box in Zd , of cardinality M , and with periodic boundary conditions. Let 

denote the lattice Laplacian on ƒ. Let X be the continuous-time Markov process on
ƒ with generator 
, and let Ex denote the expectation for this process started from
x 2 ƒ. We define the weakly self-avoiding walk two-point function on ƒ by

Gwsaw;ƒ
x;y D

Z 1

0

Ex
�
e�gP

z2ƒ t
2
z;T 1X.T /Dy

�
e��T dT;

where g > 0 and where � 2 R is chosen so that the integral converges.
Given ' W ƒ ! C, we write  x D 1p

2�i
d'x , where d'x denotes the differential

and we fix any particular choice of the square root. For x 2 ƒ, we define

�x D 'x N'x C  x ^ N x;
where the wedge product is the usual anti-commuting product of differential forms,
N'x denotes the complex conjugate of 'x , and N x D 1p

2�i
d N'x . Forms are always

multiplied using the wedge product, and we drop the wedge from the notation in what
follows. We also define

S D
X
x;y2ƒ

.�
x;y/'x N'y C
X
x;y2ƒ

.�
x;y/ x N y :

The integral representation for Gwsaw;ƒ
x;y is

Gwsaw;ƒ
x;y D

Z
e�Se� P

x2ƒ.g	
2
xC�	x/ N'x'y ; (7.3)



190 G. Slade

where the integral is defined by the following procedure.
First, the integrand, which involves functions of differential forms, is defined by

its formal power series about its degree-zero part. For example, with the abbreviated
notation S D �'
 N' �  
 N , the expansion of e�S is

e�S D e'
 N'C 
 N D e'
 N'
jƒjX
ND1

1

N Š

�
 
 N 	N

;

where the sum is a finite sum due to the anti-commutativity of the wedge product.
Second, in the expansion of the integrand, we keep only terms with one factor d'x
and one d N'x for each x 2 ƒ, and discard the rest. Then we write 'x D ux C ivx ,
N'x D ux � ivx and similarly for the differentials, use the anti-commutativity of the
wedge product to rearrange the differentials to

Q
x2ƒ duxdvx , and finally perform the

resulting Lebesgue integral over R2jƒj. For further discussion and a proof of (7.3), see
[7].

The approach of [3], [5], [6], [8], [9] to the weakly self-avoiding walk is to study the
integral on the right-hand side of (7.3), and simply to forget about the walks themselves.
The differential form e�Se�V.ƒ/, where V.ƒ/ D P

x2ƒ.g�2x C ��x/, has a property
called supersymmetry (see [7] for a discussion of this in our context). In physics, roughly
speaking, this corresponds to symmetry under an interchange of bosons and fermions.
Supersymmetry has interesting consequences. For example, a general theorem (see
[6], [7]) implies that Z

e�Se�V.ƒ/ D 1: (7.4)

We redefine S as S D '.
I �
/ N'� .
I �
/ N for some (small) choice of 
 > 0,
where I denotes the jƒj � jƒj identity matrix. This can be regarded an adjustment of
the parameter �. Then, given a form F , we write

ECF D
Z
e�SF;

where C D .
I � 
/�1. By (7.4), EC1 D 1. We regard EC as a mixed bosonic-
fermionic Gaussian expectation, with covariance C . The operation EC has much
in common with standard Gaussian integration, and for this reason we write E for
expectation, but this is not ordinary probability theory and the expectations are actually
Grassmannian integrals.

7.5 The renormalisation group map. The renormalisation group approach of [8],
[9] (and of several other authors as well) is based on a finite-range decomposition of
the covariance C D .
I � 
/�1, due to [4]. Fix a large integer L and suppose that
jƒj D LNd . Using the results of [4], it is possible to write

C D
NX
jD1

Cj
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where the Cj ’s are positive semi-definite operators with the important finite-range
property

Cj .x; y/ D 0 if jx � yj � Lj :

The Cj ’s also have a certain self-similarity property, and obey the estimates

sup
x;y

sup
j˛j�˛0

ˇ̌r˛
xr˛

yCj .x; y/
ˇ̌ � constL�.j�1/.2C2j˛j/

for given ˛0 and for j < N , with a j -independent constant. This decomposition
induces a field decomposition

' D
NX
jD1

�j ; d' D
NX
jD1

d�j ;

and allows the expectation to be performed iteratively:

EC D ECN
B � � � B EC2

B EC1
;

where ECj
integrates out the scale-j fields �j ; N�j ; d�j ; d N�j . Under Ej , the scale-j

fields are uncorrelated when separated by distance greater than Lj , in contrast to the
long-range correlations of the full expectation EC .

In what follows, we discuss the approach of [9] towards a direct evaluation of the
integral

R
e�Se�V.ƒ/. In fact, as already pointed out above, it is a consequence of

supersymmetry that this integral is equal to 1, so direct evaluation is not necessary.
However, the method described below extends also to evaluate the integral in (7.3), and
it is easier to discuss the method now in the simpler setting without the factor N'x'y in
the integrand.

We write .�; d�/ D .'; N'; d'; d N'/ and .�; d�/ D .�; N�; d�; d N�/. We set �j DPN
iDjC1 �i , with �0 D �, �N D 0; this gives

�j D �jC1 C �jC1:

Let Z0 D Z0.�; d�/ D e�V.ƒ/, let

Z1.�1; d�1/ D EC1
Z0.�1 C �1; d�1 C d�1/;

Z2.�2; d�2/ D EC2
Z1.�2 C �2; d�2 C d�2/ D EC2

EC1
Z0;

and, in general, let

Zj .�j ; d�j / D ECj
� � � EC1

Z0.�; d�/:

Our goal now is to compute directly

ZN D ECZ0 D EC e
�V.ƒ/:

This leads us to study the renormalisation group map Zj 7! ZjC1 given by

ZjC1.�jC1; d�jC1/ D ECj C1
Zj .�jC1 C �jC1; d�jC1 C d�jC1/:
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The finite-range property of Cj , together with our choice of side length LN for ƒ,
leads naturally to the consideration of ƒ as being paved by blocks of side Lj . Let Pj
denote the set of finite unions of such blocks. Given forms F;G defined on Pj , we
define the product

.F BG/.ƒ/ D
X
X2Pj

F.X/G.ƒ nX/:

For X 2 P0, let
I0.X/ D e�V.X/; K0.X/ D 1XD¿:

Then we can write
Z0 D I0.ƒ/ D .I0 BK0/.ƒ/:

The method of [9] consists in the determination of an inductive parametrisation

Zj D .Ij BKj /.ƒ/; ZjC1 D ECj C1
Zj D .IjC1 BKjC1/.ƒ/;

with each Ij parametrised in turn by a polynomial Vj evaluated at �j ; d�j , given by

Vj;x D gj �
2
x C �j �x C zj �
;x;

with

�
;x D 'x.�
 N'/x C .�
'/x N'x C 1

2	i
d'x.�
d N'/x C 1

2	i
.�
d'/xd N'x :

The termKj accumulates error terms. The map Ij 7! IjC1 is thus given by the flow of
the coupling constants .gj ; �j ; zj / 7! .gjC1; �jC1; zjC1/, and hence the renormalisa-
tion group map becomes the dynamical system

.gj ; �j ; zj ; Kj / 7! .gjC1; �jC1; zjC1; KjC1/:

At the critical point, this dynamical system is driven to zero, and this permits the
asymptotic computation of the two-point function. Details are given in [9].

8 Dimensions d � 5

8.1 Results. The following theorem shows that above the upper critical dimension the
self-avoiding walk behaves like simple random walk, in the sense that � D 1, � D 1

2
,

� D 0, and the scaling limit is Brownian motion.

Theorem 8.1 ([22], [23]). For d � 5, there are positive constants A;D; c; 
 such that

cn D A�nŒ1CO.n��/�;
Enj!.n/j2 D DnŒ1CO.n��/�;

and the rescaled self-avoiding walk converges weakly to Brownian motion:

!.bntc/p
Dn

H) Bt :
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Also [20], as jxj ! 1,

Gzc
.x/ D cjxj�.d�2/Œ1CO.jxj��/�:

The proofs of these results are based on the lace expansion, a technique that was
introduced by Brydges and Spencer [10] to study the weakly self-avoiding walk in
dimensions d > 4. Since 1985, the method has been highly developed and extended
to several other models: percolation (d > 6), oriented percolation (d C 1 > 4 C 1),
contact process (d > 4), lattice trees and lattice animals (d > 8), and the Ising model
(d > 4). For a review and references, see [49].

The lace expansion requires a small parameter for its convergence. For the nearest-
neighbour model in dimensions d � 5, the small parameter is proportional to .d�4/�1,
which is not very small when d D 5. Because of this, the proof of Theorem 8.1 is
computer assisted. The weakly self-avoiding walk has an intrinsic small parameter
g, and it is therefore easier to analyse than the strictly self-avoiding walk. Another
option for the introduction of a small parameter is to consider the spread-out strictly
self-avoiding walk, which takes steps within a box of side lengthL centred at its current
position; this model also can be more easily analysed by taking L large to provide a
small parameter L�1.

The spread-out model can be generalised to have non-uniform step weights. For
example, given ˛ > 0, and an n-step self-avoiding walk ! on Zd taking arbitrary
steps, we define the weight

W.!/ D
nY
iD1

1

.L�1j!.i � 1/ � !.i/j ^ 1/dC˛ ;

and consider the probability distribution on self-avoiding walks that corresponds to this
weight. The following theorem, which is proved using the lace expansion, shows how
the upper critical dimension changes once ˛ � 2 and the step weights have infinite
variance.

Theorem 8.2 ([24]). Let ˛ > 0 and

f˛.n/ D a˛

´
n�1=.˛^2/ ˛ ¤ 2;

.n logn/�1=2 ˛ D 2;

for a suitably chosen (explicit) constant a˛ . For d > 2.˛ ^ 2/ and for L sufficiently
large, the processXn.t/ D f˛.n/!.bntc/ converges in distribution to an ˛-stable Lévy
process if ˛ < 2 and to Brownian motion if ˛ � 2.

In [43], the weakly self-avoiding walk with long-range steps characterised by ˛ D
3C�
2

, with small 
 > 0, is studied in dimension 3, which is below the upper critical
dimension 3C
. The main result is the control of the renormalisation group trajectory, a
first step towards the computation of the asymptotics for the critical two-point function
below the upper critical dimension. This is a rigorous version, for the weakly self-
avoiding walk, of the expansion in 
 D 4 � d discussed in [51]. The work of [43] is
based on the functional integral representation outlined in Section 7.4.
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8.2 The lace expansion. The original formulation of the lace expansion in [10] made
use of a particular class of ordered graphs which Brydges and Spencer called “laces.”
Later it was realised that the same expansion can be obtained by repeated use of
inclusion-exclusion [48]. We now sketch the inclusion-exclusion approach very briefly;
further details can be found in [40] or [49].

The lace expansion identifies a function 	m.x/ such that for n � 1,

cn.x/ D
X
y2Zd

c1.y/cn�1.x � y/C
nX

mD2

X
y2Zd

	m.y/cn�m.x � y/: (8.1)

In fact, it is possible to see that (8.1) defines 	m.x/, but the expansion will produce a
useful expression for 	m.x/. We begin with the identity

cn.x/ D
X
y2Zd

c1.y/cn�1.x � y/ �R.1/n .x/;

where R.1/n .x/ counts the number of terms which are included on the first term of the
right-hand side but excluded on the left, namely the number of n-step walks which start
at 0, end at x, and are self-avoiding except for an obligatory single return to 0. This is
denoted schematically by

R.1/n .x/ D 0 x:

If we relax and subsequently account for the constraint that the loop in the above diagram
avoid the vertices in the “tail,” then we are led to

R.1/n .x/ D
nX

mD2
umcn�m.x/ �R.2/n .x/;

where um is the number of m-step self-avoiding returns, and

R.2/n .x/ D 0 x:

In the above diagram, the proper line represents a self-avoiding return, while the wavy
line represents a self-avoiding walk from 0 to x constrained to intersect the proper line.
Repetition of the inclusion-exclusion process leads to

cn.x/ D
X
y2Zd

c1.y/cn�1.x � y/C
nX

mD2

X
y2Zd

	m.y/cn�m.x � y/
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with

	m.y/ D �ı0;y0 C 0 y �
0 y

C � � �

and where there are specific rules for which lines may intersect which in the diagrams
on the right-hand side. These rules can be conveniently accounted for using the concept
of lace.

We put (8.1) into a generating function to obtain

Gz.x/ D
1X
nD0

cn.x/z
n D ı0;x C z

X
y2Zd

c1.y/Gz.x � y/C
X
y2Zd

…z.y/Gz.x � y/;

(8.2)

with

…z.y/ D
1X
mD2

	m.y/z
m:

For k 2 Œ�	; 	�d , let Of .k/ D P
x f .x/e

ik�x denote the Fourier transform of an
absolutely summable function f on Zd . From (8.2), we obtain

OGz.k/ D 1

1 � z Oc1.k/ � O…z.k/
:

Note that setting O…z.k/ equal to zero yields the Fourier transform of the two-point
function of simple random walk, and hence O…z.k/ encapsulates the self-avoidance.

8.3 One idea from the proof of Theorem 8.1. Let OFz.k/ D 1= OGz.k/. By definition,
OGz.0/ D P1

nD0 cnzn. Since limn!1 c
1=n
n D � D z�1

c , OGz.0/ has radius of conver-
gence zc , and since cn � �n, OFzc

.0/ D 0. Suppose that it is possible to perform a joint
Taylor expansion of OF in k and z about the points k D 0 and z D zc . The linear term
in k vanishes by symmetry, so that

OFz.k/ D OFz.k/ � OFzc
.0/ � ajkj2 C b

�
1 � z

zc

�
; for k � 0, z � z�

c ;

with a D 1
2d

r2
k

OFzc
.0/ and b D �zc@z OFzc

.0/. We assume now that a and b are finite,
although it is an important part of the proof to establish this, and it is not expected to
be true when d � 4. Then

OGz.k/ � 1

ajkj2 C b.1 � z
zc
/
; for k � 0, z � z�

c ; (8.3)
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which is essentially the corresponding generating function for simple random walk.
For this to work, it is necessary in particular that zc@z O…zc

.k/ be finite. The leading
term in this derivative, due to the first term

P1
mD2 umzm in the diagrammatic expansion

for O…z.k/, is
P1
mD2mumzmc . By considering the factor m to be the number of ways

to choose a nonzero vertex on a self-avoiding return, and by relaxing the constraint that
the two parts of this return (separated by the chosen vertex) avoid each other, we find
that this contribution is bounded above by

1X
mD2

mumz
m
c �

X
x2Zd

Gzc
.x/2 D

Z
Œ��;��d

OGzc
.k/2

ddk

.2	/d
; (8.4)

where the equality follows from Parseval’s relation. A reason to be hopeful that this
might lead to a finite upper bound is that if we insert the simple random walk behaviour
on the right-hand side of (8.3) into (8.4) then we obtain

Z
Œ��;��d

OGzc
.k/2

ddk

.2	/d
�

Z
Œ��;��d

1

jkj4
ddk

.2	/d
< 1 for d > 4:

Here we have assumed what it is that we are trying to prove, but the proof finds a way
to exploit this kind of self-consistent argument. For the details, we refer to [22], [23],
or, in the much simpler setting of the spread-out model, to [49].

9 Conclusions

Our current understanding of the critical behaviour of the self-avoiding walk can be
summarised as follows:

• d D 1: ballistic behaviour is trivial for the nearest-neighbour strictly self-
avoiding walk, but is interesting for the weakly self-avoiding walk.

• d D 2: if the scaling limit can be proven to exist and to be conformally invariant
then the scaling limit is SLE8=3, SLE8=3 explains the values � D 43

32
and � D 3

4
,

currently there is no proof that the scaling limit exists.

• d D 3: numerically � � 1:16 and � � 0:588, there are no rigorous results, and
there is no idea how to describe the scaling limit as a stochastic process.

• d D 4: renormalisation group methods have proved that � D 0 for continuous-
time weakly self-avoiding walk; on a 4-dimensional hierarchical lattice � D 1

and � D 1
2

, both with log corrections, and � D 0.

• d � 5: the problem is solved using the lace expansion, � D 1, � D 1
2

, � D 0,
and the scaling limit is Brownian motion.
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Lp-independence of growth bounds of Feynman–Kac
semigroups

Masayoshi Takeda�

1 Introduction

A. Beurling and J. Deny [6], [7] initiated the theory of Dirichlet forms. Using po-
tential theory of Dirichlet forms, M. Fukushima [23] succeeded in the construction of
symmetric Hunt processes associated with Dirichlet forms. Since then, the theory of
Dirichlet forms has been developed by many persons as a useful tool for analyzing sym-
metric Markov processes (see e.g. [8], [24], [29], [30]). The theory of Dirichlet forms
is an L2-theory, which is one reason why the theory is suitable for treating singular
Markov processes. On the other hand, the theory of Markov processes is, in a sense, an
L1-theory. To bridge this gap, we study here the Lp-independence of growth bounds
of Markov semigroups, more generally, of generalized Feynman–Kac (Schrödinger)
semigroups. The Lp-independence enables us to control L1-properties of the sym-
metric Markov process; in fact, we can state, in terms of the bottom of L2-spectrum,
a necessary and sufficient condition for the integrability of Feynman–Kac functionals
([36]) and for the stability of Gaussian two-sided estimates of Schrödinger heat kernels
([37]).

For the proof of theLp-independence, we apply arguments in the Donsker–Varadhan
large deviation theory. The large deviation principle for a symmetric Markov process is
governed by its Dirichlet form, namely, the rate function is identified with its Dirichlet
form. Hence we can expect that theLp-independence is fulfilled for symmetric Markov
processes satisfying the large deviation principle. This is our key idea throughout this
paper.

LetX be a locally compact separable metric space andm a positive Radon measure
on X with full support. Let M D .Xt ;Px; �/ be an irreducible m-symmetric Markov
process on X with strong Feller property. Here � is the lifetime of M. We further
assume that M is in Class (I) or Class (II) (Definition 2.1, Definition 2.2 in Section 2).
Let � be a signed smooth Radon measure on X in Class K1 (Definition 3.1) and F
a symmetric function on X � X in Class A2 (Definition 3.2). We define the additive
functional At .�C F / by

At .�C F / D At .�/C At .F / D At .�/C
X
0<s�t

F.Xs�; Xs/:

Here At .�/ is the continuous additive functional with Revuz correspondence to � (see
(2.3) below). The second term At .F / is a purely discontinuous additive functional

�The author was supported in part by Grant-in-Aid for Scientific Research (No.18340033 (B)), Japan
Society for the Promotion of Science.
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which varies when the Markov process Xt jumps on the support of F . The additive
functional At .�C F / is quite general. In fact, it is known from a result of Motoo that
if an additive functional is purely discontinuous and quasi-left-continuous, then it is of
the form At .F / (S. Watanabe [46]).

We denote by .N.x; dy/;Ht / the Lévy system of M. We define the generalized
Feynman–Kac semigroup fp�CF

t gt>0 by

p
�CF
t f .x/ D ExŒexp.At .�C F //f .Xt /�;

and the Schrödinger type operator formally by

H�CF f D Lf C �f C �HFf;

�HFf D
� Z

X

�
eF.x;y/ � 1

�
f .y/N.x; dy/

�
�H .dx/;

where L is the generator of M and �H the Revuz measure ofHt . We then see that the
semigroup fp�CF

t gt>0 is the one generated by H�CF , p�CF
t D exp.tH�CF /.

We define the Lp-growth bound of fp�CF
t gt>0 by

�p.�C F / D � lim
t!1

1

t
log kp�CF

t kp;p; 1 � p � 1;

where k�kp;p is the operator norm fromLp.X Im/ toLp.X Im/. TheLp-independence
of the growth bounds of fp�CF

t gt>0 means that

�p.�C F / D �2.�C F /; 1 � p � 1:

We now state our main theorem.

Theorem 1.1 ([39], [44]). Let � be a measure in the class K1 and F a function in the
class A2.

(i) Assume that M is in Class (I). Then �p.�C F / is independent of p.

(ii) Assume that M is in Class (II). Then �p.�C F / is independent of p if and only
if �2.�C F / � 0.

Takeda [39] proved Theorem 1.1 (i) for Feynman–Kac semigroups with local poten-
tial At .�/; the facts in [39] can be easily extended to fp�CF

t gt>0. Takeda [38] proved
Theorem 1.1 (ii) for Feynman–Kac semigroups with local potential, and Takeda and
Tawara [40] extended it to non-local Schrödinger operators whose principal part is the
fractional Laplacian, .1=2/.��/˛=2, and Tawara [44] further extended it to generalized
operators treated in this paper. Theorem 1.1 (ii) says that the Lp-independence for a
symmetric Markov process in Class (II) is completely determined by the L2-growth
bound. Recently, G. De Leva, D. Kim and K. Kuwae [18] extend our main results to
Feynman–Kac semigroups generated by continuous additive functionals of zero energy.

As mentioned above, the idea for the proof of Theorem 1.1 lies in the Donsker–
Varadhan theory, the large deviation theory for occupation distributions. We denote by
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.E;F / the regular Dirichlet form generated by the symmetric Markov process M. We

then see that the semigroup fp�CF
t gt>0 generates the bilinear form E�CF :

E�CF .u; u/ D E.u; u/ �
� Z

X

u2d�

C
Z
X�X

u.x/u.y/F1.x; y/N.x; dy/�H .dx/

�
; u 2 F ;

where
F1.x; y/ D eF.x;y/ � 1 (1.1)

([47], Theorem 4.1). Let P .X/ be the set of probability measures on X equipped with
the weak topology. We define the function IE�CF on P .X/ by

IE�CF .�/ D
´

E�CF .
p
f ;

p
f / if � D f �m; p

f 2 F ;

1 otherwise:
(1.2)

For ! 2 � with 0 < t < �.!/, we define the occupation distribution Lt .!/ 2 P .X/

by

Lt .!/.A/ D 1

t

Z t

0

1A.Xs.!//ds;

where 1A is the indicator function of the Borel set A � X . We then have the next
theorem:

Theorem 1.2. Assume that M is in Class (I). Let � be a measure in K1 and F a
function in A2.

(i) For each open set G � P .X/,

lim inf
t!1

1

t
log Ex

�
eAt .�CF /ILt 2 G; t < �� � � inf

�2G IE�CF .�/:

(ii) For each closed set K � P .X/,

lim sup
t!1

1

t
log sup

x2X
Ex

�
eAt .�CF /ILt 2 K; t < �� � � inf

�2K IE�CF .�/:

Theorem 1.2 was proven in [39] and [44]. Applying Theorem 1.2 to G D K D
P .X/, we see that

lim
t!1

1

t
log sup

x2X
Ex

�
eAt .�CF /I t < �� D � inf

�2P .X/
IE�CF .�/

D � inf
²
E�CF .u; u/ W u 2 F ;

Z
X

u2dm D 1

³
: (1.3)
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The equation (1.3) leads us to Theorem 1.1 (i). Indeed, noting that

sup
x2X

Ex
�
eAt .�CF /I t < �� D sup

x2X
p
�CF
t 1.x/ D kp�CF

t k1;1

and by the spectral theorem

�2.�C F / D inf
²
E�CF .u; u/ W u 2 F ;

Z
X

u2dm D 1

³
; (1.4)

we have�1.�CF / D �2.�CF /by (1.3), which implies that�p.�CF / is independent
of p by the Riesz–Thorin interpolation theorem ([17], 1.1.5).

The method for the proof of Theorem 1.1 (ii) is different from that of Theorem 1.1 (i):
we first note that if the state spaceX is compact, only the Feller property is necessary for
the proof of the upper bound. We thus extend the Markov process M to the one-point
compactification X1 by making the infinity 1 a trap, and derive the upper bound for
this extended Markov process. Then the rate function becomes a function on the set
of probability measures on X1 not on X ; in this way, the adjoined point 1 makes
a contribution to the rate function. We show that the infimum of the rate function on
the set of probability measures on X1 is equal to the infimum of the original rate
function on the set of probability measures on X if and only if the L2-spectral bound
is non-positive. Consequently we obtain a necessary and sufficient condition for the
Lp-independence. The idea of considering the contribution to the rate function from 1
is due to A. Budhiraja and P. Dupuis [9], where a large deviation principle of occupation
distributions was proved for Markov processes without stability property. H. Kaise and
S. J. Sheu [26] studied the asymptotic of Feynman–Kac functionals by using this idea.

The Gärtner–Ellis theorem is well known as a useful approach to the proof of large
deviation principles. A prerequisite condition for applying the Gärtner–Ellis theorem
is the existence of a logarithmic moment generating function (Section 2.3 in [19]). We
would like to emphasize that the Lp-independence of growth bounds of fp�CF

t gt>0
implies the existence of a logarithmic moment generating function of At .�C F /. As
an application of this fact, we established in [42] the large deviation principle for purely
discontinuous AFs of symmetric stable processes (Theorem 5.8).

Varadhan [45] gave an abstract formulation for the large deviation principle. Theo-
rem 1.2 (i) and (ii) are slightly different from the lower estimate and the upper estimate
in his formulation; at least, since the rate function IE�CF is the Schrödinger form, it
is not always non-negative. Moreover, even if �C F equals zero, we can not regard
Theorem 1.2 as a large deviation from invariant measure because the Markov process
is not supposed to be conservative. For this reason, we treat the normalized probability
measure Qx;t on P .X/ defined by

Qx;t .B/ D ExŒeAt .�CF /ILt 2 B; t < ��
ExŒeAt .�CF /I t < �� ; B 2 B.P .X//: (1.5)

We show in Section 6 that if the symmetric Markov process M is in Class (I), then the
family of probability measures fQx;tgt>0 satisfies the large deviation principle with the



Lp-independence of growth bounds of Feynman–Kac semigroups 205

rate function J.�/ WD IE�CF .�/ � �2.�C F /; � 2 P .X/, as t ! 1 in Varadhan’s
formulation (Theorem 6.3). In other words, fQx;tgt>0 obeys the full large deviation
principle with the good rate function J.�/. In addition, we see that there exists a unique
normalized ground state 	0 of the operator H�CF and 	20 �m is a unique probability
measure for which J.�/ D 0. On account of these facts, we can regard Theorem 1.2
as a large deviation from the ground state of the generalized Schrödinger operator
(Corollary 6.4).

2 Dirichlet Forms and symmetric Markov processes

In this section we briefly review the theory of Dirichlet forms, symmetric Markov
processes and Feynman–Kac semigroups. LetX be a locally compact separable metric
space and X1 the one-point compactification of X with adjoined point 1. Letm be a
positive Radon measure on X with full support. Let M D .�;M;Mt ; 
t ; Xt ;Px; �/
be an m-symmetric Markov process on X . Here, fMtg is the minimal (augmented)
admissible filtration, f
tgt�0 is the shift operator satisfyingXs.
t / D XsCt identically
for s; t � 0, and � is the lifetime of M, � D infft > 0 W Xt D 1g. Let fptgt>0 and
fGˇ gˇ>0 be the semigroup and the resolvent of M: for a bounded Borel function f
on X

ptf .x/ D ExŒf .Xt /I t < ��; Gˇf .x/ D
Z 1

0

e�ˇtptf .x/dt:

Throughout this paper, we make two assumptions on M.

Assumption I (Irreducibility). If a Borel set A is pt -invariant, i.e.,

pt .1Af /.x/ D 1Aptf .x/; m-a.e. for 8t > 0; 8f 2 L2.X Im/ \ Bb.X/;

then A satisfies either m.A/ D 0 or m.X n A/ D 0. Here Bb.X/ is the space of
bounded Borel functions on X .

Assumption II (Strong Feller property). For each t > 0, pt .Bb.X// � Cb.X/, where
Cb.X/ is the space of bounded continuous functions on X .

Remark 2.1 (Absolute continuity condition). We see from Assumption II that the
semigroup fptgt>0 admits an integral kernel fp.t; x; y/gt>0 with respect to the measure
m,

ptf .x/ D
Z
X

p.t; x; y/f .y/dm.y/:

We introduce two classes of symmetric Markov processes.

Definition 2.1. A symmetric Markov process M is said to be in Class (I), if for any
� > 0, there exists a compact set K � X such that

sup
x2X

G11Kc .x/ � �; (2.1)

Here 1Kc is the indicator function of the complement of K.
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Remark 2.2. (i) If G11 2 C1.X/, then (2.1) is fulfilled. In this case, the Markov
process M is explosive.

(ii) Ifm.X/ < 1 and kG1k1;1 < 1, then (2.1) is fulfilled because kG11Kc k1 �
kG1k1;1m.Kc/. Here k k1;1 is the operator norm from L1.X Im/ to L1.X Im/.

(iii) Let us consider one-dimensional diffusion processes on an interval .r1; r2/.
The boundary point ri is classified into four classes: regular boundary, exit boundary,
entrance boundary, and natural boundary. (a) If r2 is a regular or exit boundary, then
limx!r2 G11.x/ D 0. (b) If r2 is an entrance boundary, then

lim
r!r2

sup
x2.r1;r2/

G11.r;r2/.x/ D 0

(cf. [25], Section 5.11). As a result, if no boundaries are natural, then (2.1) is satisfied.
(iv) We introduce in Definition 3.1 the class K1;1 of 1-Green tight measures. The

condition (2.1) says that the basic measure m is 1-Green tight.

Definition 2.2. A symmetric Markov process M is said to be in Class (II), if its semi-
group fptgt�0 is conservative, pt1 D 1, and if it satisfies pt .C1.X// � C1.X/.
Here C1.X/ is the space of continuous functions on X vanishing at the infinity.

Remark 2.3. Suppose that M is in Class (II). We then see from Proposition 3.4 below
that for any compact set K, limx!1 pt1Kc .x/ D 1, and so supx2X G11Kc .x/ D 1.
Therefore, there exists no intersection of Class (I) and Class (II). For a one-dimensional
diffusion process, if both boundaries are natural, then (2.1) is fulfilled.

Let fGˇ .x; y/gˇ�0 be the resolvent kernel defined by

Gˇ .x; y/ D
Z 1

0

e�ˇtp.t; x; y/dt; ˇ � 0:

If the Markov process M is transient, then G0.x; y/ < 1 x ¤ y. In this case, we
simply writeG.x; y/ forG0.x; y/ and call it the Green function. By [24], Lemma 4.2.4,
the densityGˇ .x; y/ is assumed to be a non-negative Borel function such thatGˇ .x; y/
is symmetric and ˇ-excessive in x and in y.

By the right continuity of sample paths of M, fptgt>0 can be extended to an
L2.X Im/-strongly continuous contraction semigroup, fTtgt>0 ([24], Lemma 1.4.3).
The Dirichlet form .E;F / generated by M is defined by

8<
:

F D ®
u 2 L2.X Im/ W lim

t!0

1
t
.u � Ttu; u/m < 1¯

;

E.u; v/ D lim
t!0

1
t
.u � Ttu; v/m; u; v 2 F ;

(2.2)

where .u; v/m is the inner product on L2.X Im/. The Dirichlet form .E;F / is said
to be regular if F \ C0.X/ is dense in F with respect to the E1-norm and dense
in C0.X/ with respect to the uniform norm. Here C0.X/ is the space of continuous
functions on X with compact support and E1.u; u/ D E.u; u/ C .u; u/m. It follows
from Assumption II that .E;F / becomes regular.
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We define the (1-)capacity Cap associated with the Dirichlet form .E;F / as follows:
for an open set O � X ,

Cap.O/ D inffE1.u; u/ W u 2 F ; u � 1; m-a.e. on Og
and for a Borel set A � X ,

Cap.A/ D inffCap.O/ W O is open, O � Ag:
Let A be a subset of X . A statement depending on x 2 A is said to hold q.e. on A
if there exists a set N � A of zero capacity such that the statement is true for every
x 2 A nN . “q.e.” is an abbreviation of “quasi-everywhere”. A real valued function u
defined q.e. on X is said to be quasi continuous if for any � > 0 there exists an open
set G � X such that Cap.G/ < � and ujXnG is finite and continuous. Here, ujXnG
denotes the restriction of u to X nG. Each function u in F admits a quasi-continuous
version Qu, that is, u D Qu m-a.e. In the sequel, we always assume that every function
u 2 F is represented by its quasi-continuous version.

A stochastic process fAtgt�0 is said to be an additive functional (AF in abbreviation)
if the following conditions hold:

(i) At .�/ is Mt -measurable for all t � 0.

(ii) There exists a set ƒ 2 M1 D � .[t�0Mt / such that Px.ƒ/ D 1, for all
x 2 X , 
tƒ � ƒ for all t > 0, and for each ! 2 ƒ, A•.!/ is a function
satisfying: A0 D 0, At .!/ < 1 for t < �.!/, At .!/ D A� .!/ for t � �, and
AtCs.!/ D At .!/C As.
t!/ for s; t � 0.

If an AF fAtgt�0 is positive and continuous with respect to t for each ! 2 ƒ, the
AF is called a positive continuous additive functional (PCAF in abbreviation). Under
the absolute continuity condition, “quasi everywhere” statements are strengthened to
“everywhere” ones. Moreover, we can defined notions without exceptional set, for
example, smooth measures in the strict sense or positive continuous additive functional
in the strict sense (cf. Section 5.1 in [24]). Here we only treat the notions in the strict
sense and omit the phrase “in the strict sense”.

We denote S00 the set of positive Borel measures � such that �.X/ < 1 and
G1�.x/.D

R
X
G1.x; y/�.dy// is uniformly bounded in x 2 X . A positive Borel

measure � on X is said to be smooth if there exists a sequence fEng1
nD1 of Borel sets

increasing to X such that 1En
� � 2 S00 for each n and

Px
�

lim
n!1 �XnEn

� �
	 D 1; 8x 2 X; .5:1:28/

where �XnEn
is the first hitting time ofX nEn. We denote by S1 the totality of smooth

measures. By Theorem 5.1.4 in [24], there exists a one-to-one correspondence (Revuz
correspondence) between smooth measures and PCAFs as follows: for each smooth
measure �, there exists a unique PCAF fAtgt�0 such that for any f 2 BC.X/ and

 -excessive function h (
 � 0), e��tpth � h,

lim
t!0

1

t
Eh�m


 Z t

0

f .Xs/dAs

�
D

Z
X

f .x/h.x/�.dx/: (2.3)
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Here, Eh�mŒ � � D R
X

ExŒ � �h.x/m.dx/. We denote by At .�/ the PCAF of the smooth
measure�. For a signed smooth measure� D �C���, we defineAt .�/ D At .�

C/�
At .�

�/.
Let N be a kernel on .X1;B.X1// such that N.x; fxg/ D 0 for any x 2 X

and Ht a PCAF of M. The pair .N;Ht / is said to be the Lévy system of M if for
any bounded measurable function F on .X1 � X1/ vanishing on the diagonal set
4 D f.x; x/ W x 2 X1g, it holds that

Ex
h X
0<s�t

F.Xs�; Xs/
i

D Ex


 Z t

0

Z
X1

F.Xs; y/N.Xs; dy/dHs

�
; (2.4)

where Xt� D lims"t Xs . For the existence of the Lévy system, see Benveniste and
Jacod [5]. We remark that

At .F / �
Z t

0

Z
X1

F.Xs; y/N.Xs; dy/dHs

is a martingale additive functional.
The regular Dirichlet form .E;F / is expressed by

E.u; v/ D E.c/.u; v/

C
Z
X�Xn4

.u.x/ � u.y//.v.x/ � v.y//J.dx; dy/C
Z
X

u.x/v.x/k.dx/

(Beurling–Deny formula, [24], Theorem 3.2.1). The first term E.c/ is called local part
of .E;F /. E.c/ is a symmetric Dirichlet form satisfying the strong local property, that
is, E.c/.u; v/ D 0 for u; v 2 F \C0.X/ such that u is constant on SuppŒv�. In addition,
there exists uniquely a positive Radon measure �chui, u 2 F , satisfying

E.c/.u; u/ D 1

2
�chui.X/:

If we introduce a bounded signed measure �chu;vi, u; v 2 F , by

�chu;vi D 1

2

�
�chuCvi � �chui � �chvi

	
;

then

E.c/.u; v/ D 1

2
�chu;vi.X/:

The second term is called the jumping part of .E;F /. J is a symmetric positive Radon
measure on the product space X �X off the diagonal set and called jumping measure.
Using the Lévy system of M, we have the following expression:

J.dx; dy/ D 1

2
N.x; dy/�H .dx/;
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where �H is the Revuz measure of the PCAF fHtgt�0 of the Lévy system. The last
term is called the killing part. k is a Radon measure on X and called killing measure.
Moreover, it is expressed as

k.dx/ D N.x;1/�H .dx/:

3 Generalized Feynman–Kac semigroups

In this section we introduce classes of local and non-local potentials. For a signed Borel
measure � we denote its total variation by j�j. Following Chen [11], [12], we define
classes of local and non-local potentials.

Definition 3.1 (Kato measure, Green tight measure).

(a) A signed Borel measure � is said to be the Kato measure (in notation, � 2 K)
if j�j 2 S1 and

lim
t!0

sup
x2X

ExŒAt .j�j/� D 0:

(b) A measure � 2 K is said to be the ˇ-Green tight measure (in notation, � 2
K1;ˇ ) if for any � > 0 there exist a compact subset K and a positive constant ı > 0

such that

sup
x2X

Z
Kc

Gˇ .x; y/j�j.dy/ � �;

and for any Borel set B � K with j�j.B/ < ı,

sup
x2X

Z
B

Gˇ .x; y/j�j.dy/ < �:

For a positive measure � on X , denote

Gˇ�.x/ D
Z
X

Gˇ .x; y/�.dy/:

We note that for any ˇ > 0, K1;ˇ D K1;1. Indeed, for a positive measure � on X ,
let �Kc .�/ D �.Kc \ �/. Since by the resolvent equation

Gˇ�Kc D G��Kc C .
 � ˇ/GˇG��Kc ; 0 < ˇ < 
;

we have

kGˇ�Kc k1 � kG��Kc k1 C 
 � ˇ
ˇ

kG��Kc k1 D 


ˇ
kG��Kc k1:

We simply write K1 for K1;1 and call a measure in K1 a 1-Green tight measure.
Moreover, if the Markov process is transient, a measure � 2 K1;0 is called a Green
tight measure. We remark that K1;0 � K1 � K ([11]).

We now provide an inequality proved in P. Stollmann and J. Voigt [32].
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Theorem 3.1. Let � 2 K . Then for each ˇ � 0,Z
X

u2.x/�.dx/ � kGˇ�k1 � Eˇ .u; u/; u 2 F ; (3.1)

where Eˇ .u; u/ D E.u; u/C ˇ.u; u/m.

Definition 3.2. Let F be a bounded measurable function on X � X vanishing on the
diagonal set.

(a) F is said to be in the class J (resp. J1, J1;0) if

�jF j.dx/ WD
� Z

X

jF.x; y/jN.x; dy/
�
�H .dx/ 2 K (resp. K1;K1;0/:

(b) F is said to be in the class A1 if for any � > 0 there exist a compact subset K
and a positive constant ı > 0 such that for all measurable setB � K with�jF j.B/ < ı,

sup
.x;w/2X�X

Z
..KnB/�.KnB//c

G1.x; y/jF.y; z/jG1.z; w/
G1.x; w/

N.y; dz/�H .dy/ � �:

IfF satisfies the above inequality forG.x; y/, we say thatF belongs to the class A1;0.
(c) F is said to be in the class A2 if F 2 A1 and if the measure �jF j satisfies that

for any � > 0 there exist a compact subset K and a positive constant ı > 0 such that
for all measurable set B � K with �jF j.B/ < ı,

sup
.x;z/2X�X

Z
Kc[B

G1.x; y/G1.y; z/

G1.x; z/
�jF j.dy/ � �:

The class A2;0 is defined in the same way as A1;0.

In the sequel we assume that F is symmetric, F.x; y/ D F.y; x/. We write
�CF 2 K1 C A2 if � 2 K1 and F 2 A2. For �CF 2 K1 C A2, we define the
symmetric Dirichlet form .EF ;F / by

EF .u; u/ D E.c/.u; u/

C
Z
X�X

.u.x/ � u.y//2eF.x;y/J.dx; dy/C
Z
X

u.x/2k.dx/:

We set
F1 D eF � 1: (3.2)

We easily see from the boundedness of F that the function F1 also belongs to Class
A2. We now define another bilinear form E�CF by

E�CF .u; u/ D EF .u; u/ �
� Z

X

u2d�C
Z
X

u2d�F1

�

D E.u; u/ �
� Z

X

u2d�

C
Z
X�X

u.x/u.y/F1.x; y/N.x; dy/�H .dx/

�
; u 2 F :
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From Albeverio and Ma [2] (Theorem 4.1) and [3] (Proposition 3.3) we see that
.E�CF ;F / is a lower semi-bounded closed symmetric form. Denote by L, LF and
H�CF the self-adjoint operators associated with .E;F /, .EF ;F / and .E�CF ;F /
respectively. Then LF and H�CF are formally written by

LF f D Lf C
� Z

X

.f .y/ � f .x//F1.x; y/N.x; dy/
�
�H .dx/

and

H�CF f D Lf C �HFf C �f D LF f C �HV
F f C �f;

where

�HFf D
� Z

X

f .y/F1.x; y/N.x; dy/

�
�H .dx/;

�HV
F f D

� Z
X

F1.x; y/N.x; dy/

�
f .x/�H .dx/:

Let fp�CF
t gt>0 be the L2-semigroup generated by H�CF : p�CF

t D exp.tH�CF /.
Then it was shown in Ying [48], Chen–Song [14] that the semigroup fp�CF

t gt>0 is
expressed by

p
�CF
t f .x/ D ExŒexp.At .�C F //f .Xt /�;

where At .�C F / D At .�/C P
0<s�t F.Xs�; Xs/.

Next two theorems on the generalized Feynman–Kac semigroups fp�CF
t gt>0 fol-

lows from Albeverio, Blanchard and Ma [1], Theorem 4.1, and Chung [15], Theorem 2,
respectively.

Theorem 3.2. Let �C F 2 K1 C J1. There exist constants c and �.�C F / such
that

kp�CF
t kp;p � ce�.�CF /t ; 1 � p � 1; t > 0:

Here, k � kp;p means the operator norm from Lp.X Im/ to Lp.X Im/.
Theorem 3.3. Suppose that a symmetric Markov process M is in Class (II). Then for
�C F 2 K1 C J1, p�CF

t .C1.X// � C1.X/ and p�CF
t .Bb.X// � Cb.X/.

Tawara [43] proved the next proposition which is an extension of Proposition 3.1
in Azencott [4]. For a Borel set A, let �A be the first hitting time of A, �A D infft >
0 W Xt 2 Ag.

Proposition 3.4. A symmetric Markov process M in Class (II) possesses the following
properties:

(a) For ˇ > 0 and f 2 C1.X/,

lim
x!1Gˇf .x/ D 0:
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(b) For t > 0 and a compact set K,

lim
x!1 Px.�K � t / D 0:

(c) For ˇ > 0 and a compact set K,

lim
x!1 ExŒe

�ˇ�K � D 0:

We see from Proposition 3.4 that for a symmetric Markov process M in Class (II),

p
�CF
t .Cu.X// � Cu.X/; lim

x!1p
�CF
t f .x/ D lim

x!1f .x/; (3.3)

where Cu.X/ is the space of uniformly continuous bounded functions on X such that
limx!1 f .x/ exists. The property (3.3) is crucial to study the rate function defined in
Section 4.

4 Donsker–Varadhan type large deviation principle

For a symmetric Markov process, its Dirichlet form governs the Donsker–Varadhan
large deviation principle, that is, the rate function is identified with the Dirichlet form.
Therefore, we can expect that if the symmetric Markov process obeys the large deviation
principle, then the L2-theory is more dominant. In this section, we extend Donsker–
Varadhan type large deviations to symmetric Markov processes with Feynman–Kac
functional. In this case the rate function is not identified with a Dirichlet form but a
Schrödinger form.

Let � 2 K1 and F 2 A2. We define the function IE�CF on P .X/ by

IE�CF .�/ D
´

E�CF .
p
f ;

p
f / if � D f �m; p

f 2 F ;

1 otherwise.

Let Lt 2 P .X/ be the normalized occupation distribution, that is, for 0 < t < �,

Lt .A/ D 1

t

Z t

0

1A.Xs/ds; A 2 B.X/: (4.1)

We then have the lower bound estimate.

Theorem 4.1 ([27], Theorem 4.1). For each open set G � P .X/,

lim inf
t!1

1

t
log Ex Œexp.At .�C F //ILt 2 G; t < �� � � inf

�2G IE�CF .�/: (4.2)

We obtain the next theorem by the same argument as in [39].
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Theorem 4.2. Assume that a symmetric Markov process M is in Class (I). Then for
each closed set K � P .X/,

lim sup
t!1

1

t
log sup

x2X
Ex Œexp.At .�C F //ILt 2 K; t < �� � � inf

�2K IE�CF .�/:

We will show in Section 6 that the infimum of IE�CF .�/ is attained at the normalized
ground state of the generalized Schrödinger operator H�CF . In this sense, Theorem 4.1
and Theorem 4.2 is regarded as a large deviation principle form not the invariant measure
but the ground state. The essential idea of the proof of Theorem 4.1 and Theorem 4.2
lies in Donsker–Varadhan [20]; however, since At .�C F / is not a function of Lt , we
need to extend Donsker–Varadhan’s argument to Markov processes with Feynman–Kac
functional.

A key to the proof of Theorem 4.1 is the fact that any irreducible symmetric Markov
process can be transformed to a symmetric ergodic process by a certain supermartingale
multiplicative functional ([13]). A one-dimensional absorbing Brownian motion can be
transformed to a symmetric ergodic diffusion by a drift transform. Using this fact, they
proved in Donsker–Varadhan [20] the lower estimate for the one-dimensional Brownian
motion. To prove the ergodicity, they used the Feller test, while we apply an ergodic
theorem in the Dirichlet form theory.

A key to the proof of Theorem 4.2 is the definition of a suitable I-function. More
precisely, define �.�C F / by

�.�C F / D lim
t!1

1

t
log kp�CF

t k1;1:

We see from Theorem 3.2 that �.� C F / is finite. For ˛ > �.� C F /, the resolvent
G
�CF
˛ is defined by

G�CF
˛ f .x/ D Ex


 Z 1

0

e�˛tCAt .�CF /f .Xt /dt
�
; f 2 Bb.X/:

We set

DC.H�CF / D ˚
G�CF
˛ f W ˛ > �.�C F /; f 2 L2.X Im/ \ Cb.X/;

f � 0 and f 6	 0
�
:

Each function 	 D G
�CF
˛ f 2 DC.H�CF / is strictly positive because Px.�O < �/ >

0 for any x 2 X by Assumption I. HereO is a non-empty open set fx 2 X W f .x/ > 0g.
We define the generator H�CF by

H�CF u D ˛u � f; u D G�CF
˛ f 2 DC.H�CF /:

Suppose that �C F 2 K1 C A2 is gaugeable, that is,

sup
x2X

Ex
�
eA�.�CF /� < 1
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and let h.x/ D Ex
�
exp

�
A� .�C F /

	�
. The function h.x/ is strictly positive, h.x/ �

c > 0. Indeed, it follows from Proposition 2.2 in [11] and the definition of J1 that for
� 2 K1 and F 2 J1, supx2E Ex.A

�CF
�

/ < 1. Hence, by Jensen’s inequality,

inf
x2X Ex.exp.A�CF

�
// > 0:

After consideration of the Feynman–Kac functional, we define the modified I-function
by

I�CF .�/ D � inf
�2DC.H�CF /

�>0

Z
X

H�CF 	
	 C �h

d�; � 2 P : (4.3)

We need to add strictly positive functions �h, because the function H�CF 	=	 is
not always in Cb.X/. Since P .X/ is equipped with the weak topology, it is crucial

for the proof of Theorem 4.2 that the function H�CF 	
	C�h belongs to Cb.X/; in fact, we

show the upper bound with this modified I-function I�CF . The function h is said to
be a gauge function and a necessary and sufficient condition for the measure � C F

being gaugeable is known (cf. [12]). An important remark on the proof of Theorem 4.1
and Theorem 4.2 is that we have only to prove these theorems for the ˇ-subprocess
of M, the killed process by exp.�ˇt/; ˇ > 0. Owing to this, we may assume that
M is transient. In addition, we may assume that � C F is gaugeable because every
Green-tight measure becomes gaugeable with respect to the ˇ-subprocess of M for
a large enough ˇ([12], Theorem 3.4). The ˇ-subprocess is a useful tool of studying
Markov processes. It is worth to point out that this tool becomes available by extending
the large deviation to symmetric Markov processes with finite lifetime.

The next proposition says that this modified I-function can be identified with the
Schrödinger form.

Proposition 4.3. It holds that for � 2 P .X/,

I�CF .�/ D IE�CF .�/:

In [34] we proved Theorem 4.1 for symmetric Markov processes without Feynman–
Kac functional. We there used the identity function 1 for the gauge function h in order
to define the I-function. Note that the identity function is excessive for the Markov
semigroup generated by L and the gauge function h is excessive for the Schrödinger
semigroup generated by H�CF . Hence we can regard the function I�CF as an exten-
sion of the I-function in [34]. In [35] we proved the upper bound (ii) for each compact
set of P without assuming (2.1). We did not need to add �h in (4.3) because the Markov
process was supposed to be conservative and the I-function was defined by taking the
infimum over uniformly positive functions in a domain of H�CF . We would like to
emphasize that the function I�CF is independent of h if the function h is uniformly
positive and bounded, that is, I�CF is identical to the Schrödinger form (1.2).

When the Markov process M be in Class (II), Theorem 4.2 does not hold generally.
We thus first extend the Markov process M and the I-function; we define the transition
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density Npt .x; dy/ on .X1;B.X1//: for E 2 B.X1/,

Npt .x;E/ D
´
pt .x;E n ¹1º/; x 2 X;
ı1.E/; x D 1:

Let NM be the Markov process on X1 with transition probability Npt .x; dy/, that is, an
extension of M with 1 being a trap. Furthermore, for � C F 2 K1 C A2, let the
semigroup f Np�CF

t gt>0 and the resolvent f NG�CF
˛ g˛>�.�CF / of NM:

Np�CF
t f .x/ D NExŒexp.At .�C F //f .Xt /�;

NG�CF
˛ f .x/ D

Z 1

0

e�˛t Np�CF
t f .x/dt; f 2 Bb.X1/:

Here, �.�C F / is the constant in Theorem 3.2. Then NG�CF
˛ f .x/ D G

�CF
˛ f .x/ for

x 2 X and NG�CF
˛ f .1/ D f .1/=˛. Set

DCC. xH�CF / D f	 D NG�CF
˛ g W ˛ > �.�C F /; g 2 C.X1/ with g > 0g:

We see that for 	 D NG�CF
˛ g 2 DCC. xH�CF /, limx!1 	.x/ D g.1/=˛ by (3.3).

Let us define the function NI�CF on P .X1/, the set of probability measures onX1, by

NI�CF .�/ D � inf
	2DCC. xH�CF /

Z
X1

xH�CF 	
	

d�;

where xH�CF 	 D ˛ NG�CF
˛ g � g for 	 D NG�CF

˛ g 2 DCC. xH�CF /.
Note that NM has the Feller property, while it has no longer the strong Feller property.

In the proof of the large deviation upper bound for a Markov process with compact state
space, we need only the Feller property. Hence we have

Theorem 4.4 (Kim [27], Remark 4.1). For each closed set K � P .X1/,

lim sup
t!1

1

t
log sup

x2X
Ex Œexp.At .�C F //ILt 2 K� � � inf

�2K
NI�CF .�/: (4.4)

5 Lp-independence of growth bounds

When the symmetric Markov process M is in Class (I), we have the next theorem by
applying Theorem 4.1 and Theorem 4.3 to G D K D P .X/.

Theorem 5.1. If M is in Class (I), then �p.�C F / is independent of p.

In the remainder of this section, we assume that M is in Class (II). We note that
the rate function NI�CF in Theorem 4.4 is defined on the space of probability measures
on X1 not on X . In this sense the adjoined point 1 makes a contribution to the rate
function. We see that

NI�CF .ı1/ D 0; (5.1)
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because xH�CF 	.1/ D ˛	.1/ � g.1/ D g.1/ � g.1/ D 0 for any 	 2
DCC. xH�CF /. P .X1/ n fı1g and .0; 1� � P .X/ are in one-to-one correspondence
through the map

� 2 P .X1/ n fı1g 7! .�.X/; O�.�/ D �.�/=�.X// 2 .0; 1� � P .X/: (5.2)

Lemma 5.2. For � 2 P .X1/ n fı1g,
NI�CF .�/ D I�CF .�/ D �.X/ � IE�CF . O�/:

Proof. For 	 D NG�CF
˛ g 2 DCC. xH�CF /, xH�CF 	.1/ D 0 and xH�CF 	.x/ D

H�CF 	.x/ for x 2 X . Hence for � 2 P .X1/,

NI�CF .�/ D � inf
	2DCC. xH�CF /

Z
X1

xH�CF 	
	

d�

D � inf
	2DCC.H�CF /

Z
X

H�CF 	
	

d�

D � inf
	2DCC.H�CF /

�.X/

Z
X

H�CF 	
	

d O�

D �.X/ � IE�CF . O�/:
We have the next equality through the one-to-one map (5.2):

inf
�2P .X1/nfı1g

NI�CF .�/ D inf
0<
�1;�2P .X/

.
 � IE�CF .�// :

In addition, noting that NI�CF .ı1/ D 0, we have the next corollary.

Corollary 5.3.

inf
�2P .X1/

NI�CF .�/ D inf
0�
�1

�

 inf
�2P .X/

IE�CF .�/
	
: (5.3)

Let us denote by kp�CF
t kp;p the operator norm of p�CF

t from Lp.X Im/ to
Lp.X Im/ and define

�p.�C F / D � lim
t!1

1

t
log kp�CF

t kp;p; 1 � p � 1:

We then have:

Corollary 5.4. For �C F 2 K1 C A2,

�1.�C F / � inf
0�
�1

�

 inf
�2P .X/

IE�CF .�/
	 D inf

0�
�1
.
�2.�C F //: (5.4)

Noting that if �2.� C F / � 0, then inf0�
�1.
�2.� C F // D �2.� C F /, we
have:
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Corollary 5.5. If �2.�C F / � 0, then

�1.�C F / � �2.�C F /:

The inequality, �2.�C F / � �1.�C F /, generally holds. Indeed,

p
�CF
t f .x/ D ExŒexp.At .�C F //f .Xt /�

� .ExŒexp.At .�C F //f 2.Xt /�/
1=2 � .ExŒexp.At .�C F //�/1=2

and
kp�CF

t f k22 � kp�CF
t .f 2/k1 sup

x2X
ExŒexp.At .�C F //�:

By the symmetry and the positivity of p�CF
t ,

kp�CF
t .f 2/k1 D

Z
X

f .x/2.p
�CF
t 1.x//m.dx/ � kf k22 � kp�CF

t k1;1:

Hence we have kp�CF
t k2;2 � kp�CF

t k1;1, and thus �2.� C F / � �1.� C F /.
Moreover, by the Riesz–Thorin interpolation theorem,

kp�CF
t k2;2 � kp�CF

t kp;p � kp�CF
t k1;1; 1 � p � 1:

Therefore, we can conclude that

�2.�C F / � 0 H) �p.�C F / D �2.�C F /; 1 � p � 1: (5.5)

We see that if �2.�C F / > 0, then �1.�C F / D 0. Indeed, if �2.�C F / > 0,
then by Corollary 5.4

�1.�C F / � inf
0�
�1


 inf
�2P .X/

IE�CF .�/ D inf
0�
�1


.�2.�C F // D 0:

On the other hand, it follows from (3.3) that limx!1 p
�CF
t 1.x/ D 1. Therefore,

kp�CF
t k1;1 � 1, which implies that �1.�C F / � 0.

Theorem 5.6. Assume that M is in Class (II). Let �C F 2 K1 C A2. Then �2.�C
F / D �p.�C F / for all 1 � p � 1 if and only if �2.�C F / � 0. In particular, if
�2.�C F / > 0, then �1.�C F / D 0.

Example 5.1 (Brownian motion on Hd ). We consider the Brownian motion on the
hyperbolic space Hd (d � 2), the diffusion process generated by the Laplace–Beltrami
operator .1=2/�. The corresponding Dirichlet form .E;F / is as follows:

8<
:

E.u; u/ D 1

2

Z
Hd

.ru;rv/ dm; u; v 2 F ;

F D the closure of C1
0 .H

d / with respect to E C . ; /m,

where m is the Riemannian volume.
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The Brownian motion is in Class (II). Hence �1 D 0, while

�2 D inf fE.u; u/ j u 2 F ; kuk2 D 1g D 1

2

�
d � 1
2

�2
:

Hence theLp-independence does not hold; However, by adding a Kato measure� 2 A2

with �2.�/ � 0, the Lp-independence is recovered. In fact, we consider H� D
1=2� C ır , where ır is the surface measure of the sphere centred the origin with
radius r .

(a) d D 2:

(i) 0 � r < r0 H) �1.ır/ D 0; �2.ır/ > 0.
(ii) r � r0 > 0 H) �p.ır/ D �2.ır/; 1 � p � 1:

Here r0 is a unique solution of

.er � e�r/ log

�
er C 1

er � 1
�

D 1:

(b) d � 3:
�1.ır/ D 0; �2.ır/ > 0; r � 0:

Corollary 5.7. Suppose that M is transient. If �2.0/ D 0, then the growth bound
of the Feynman–Kac semigroup fp�CF

t gt>0 is Lp-independent for any � C F 2
K1;0 C A2;0.

Proof. The boundedness of F implies that there exists a constant C 0 such that
EF .u; u/ � C 0E.u; u/ for all u 2 F . Consequently, we have

E�CF .u; u/ D EF .u; u/ �
� Z

X

u2d�F1
C

Z
X

u2d�

�

� C 0E.u; u/ �
� Z

X

u2d�F1
C

Z
X

u2d�

�
:

Hence, in order to show that �2.�C F / � 0, it is enough to prove that �2.�/ � 0 for
any � 2 K1;0. To this end, we have only to prove that for any positive � 2 K1;0,

�2.�/ D inf
²
E.u; u/C

Z
X

u2d� W u 2 F ;

Z
X

u2dm D 1

³
D 0:

Noting that by Theorem 3.1

�2.�/ �
�

E.u; u/C
Z
X

u2d�

�
� .1C kG�k1/E.u; u/; u 2 F ;

we have the desired claim.

For a compact set K � X , define the subspace FKc of F by

FKc D fu 2 F W u D 0; q.e. on Kg :
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We then see that .E;FKc / is regarded as a regular Dirichlet form on L2.Kc Im/ by
identifying the space L2Kc .X Im/ D fu 2 L2.X Im/ W u D 0; m-a.e. on Kg with
L2.Kc Im/, The Dirichlet form .E;FKc / is said to be the part of the Dirichlet form
.E;F / on the open set Kc . Denote by LK the self-adjoint operator associated with
.E;FKc /.

Remark 5.1. Let �.LK/ be the spectrum of LK . Assume that for any compact setK,

inf �.LK/ D 0: (5.6)

Then, Corollary 5.7 holds without the transience condition. Indeed, for � 2 K1,

�2.�/ D inf
²
E.u; u/C

Z
X

u2d� W u 2 F ;

Z
X

u2dm D 1

³

� inf
²
E.u; u/C

Z
X

u2d� W u 2 FKc ;

Z
X

u2dm D 1

³
:

By assumption (5.6) and Theorem 3.1, the right-hand side is dominated by kG1�Kc k1
(�Kc .�/ D �.Kc \ �/), and kG1�Kc k1 tends to zero as K " X . We see that the
assumption (5.6) is fulfilled for spatially homogeneous symmetric Lévy processes.

The uniform upper bound in Theorem 4.2 is crucial for the proof of Lp-independ-
ence, and so is the condition (2.1). As stated in Remark 2.2 (iii), we see that a one-
dimensional diffusion process satisfies (2.1), if no boundaries are natural in Feller’s
boundary classification. As a result, the Lp-independence holds if no boundaries are
natural. We see by exactly the same argument as in [39] that if one of the boundary
points is natural, then the Lp-independence holds if and only if the L2-growth bound
is non-positive. For example, consider the one-dimensional diffusion process with
generator .1=2/�Ck �d=dx on .�1;1/. Here k is a constant. Then both boundaries
are natural and �2.0/ equals k2=2, while �1.0/ D 0 because of the conservativeness.
Consequently, Theorem 4.2 does not hold whenK are the whole space P . This example
was given in [22]. Next consider the Ornstein–Uhlenbeck process, the diffusion process
generated by .1=2/� � x � d=dx on .�1;1/. Then both boundaries are natural and
�2.0/ and �1.0/ are zero, consequently the Lp-independence follows. We would like
to remark that the uniform upper bound (ii) does not hold true, while the locally uniform
upper bound was shown in [22]. In this sense, we can say that the Lp-independence of
the Ornstein–Uhlenbeck operator holds for the reason that �2.0/ D 0.

Let M D .Px; Xt / be a symmetric Lévy process with Lévy exponent  :

Ex .exp.i.�; Xt // D exp.�t .�//:
Assume that Z

Rd

e�t .�/d� < 1; 8t > 0; (5.7)

We can show that the assumption (5.7) implies the strong Feller property and �2.0/
equals 0. Hence, �2.�CF / � 0 for any � 2 K1 C A2 and the Lp-independence of
�p.�C F / follows.
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If the Lévy measure J of M is exponentially localized, that is, there exists a positive
constant ı such that Z

jxj>1
eıjxjJ.dx/ < 1; (5.8)

we can prove in the same way as in [35] that for� in the class K ,�p.�/ is independent of
p. For example, the Lévy measure of the relativistic Schrödinger process, the symmetric
Lévy process generated by

p��Cm2 �m, m > 0, satisfies (5.8) (Carmona, Master
and Simon [10]). On the other hand, the Lévy measure of the symmetric ˛-stable
process on Rd is

�
K.d; ˛/=jxjdC˛	

dx, and is not exponentially localized, though its
Lévy exponent satisfies (5.7). This is the reason why we need to restrict the class of
potentials to K1 C A2.

As a useful approach in proving the large deviation principle, the Gärtner–Ellis
theorem is well known ([19], Section 2.3). To apply the Gärtner–Ellis theorem, we
shall show first that the limit

C.
/ WD lim
t!1

1

t
log Ex Œexp.
At .�C F //� ; 
 2 R1 (5.9)

exists ([19], Assumption 2.3.2). We call the limit the logarithmic moment generat-
ing function of At .� C F /. The existence of the limit (5.9) follows from the Lp-
independence proved in this section. Indeed,

��2.
.�C F // � lim sup
t!1

1

t
log Ex Œexp.
At .�C F //�

� lim sup
t!1

1

t
log sup

x2Rd

Ex Œexp.
At .�C F //�

D ��1.
.�C F // D ��2.
.�C F //:

We thus see that ��2.
.� C F // is the logarithmic moment generating function of
At .�C F /.

Let I.�/ be the Fenchel–Legendre transform of C.
/ WD ��2.
.�C F //:

I.�/ D sup

2R

f�
 � C.
/g; � 2 R:

If the function C.
/ is essentially smooth, in particular, differentiable on R, we can
establish the large deviation principle At .� C F /=t with the rate function I.�/ by
applying the Gärtner–Ellis theorem. For example, we have:

Theorem 5.8 ([42]). Let Px be a symmetric ˛-stable process on Rd and assume that
d � 2˛. Then for a positive function F 2 A2, At .F /=t obeys the large deviation
principle with the rate function I.�/ :

(i) For each closed set K 2 R,

lim sup
t!1

1

t
log Px

�
At .F /

t
2 K

�
� � inf

�2K
I.�/:
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(ii) For each open set G � R,

lim inf
t!1

1

t
log Px

�
At .F /

t
2 G

�
� � inf

�2G
I.�/:

6 A large deviation principle for normalized Markov processes

Varadhan [45] gave an abstract formulation for the large deviation principle. Theo-
rem 4.1 and Theorem 4.2 are slightly different from the lower estimate and the upper
estimate in his formulation. We show in this section that if the symmetric Markov
process M is in Class (I), the normalized process obeys the large deviation principle
in Varadhan’s formulation. According to this modification, Theorem 4.1 and Theo-
rem 4.2 can be regarded as a large deviation from the ground state of the generalized
Schrödinger operator, that is, the minimizer in the right-hand side of (1.4).

We show the existence of the ground state. Let fung1
nD1 � F be a minimizing

sequence in (1.4), that is, kunk2 D 1 and �2.�C F / D limn!1 E�CF .un; un/. Put
�0 D j�j C j�F1

j. Then �0 2 K1 and by Theorem 3.1Z
X

u2nd�
0 � kG˛�0k1 .E.un; un/C ˛/ :

Since E.un; un/ � cEF .un; un/, we have

E�CF .un; un/ � EF .un; un/ � kG˛�0k1.E.un; un/C ˛/

� 1

c
E.un; un/ � kG˛�0k1 .E.un; un/C ˛/

D
�
1 � ckG˛�0k1

c

�
E.un; un/ � ˛kG˛�0k1:

Choosing ˛ so large that 1 � ckG˛�0k1 > 0, we have

E.un; un/ � c

1 � ckG˛�0k1
�
E�CF .un; un/C ˛kG˛�0k1

	
;

and thus supn E.un; un/ < 1. Hence we see from (2.1) and (3.1) that for any � > 0

there exists a compact set K such that

sup
n

Z
Kc

u2n � dm � kG1IKc k1 � �
sup
n

E.un; un/C 1
	
< �;

which implies the tightness of fu2nmg1
nD1 in P .X/. Hence there exists a subsequence

fu2nk
mg1

kD1 such that u2nk
m converges weakly to a probability measure �. Since the

function IE�CF is lower semi-continuous by Proposition 4.3,

IE�CF .�/ � lim inf
k!1

IE�CF .u2nk
m/ D lim inf

k!1
E�CF .unk

; unk
/ < 1:

Therefore, using Proposition 4.3 again, we see that � is expressed by � D 	20m; 	0 2
F . The function 	0 is just the ground state, �2.� C F / D E�CF .	0; 	0/. The
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uniqueness of the ground state follows from Assumption (I) (see Proposition 1.4.3 in
[17]). Therefore we have:

Proposition 6.1 ([41]). Assume that M is in Class (I). Then there exists a unique ground
state 	0 of H�CF in F .

In the proof of the existence of the ground state, we usually use the E
�CF
1 -weak

compactness of fung1
nD1 in F and the lower semi-continuity of E�CF with respect to

the E
�CF
1 -weak topology (e.g. [28]). On the other hand, we here use the tightness of

fu2nmg1
nD1 � P .X/ and the lower semi-continuity of the function I�CF with respect

to the weak topology in P .X/. To this end, the identification of the I-function with the
Schrödinger form plays a crucial role.

Define the probability measure Qx;t on P .X/ by

Qx;t .B/ D ExŒeAt .�CF /ILt 2 B; t < ��
ExŒeAt .�CF /I t < �� ; B 2 B.P .X//: (6.1)

Here Lt is the occupation distribution defined as in (4.1). Define the function J on
P .X/ by

J.�/ D IE�CF .�/ � �2.�C F /: (6.2)

We see from Lemma 6.2 below that the function J possesses the properties as a rate
function in the large deviation principle.

Lemma 6.2. The function J satisfies the following:
(i) 0 � J.�/ � 1.
(ii) J is lower semicontinuous.
(iii) For each l < 1, the set f� 2 P .X/ W J.�/ � lg is compact.
(iv) J.	20 �m/ D 0 and J.�/ > 0 for � 6D 	20 �m.

Remark 6.1. Let .E	0 ;F 	0/ the bilinear form on L2.X I	20m/ defined by
´

E	0.u; v/ D E�CF .u	0; u	0/ � �2.�C F /;

F 	0 D ¹u 2 L2.X I	20m/ W u	0 2 F º:
We then see that .E	0 ;F 	0/ is a Dirichlet form and E	0 is expressed by

E	0.u; v/ D
Z
X

	20d�
c
hu;viC

Z
X�Xn4

.u.x/�u.y//.v.x/�v.y//	0.x/	0.y/J.dx; dy/

([13]). Moreover, we see that

J.�/ D IE�0 .�/; (6.3)

where IE�0 is defined by

IE�0 .�/ D
´

E	0.
p
f ;

p
f / if � D f � 	20m;

p
f 2 F 	0 ;

1 otherwise:
(6.4)
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We have the next large deviation principle ([41]):

Theorem 6.3. ([41]) Let M be a symmetric Markov process in Class (I). Let � be
a measure in K1 and F a function in A2. Define by (6.1) the family fQx;tgt>0 of
probability measures on P .X/. Then fQx;tgt>0 obeys the large deviation principle
with rate function J :

(i) For each open set G � P .X/,

lim inf
t!1

1

t
logQx;t .G/ � � inf

�2G J.�/:

(ii) For each closed set K � P .X/,

lim sup
t!1

1

t
logQx;t .K/ � � inf

�2K J.�/:

Corollary 6.4. The measure Qx;t weakly converges to ı	2
0

�m as t ! 1.

Proof. If a closed set K does not contain 	20 � m, then it follows by Lemma 6.2 (iv)
that infx2K J.x/ > 0. Hence Theorem 6.3 (ii) says that limt!1Qx;t .K/ D 0 and
limt!1Qx;t .K

c/ D 1. For a constant ı > 0 and a bounded continuous function f on
P .X/, define the closed setK � P .X/ byK D f� 2 P .X/ W jf .�/�f .	20 �m/j � ıg.
Then we haveˇ̌ˇ̌

Z
P .X/

f .�/Qx;t .d�/ � f .	20 �m/
ˇ̌ˇ̌

�
Z

P .X/

jf .�/ � f .	20 �m/jQx;t .d�/

D
Z
K

jf .�/ � f .	20 �m/jQx;t .d�/C
Z
Kc

jf .�/ � f .	20 �m/jQx;t .d�/
� 2kf k1Qx;t .K/C ıQx;t .K

c/ ! ı

as t ! 1. Since ı is arbitrary, the proof of the corollary is complete.

On account of Corollary 6.4, we can regard Theorem 6.3 as a large deviation from
the ground state.
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Some recent progress on functional inequalities
and applications

Feng-Yu Wang�

1 Introduction

Let H be a separable Hilbert space and .L;D.L// a negatively definite self-adjoint
operator on H generating a contraction C0-semigroup Pt . Let .E;D.E// be the asso-
ciated quadric form. We have E.f; g/ D �hf;Lgi for f; g 2 D.L/. It is well known
that kPtk � e�t=C if and only if the Poincaré inequality

kf k2 � CE.f; f /; f 2 D.E/;

holds. This inequality is also equivalent to inf �.�L/ � 1=C , where �.�/ stands for
the spectrum of a linear operator.

We shall introduce a Poincaré type inequality to describe the essential spectrum of
L (Section 2), then apply to Dirichlet forms to cover some earlier results (Section 3).
The Poincaré type inequality is also equivalent to the exponential decay of Pt in the
tail norm (Section 4). In Section 5 we shall use the super Poincaré inequality for
diffusions to investigate Talagrand type transportation-cost inequalities with super cost
functions. Finally, we focus on functional inequalities on manifolds with unbounded
below curvature (Section 6) and manifolds with non-convex boundary (Section 7). For
applications of functional inequalities to isoperimetric/cost inequalities, we refer to [2],
[7], [8], [10], [11], [14], [16] and references therein.

2 Poincaré type inequality on Hilbert spaces

Let .L;D.L// be a negative definite self-adjoint operator on a separable Hilbert space
H, and let .E;D.E// be the associate quadratic from. For B � H, let

kf kB� D supfjhf; gij W g 2 Bg; f 2 H:

We shall use the following Poincaré type inequality to study the essential spectrum
of L:

kf k2 � rE.f; f /C ˇ.r/kf k2B� ; r > r0; f 2 D.E/; (2.1)

where r0 � 0 is a constant and ˇ W .r0;1/ ! .0;1/ is a (decreasing) function.
Let �ess.L/ be the essential spectrum of L, which consists of limit points in the

spectrum �.L/ and isolated eigenvalues of L with infinite multiplicity. The following
Weyl’s criterion on the essential spectrum is very useful in our study.

�Supported in part by SRFDP and the Fundamental Research Funds for the Central University.
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Theorem 2.1 (Weyl’s criterion). � 2 �ess.L/ if and only if there exists an orthonormal
sequence ffngn�1 in H such that

kLfn � �fnk � 1

n
; n � 1:

The following result is due to [30], which provides a correspondence between upper
bound of the essential spectrum for �L and the Poincaré type inequality (2.1).

Theorem 2.2. Let r0 � 0. Then the following statements are equivalent:

(1) �ess.�L/ � Œr�1
0 ;1/.

(2) There exist a compact set B � H and a function ˇ W .r0;1/ ! .0;1/ such that
(2.1) holds.

(3) There exist t > 0 andB � H such thatPtB is relatively compact and (2.1) holds
for some ˇ W .r0;1/ ! .0;1/.

Proof. Since Pt sends compact sets into compact sets, it is obvious that (2) implies (3).
(1) H) (2). Let r > r0, we have Œ0; r�1�\ �ess.�L/ D ;. So, the spectrum of �L

in Œ0; r�1� consists of finitely many eigenvalues including multiplicities. Let

�0 � �1 � � � � � �nr

be all eigenvalues of �L in Œ0; r�1� counting multiplicities, and ffig0�i�nr
the corre-

sponding unit eigenvectors. For anyf 2 D.E/, consider the orthogonal decomposition

f D f 0 C f 00; f 0 D
nrX
iD0

hf; fi ifi :

Let fE�g��0 be the spectral family of �L. Then, by spectral representation

E.f; f / D
Z 1

0

�dE�.f; f /

�
Z 1

r�1

�dE�.f; f /

� r�1
Z 1

r�1

dE�.f; f /

D r�1kf 00k2:
So,

kf k2 D kf 0k2 C kf 00k2 � rE.f; f /C
nrX
iD0

hfi ; f i2: (2.2)

Since the spectrum of �L is discrete in Œ0; r�1
0 /, let

�0 � �1 � � � �
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be all eigenvalues including multiplicities, and ffig the corresponding unit eigenvectors.
Let

B D f0; .nC 1/�1fn W n � 0g:
Then B is compact and

nrX
iD0

hf; fi i2 � .1C nr/
3 sup
g2B

jhf; gij2 D .nr C 1/3kf k2B� :

Combining this with (2.2), we prove (2.1) for ˇ.r/ D .1C nr/
3.

(3) H) (1). We need the following lemma.

Lemma 2.3. Let ffng be an orthonormal sequence. Then limn!1 kfnkB� D 0 holds
for any relatively compact set B .

Let PtB be relatively compact and let (2.1) hold. We intend to prove that for any
� 2 �ess.�L/, one has � � r�1

0 . By Weyl’s criterion, there exists an orthonormal
sequence ffng such that kLfn C �fnk � 1

n
; n � 1. So,

d

ds
kPsfnk2 D 2hPsLfn; Psfni D �2�kPsfnk2 C "n.s/;

where j"n.s/j � 2n�1. Thus,

kPtfnk2 � e�2�t D
Z t

0

d

ds

˚kPsfnk2e�2�.t�s/�ds

D
Z t

0

"n.s/e
�2�.t�s/ds:

This implies
lim
n!0

kPtfnk2 D e�2�t : (2.3)

Now, by (2.1) and noting that kPtf kB� D kf k.PtB/� , we obtain

kPtfnk2 � �rhPtfn; PtLfni C ˇ.r/kPtfnk2B�

� r�kPtfnk2 C r

n
C ˇ.r/kfnk2.PtB/�

; r > r0:

By Lemma 2.3 and (2.3), letting n ! 1 in the above inequality, we arrive at

e�2�t � r�e�2�t C 0; r > r0:

Thus, � � r�1
0 .

Recall that a linear operator on a Banach space is called compact, if it sends bounded
sets into relatively compact sets. Let Pt D etL. It is well known that Pt is compact for
some/all t > 0 if and only if �ess.L/ D ;.
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Theorem 2.4. The following statements are equivalent to each other:

(1) �ess.L/ D ;.

(2) (2.1) holds for r0 D 0, some compact set B and some ˇ W .0;1/ ! .0;1/.

(3) There exists t > 0 and B such that PtB is relatively compact and (2.1) holds for
r0 D 0 and some ˇ W .0;1/ ! .0;1/.

(4) Pt is compact for some t > 0.

(5) Pt is compact for all t > 0.

3 Poincaré type inequality for Dirichlet forms

Consider H D L2.�/ for a � -finite complete measure space .E;F ; �/. Let .E;D.E//

be a symmetric Dirichlet form in L2.�/. We shall study (2.1) for

B D B� WD fg W jgj � �g;
where � > 0 is a fixed function in L2.�/. In this case

kf kB� D sup
jgj��

j�.gf /j D �.�jf j/:

In particular, if � is finite we may take � D 1 such that �.�jf j/ D kf k1. The
following result is taken from [28] with a simpler proof.

Theorem 3.1. Let r0 � 0. If �ess.�L/ � Œr�1
0 ;1/, then for any � 2 L2.�/ with

� > 0 �-a.e. there exists ˇ W .r0;1/ ! .0;1/ such that

�.f 2/ � rE.f; f /C ˇ.r/�.�jf j/2; r > r0; f 2 D.E/: (3.1)

Proof. ByTheorem 2.2, there is a compact setB � L2.�/ and a function Q̌ W .r0;1/ !
.0;1/ such that

�.f 2/ � rE.f; f /C Q̌.r/kf k2B� ; r > r0; f 2 D.E/: (3.2)

For any g 2 B and f 2 D.E/, we have

�.jfgj/ � R�.�jf j/C �.jfgj1fjgj>R�g/

� R�.�jf j/C
p
�.f 2/".R/; R > 0;

where
".R/ WD sup

g2B
�.g21fjgj>R�g/; R > 0:

Then
kf k2B� � 2R2�.�jf j/2 C 2".R/�.f 2/:
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Combining this with (3.2) we obtain

�.f 2/ � sE.f; f /C 2 Q̌.s/R2�.�jf j/2 C 2 Q̌.s/".R/�.f 2/; s > r0:

If limR!1 ".R/ D 0, then for any r > r0 the set

Ar WD f.s; R/ 2 .r0; r/ � .0;1/ W s � r.1 � 2 Q̌.s/".R//g ¤ ;:
By the above inequality, for .s; R/ 2 Ar we have

�.f 2/ � s

1 � 2 Q̌.s/".R/E.f; f /C 2 Q̌.s/R2
1 � 2 Q̌.s/".R/�.�jf j/2

� rE.f; f /C 2 Q̌.s/R2
1 � 2 Q̌.s/".R/�.�jf j/2:

Therefore, (3.1) holds for

ˇ.r/ D inf
²

2 Q̌.s/R2
1 � 2 Q̌.s/".R/ W .s; R/ 2 Ar

³
< 1; r > r0:

Hence it remains to prove ".R/ ! 0 as R ! 1. Since B is compact, for any " > 0

there exist f1; : : : ; fm 2 B such that [miD1B.fi ; "/ � B . Then for any g 2 B , there
exists 1 � i � m such that g 2 B.fi ; "/. In particular, there exists a constant C > 0

such that �.g2/ � C for all g 2 B . Thus,

�.g21fjgj>�Rg/ � 2"2 � 2�.f 2i 1fjgj>�Rg/
� 2�.f 2i 1f��R�1=2g/C 2�.f 2i 1fjgj>R1=2g/
� 2�.f 2i 1f��R�1=2g/C 2M�.jgj > R1=2/C2�.f 2i 1ff 2

i
>M g/

� 2�.f 2i 1f��R�1=2g/C 2�.f 2i 1ff 2
i
>M g/C 2MC

R
:

This implies that

".R/ � 2

mX
iD1

˚
�.f 2i 1f��R�1=2g/C 2�.f 2i 1ff 2

i
>M g/

� C 2MC

R
C 2"2:

Therefore,

lim
R!1 ".R/ � 2"2 C 2

mX
iD1

�.f 2i 1ff 2
i
>M g/:

By the dominated convergence theorem, letting firstM ! 1, then " ! 0, we complete
the proof.

According to Theorem 2.2, to prove that (3.1) implies �ess.�L/ � Œr�1
0 ;1/, we

need to verify that PtB� is relatively compact for some t > 0. To this end, we assume
that Pt has a density pt .x; y/ with respect to �. The following theorem is due to [25]
and [17].
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Theorem 3.2. Assume that for some t > 0 the operator Pt has a density pt .x; y/ with
respect to �, i.e.,

Ptf D
Z
E

pt .�; y/f .y/�.dy/

holds in L2.�/. Then for any positive � 2 L2.�/ and ˇ W .r0;1/ ! .0;1/, (3.1)
implies �ess.�L/ � Œr�1

0 ;1/.

Proof. By Theorem 2.2, it suffices to show that PtB� is relatively compact, i.e., for
any sequence ffng � B� , the sequence fPtfng has a convergent subsequence. Since
jfnj � �, the sequence ffn

�
g is bounded in L1.�/ and hence, is weak�-relatively

compact. Let g 2 L1.�/ and ffnk
g be a subsequence of ffng such that fnk

! g in
L1.�/ in the weak�-topology, i.e.,

lim
k!1

�.h.fnk
��1 � g// D 0; h 2 L1.�/:

Since for �-a.e. x,

Pt�.x/ D
Z
E

pt .x; y/�.y/�.dy/ < 1;

we have pt .x; �/� 2 L1.�/ and hence,

lim
k!1

jPtfnk
.x/ � Pt .g�/.x/j

D lim
k!1

ˇ̌
�

�
.fnk

� g/��1 � fpt .x; �/�g�ˇ̌ D 0; �- a.e.

Moreover, since jfnk
j � �,

jPtfnk
j C jPt .gh/j � .1C kgk1/Pt� 2 L2.�/:

By the dominated convergence theorem kPtfnk
� Pt .g�/k2 ! 0 as k ! 1.

Remark 3.3. The assumption on the existence of density inTheorem 3.2 can be replaced
by the existence of asymptotic density: a linear operator is said to have asymptotic
density w.r.t.� if there exists a sequence of linear operators fPng having densities w.r.t.
� such that kPn � P k2 ! 0 as n ! 1. A fact is that any compact operator has
asymptotic density. See §3.1.3 in [31] for details.

Due to this remark, we have the following consequences.

Corollary 3.4. Assume that Pt has asymptotic density for some t > 0. Then the
following are equivalent:

(1) There exist � > 0 inL2.�/ and someˇ W .r0;1/ ! .0;1/ such that (3.1) holds.

(2) For any � > 0 inL2.�/, there exists ˇ W .r0;1/ ! .0;1/ such that (3.1) holds.

(3) �ess.�L/ � Œr�1
0 ;1/.
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Corollary 3.5. The following are equivalent:

(1) Pt is compact for some/any t > 0.

(2) Pt has asymptotic density for some t > 0 and there exist � > 0 in L2.�/ and
some ˇ W .0;1/ ! .0;1/ such that (3.1) holds for r0 D 0.

(3) Pt has asymptotic density for any t > 0, and for any � > 0 inL2.�/ there exists
ˇ W .0;1/ ! .0;1/ such that (3.1) holds for r0 D 0.

(4) �ess.�L/ D ;.

As a conclusion of this section, we present the following result on (3.1) which can
be easily verified by splitting arguments.

Proposition 3.6. If (3.1) holds for some positive � 2 L2.�/ and some ˇ W .r0;1/ !
.0;1/, then for any Q� > 0 such that Q� 2 L2.�/ there exists Q̌ W .r0;1/ ! .0;1/

such that

�.f 2/ � rE.f; f /C Q̌.r/�. Q�jf j/2; f 2 D.E/; r > r0:

4 Exponential decay of the semigroup in the tail norm

Let P be a bounded linear operator on L2.�/. For any �; > 0 with �; 2 L2.�/
we have

lim
R!1 sup

kf k2�1
k.Pf /1fjPf j>R gk2 D lim

R!1 sup
kf k2�1

�
�
.jPf j �R�/C2�1=2:

So, the above limits are independent of the choices of � and  . We call the limit tail
norm of P , and denote it by kP kT .

Theorem 4.1. Let r0 � 0 be fixed. Then

(1) (3.1) implies kPtkT � e�t=r0 for all t � 0;

(2) if kPtkT � e�t=r0 holds for some t > 0, then for any strictly positive � 2 L2.�/
there exists ˇ W .r0;1/ ! .0;1/ such that (3.1) holds.

Proof. (1) For 2 L2.�/ with kf k2 � 1, let h.t/ D �..Ptf /
2/, t � 0. Then (3.1)

implies

h0.t/ D �2E.Ptf; Ptf /
� �2

r
h.t/C 2ˇ.r/

r
�.�jPtf j/2

� �2
r
h.t/C 2ˇ.r/

r
�.jf jPt�/2; r > r0:
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By Gronwall’s lemma

�..Ptf /
2/ � e�2t=r C 2ˇ.r/

r
e�2t=r

Z t

0

e2s=r�.jf jPs�/2ds

for r > r0. Since due to Jensen’s inequality .Ptf /C � Ptf
C, for any R > 0 we have

�
�
.jPtf j �RPt�/C2

� � �
�
.Pt .jf j �R�/C/2�

� e�2t=r C 2ˇ.r/

r

Z t

0

�
�
.jf j �R�/CPs�

�2
ds

� e�2t=r C 2ˇ.r/

r

Z t

0

�
�
1fjf j>R�g.Ps�/2

�
ds; r > r0:

In the last step we have used the fact that

�
�
.jf j �R�/CPs�

�2 � �
�
1fjf j>R�g.Ps�/2

�
�

�
.jf j �R�/C2�

� �
�
1fjf j>R�g.Ps�/2

�
:

Moreover,

�..Ps�/
21fjf j>R�g/

� �..Ps�/
21f�<R�1=2g/C �..Ps�/

21fjf j>R1=2g/

� �..Ps�/
21f�<R�1=2g/C �..Ps�/

21fPs�>R1=4g/CR1=2�.jf j > R1=2/
� �..Ps�/

21f�<R�1=2g/C �..Ps�/
21fPs�>R1=4g/CR�1=2 DW "R.s/ ! 0

as R ! 1. So, by the dominated convergence theorem,

kPtk2T � e�2t=r � lim
R!1 sup

jf j2�1
�

�
.jPtf j �RPt�/C2

�

� 2ˇ.r/

r
lim
R!1

Z t

0

"R.s/ds D 0; r > r0:

This implies kPtkT � e�t=r0 by letting r # r0.
(2) On the other hand, suppose that kPtkT � e�t=r0 holds for some t > 0. For

any strictly positive � 2 L2.�/ we intend to construct ˇ W .r0;1/ ! .0;1/ such that
(3.1) holds. For any r > r0, let r1 D 1

2
.r C r0/ 2 .r0; r/. So, there existsRr > 0 such

that
sup

kf k2�1
�

�
.Ptf /

21fjPtf j>�Rr g
� � e�2t=r1 :

This implies

�..Ptf /
2/ � e�2t=r1 CRr�.�jPtf j/; �.f 2/ D 1:
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Let fE�g��0 be the spectral family of �L. Then � 7! E�.f; f / is a probability
distribution function on Œ0;1/. By the Jensen inequality,

�..Psf /
2/ D

Z 1

0

e��sdE�.f; f /

�
� Z 1

0

e��tdE�.f; f /
�s=t

D �..Ptf /
2/s=t ; s 2 .0; t/:

Therefore,

�..Psf /
2/ � ˚

e�2t=r1 CRr�.�jPtf j/�s=t ; s 2 .0; t/:
Since equality holds at s D 0, we are able to take derivatives for both sides to derive

�2E.f; f / � 1

t
log

˚
e�2t=r1 CRr�.�jPtf j/� � �1

t
� 2t
r1

C 1

t
Rre

2t=r1�.�jPtf j/

� � 2

r1
C 1

t
Rre

2t=r1�..Pt�/jf j/ � �2
r

C C.t; r/�..Pt�/jf j/2;

where C.t; r/ D 1
4
. 2
r1

� 2
r
/�1 R

2
r

t2
e4t=r1 .

�.f 2/ � rE.f; f /C 1

2
C.t; r/�..Pt�/jf j/2; r > r0:

Since Pt� 2 L2.�/, this implies that for any � > 0 with � 2 L2.�/ there exists
ˇ W .r0;1/ ! .0;1/ such that (3.1) holds.

Corollary 4.2. The following statements are equivalent to each other:

(1) (3.1) holds for r0 D 0, some positive � 2 L2.�/ and some ˇ W .0;1/ ! .0;1/.

(2) kPtkT D 0 for all t > 0.

(3) kPtkT D 0 for some t > 0.

5 Links to transportation-cost inequalities

Let .E; �/ be a Polish space and � a probability measure on E. For p � 1 we define
the Lp-Wasserstein distance (or the Lp-transportation cost) by

W �
p .�1; �2/ WD

²
inf

�2C.�1;�2/

Z
E�E

�.x; y/p�.dx; dy/
³1=p

for probability measures �1, �2 on E, where C.�1; �2/ is the class of probability
measures on E �E with marginal distributions �1 and �2.

According to [9], Corollary 4,

W �
p .f�;�/

2p � C�.f log f /; f � 0; �.f / D 1;
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holds for some C > 0 provided �.e��.o;�/2p
/ < 1 for some � > 0, where o 2 E is

a fixed point. See also [15] for p D 1. Furthermore, applying Theorem 1.15 in [18]
with c.x; y/ D �.x; y/q and ˛.r/ D r2p , we conclude that for any q 2 Œ1; 2p/,

W �
q .f�;�/

2p � C�.f log f /; f � 0; �.f / D 1; (5.1)

holds for some C > 0 if and only if �.e��.o;�/2p
/ < 1 for some � > 0.

In general, however, this concentration of � does not imply (5.1) for q D 2p. For
instance, due to [5], there exist plentiful examples with �.e��.o;�/2/ < 1 for some
� > 0 but the Poincaré inequality does not hold, which is weaker than the Talagrand
inequality (see [20], Section 7, or [4], Section 4.1):

W
�
2 .f�;�/

2 � C�.f log f /; f � 0; �.f / D 1:

Therefore, to derive (5.1) with q D 2p, one needs something stronger than the corre-
sponding concentration of �.

In this section we aim to derive (5.1) with q D 2p, i.e.,

W
�
2p.f�;�/

2p � C�.f log f /; f � 0; �.f / D 1; (5.2)

on a connected complete Riemannian manifold M for the Riemannian distance �, by
using the super Poincaré inequalities

�.f 2/ � r�.jrf j2/C ˇ.r/�.jf j/2; r > 0; f 2 C 1b .M/; (5.3)

where ˇ W .0;1/ ! .0;1/ is a decreasing function. The advantage of (5.2) is its
tensorization property. More precisely, due to the induction argument in [22], Section 3,
if (5.2) holds for pairs .�i ; �i /, i D 1; : : : ; n, then it also holds for the product measure
�1 � � � � � �n and

�n.x1; : : : ; xnIy1; : : : ; yn/ WD
n nX
iD1

�i .xi ; yi /
2p

o1=2p
:

To derive (5.2) from (5.3), we first prove the weighted log-Sobolev inequality

�.f 2 log f 2/ � C�.˛ B �.o; �/jrf j2/; �.f 2/ D 1; (5.4)

where ˛ is a positive function determined by ˇ in (5.3). By Theorem 1.1 in [29] (see
also [20], [4]), (5.4) implies

W
�˛

2 .f�;�/2 � C�.f log f /; f � 0; �.f 2/ D 1; (5.5)

where �˛ is the Riemannian distance induced by the metric

hX; Y i0 WD 1

˛ B �.o; x/ hX; Y i; X; Y 2 TxM; x 2 M:

The following result is due to [33].
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Theorem 5.1. Let �.dx/ D eV.x/dx for some V 2 C.M/ be a probability measure
on M . Assume that (5.3) holds for some positive decreasing ˇ 2 C..0;1// such that

	.s/ WD �
log.2s/

��
1 ^ ˇ�1.s=2/

�
; s � 1

is bounded, where ˇ�1.s/ WD infft � 0 W ˇ.t/ � sg. Then (5.4) holds for some C > 0

and

˛.s/ WD sup
n
	.t/ W t � 1

�.�.o; �/ � s � 2/
o
; s � 0:

Consequently, (5.5) holds.

Since�.�.o; �/ � s�2/ can be estimated by using known concentration of� induced
by the super Poincaré inequality, one may determine the function ˛ in Theorem 5.1
by using ˇ only. But in general the formulation is quite complicated, so we consider
below some specific situations as consequences.

Corollary 5.2. Let ı 2 .1; 2/.
(a) (5.3) with ˇ.r/ D expŒc.1C r�1=ı/� implies (5.4) with

˛.s/ WD .1C s/�2.ı�1/=.2�ı/

and (5.5) with �˛.x; y/ replaced by

�.x; y/.1C �.o; x/ _ �.o; y//.ı�1/=.2�ı/:

Consequently, it implies

W
�

2=.2�ı/.f�;�/
2=.2�ı/ � C�.f log f /; �.f / D 1; f � 0; (5.6)

for some constant C > 0.

(b) If V 2 C 2.M/ with Ric � HessV bounded below, then the following are equiv-
alent to each other:

.1/ (5.3) with ˇ.r/ D expŒc.1C r�1=ı/� for some constant c > 0I

.2/ (5.4) with ˛.s/ WD .1C s/�2.ı�1/=.2�ı/ for some C > 0I

.3/ (5.5) for some C > 0 and �˛.x; y/ replaced by

�.x; y/.1C �.o; x/ _ �.o; y//.ı�1/=.2�ı/I
.4/ (5.6) for some C > 0I
.5/ �.expŒ��.o; �/2=.2�ı/�/ < 1 for some � > 0.

We remark that (5.3) with ˇ.r/ D expŒc.1C r�1=ı/� for some c > 0 is equivalent
to the following logı -Sobolev inequality (see [24], [25], [17], [31] for more general
results on (5.3) and the F -Sobolev inequality)

�.f 2 logı.1C f 2// � C1�.jrf j2/C C2; �.f 2/ D 1:

Since due to [25], Corollary 5.3, if (5.3) holds with ˇ.r/ D expŒc.1C r�1=ı/� for some
ı > 2 then M has to be compact, as a complement to Corollary 5.2 we consider the
critical case ı D 2 in the next corollary.
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Corollary 5.3. (5.3) with ˇ.r/ D expŒc.1C r�1=2/� for some c > 0 implies (5.4) with
˛.s/ WD e�c1s for some c1 > 0 and (5.5) with �˛.x; y/ replaced by

�.x; y/ec2Œ�.o;x/_�.o;y/�

for some c2. If Ric � HessV is bounded below, they are all equivalent to the concen-
tration �.expŒe��.o;�/�/ < 1 for some � > 0.

Example 5.4. Let Ric be bounded below. Let V 2 C.M/ be such that V C a�.o; �/�
is bounded for some a > 0 and � � 2. By Corollaries 2.5 and 3.3 in [24], (5.3) holds
for ˇ.r/ D expŒc.1C r��=Œ2.��1/�. Then Corollary 5.2 implies

W �
� .f�;�/

� � C�.f log f /; f � 0; �.f / D 1;

for some constant C > 0. In this inequality � cannot not be replaced by any larger
number, since W �

� � W
�
1 and for any p � 1 the inequality

W
�
1 .f�;�/

p � C�.f log f /; f � 0; �.f / D 1;

implies �.e��.o;�/p / < 1 for some � > 0, which fails when p > � for � specified
above.

Example 5.5. In the situation of Example 5.4 but let V C expŒc�.o; �/� be bounded
for some c > 0. Then by [24], Corollaries 2.5 and 3.3, (5.3) holds with ˇ.r/ D
expŒc0.1C r�1=2/� for some c0 > 0. Hence, by Corollary 5.3,

inf
�2C.�;f�/

Z
M�M

�.x; y/2ec1�.x;y/�.dx; dy/ � C�.f log f /; f � 0; �.f / D 1;

(5.7)
holds for some c1, C > 0.

On the other hand, it is easy to see that (5.7) implies �.expŒexp.��.o; �//�/ < 1
for any � > 0, which is the exact concentration property of the given measure �.

6 Log-Sobolev inequality with unbounded below curvature

LetM be a d -dimensional complete connected non-compact Riemannian manifold and
V 2 C 2.M/ such that

Z WD
Z
M

eV.x/dx < 1; (6.1)

where dx is the volume measure on M . Let �.dx/ D Z�1eV.x/dx. Under (6.1) it
is easy to see that H 2;1

0 .�/ D W 2;1.�/, where H 2;1
0 .�/ is the completion of C 10 .M/

under the Sobolev norm kf k2;1 WD �.f 2Cjrf j2/1=2, andW 2;1.�/ is the completion
of the class ff 2 C 1.M/ W f C jrf j 2 L2.�/g under k � k2;1. Then the L-diffusion
process is non-explosive and its semigroup Pt is uniquely determined. Moreover, Pt
is symmetric in L2.�/ so that � is Pt -invariant. It is well known by the Bakry–Emery
criterion that (see [3])

Ric � HessV � K
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for some constant K > 0 implies the Gross log-Sobolev inequality [19]:

�.f 2 log f 2/ WD
Z
M

f 2 log f 2d� � C�.jrf j2/; �.f 2/ D 1; f 2 C 1.M/;

(6.2)
forC D 2=K. This result was extended by Chen and the author [13] to the situation that
Ric�HessV is uniformly positive outside a compact set. In the case that Ric�HessV is
bounded below, sufficient concentration conditions of � for (6.2) to hold are presented
in [26], [1], [27]. Obviously, for a condition on Ric � HessV the Ricci curvature and
�HessV play the same role.

In this section we aim to study the log-Sobolev inequality with Ric � HessV un-
bounded below. We shall search for the weakest possibility of curvature lower bound
for the log-Sobolev inequality to hold under the condition

� HessV � ı outside a compact set (6.3)

for some constant ı > 0. This condition is reasonable as the log-Sobolev inequality
implies �.e��

2
o/ < 1 for some � > 0.

It turns out that under (6.3) the optimal curvature lower bound condition for (6.2)
to hold is of type

inf
M

fRic C �2�2og > �1 (6.4)

for some constant � > 0. The following result is proved in [34].

Theorem 6.1. Assume that (6.3) and (6.4) hold for some constants c; ı; � > 0 with
ı > .1C p

2/�
p
d � 1. Then (6.2) holds for some C > 0.

More precisely, let 
0 > 0 be the smallest positive constant such that for any
connected complete non-compact Riemannian manifoldM and V 2 C 2.M/ such that
Z WD R

M
eV.x/dx < 1, the conditions (6.3) and (6.4) with ı > �
0

p
d � 1 imply

(6.2) for some C > 0. Due to Theorem 6.1 and Example 6.2 below, we conclude that


0 2 Œ1; 1C p
2�:

The exact value of 
0 however is unknown.

Example 6.2. Let M D R2 be equipped with the rotationally symmetric metric

ds2 D dr2 C ˚
rekr

2�2
d
2

under the polar coordinates .r; 
/ 2 Œ0;1/� S1 at 0, where k > 0 is a constant. Then
.see e.g. [17])

Ric D �
d2

dr2 .re
kr2
/

rekr2
D �4k � 4k2r2:

Thus, (6.4) holds for � D 2k. Next, take V D �k�2o � �.�2o C 1/1=2 for some � > 0.
By the Hessian comparison theorem and the negativity of the sectional curvature, we
obtain (6.3) for ı D 2k. Since d D 2 and

eV.x/dx D re��.1Cr2/1=2

drd
; (6.5)
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one has Z < 1 and ı D 2k D �
p
d � 1. But the log-Sobolev inequality is not valid

since by Herbst’s inequality it implies �.er�
2
o/ < 1 for some r > 0, which is however

not the case due to (6.5). Since in this example one has ı > �

p
d � 1 for any 
 < 1,

according to the definition of 
0 we conclude that 
0 � 1.

7 Functional inequalities on non-convex manifolds

In this part we assume that M is a connected, (non-compact) complete Riemannian
manifold with boundary @M , andL D �CrV for someV such that�.dx/ D eV.x/dx
is a probability measure on M . We intend to study functional inequalities for the
Dirichlet form

E.f; g/ D �.hrf;rgi/; f; g 2 C 1b .M/:

When @M is convex, i.e., the second fundamental form I on @M is positive, all known
results on functional inequalities proved for manifolds without boundary remain true. In
particular, if Ric � HessV � c for some constant c > 0 then the log-Sobolev inequality
holds:

�.f 2 log f 2/ � 2

c
�.jrf j2/; �.f 2/ D 1: (7.1)

From this one may hope that if Ric � HessV � c for large c > 0 and I � �" for small
" > 0 there would hold a log-Sobolev inequality.

This is however not true since the second fundamental form and the curvature play
different roles in the study of functional inequalities. Indeed, we have the following
result due to [35].

Theorem 7.1. For any " > 0 and any probability measure �0 on R2 with full support,
there exists a smooth connected domainM � R2 with connected @M such that I@M �
�", but for any C > 0 the Poincaré inequality

�0.f
21M / � C�0.1M jrf j2/; �0.1Mf / D 0

does not hold.

So, to study the log-Sobolev inequality on non-convex manifolds, one needs more
than lower bounds of the curvature and the second fundamental form.

Theorem 7.2 ([32]). Let I � �� for some � > 0. For any positive function ' 2
C1.M/ such that N log'j@M � � , the boundary @M is convex under the new metric

h�; �i' WD '�2h�; �i:
The above result enables us to derive functional inequalities on non-convex mani-

folds by using known results established on convex manifolds. For instance, let�1 be the
first Neumann eigenvalue of � on a d -dimensional compact Riemannian manifold M
with non-convex boundary @M , let � be the normalized Riemannian volume measure,
and let D be the diameter of M .
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For any c 2 R, D > 0 and d 2 N, let �.d; c;D/ be a universal lower bound
estimate for the first Neumann eigenvalue of L WD � C rV on a d -dimensional
connected compact convex Riemannian manifold with Ric�HessV � �c and diameter
� D.

Let �0 and r 0 be the Laplacian and gradient of the induced by h�; �i' . Let

L0 WD �0 C .d � 2/'r 0':

Then L0 is symmetric w.r.t.

�' WD '�2�=�.'�2/:

Moreover,

�'.hr 0f;r 0f i0/ D �.jrf j2/
�.'�2/

:

So, letting �0
1 be the first Neumann eigenvalue of L0, we have

.inf '�2/Var�.f / � �.'�2/Var�'
.f /

� �.'�2/
�0
1

�'.hr 0f;r 0f i0/

D 1

�0
1

�.jrf j2/:

Therefore,

�1 � �0
1

sup'2
:

To estimate �0
1, we note that

Ric0 � .d � 2/Hess0
log' � �'2K � d jr'j2 C 1

2
�'2;

where Ric0 and Hess0 are the Ricci curvature and the Hess tensor induced by h�; �i'
respectively. When ' � 1 one has D0 � D. Therefore:

Theorem 7.3 ([32]). Let Ric � �K; I � �� . For any smooth ' � 1 such that
N log'j@M � � , let

K' WD sup
˚
'2K C d jr'j2 � 1

2
�'2

�
:

Then

�1 � �.d;K' ;D/

sup'2
:

Taking ' D h B �@ for smooth h � 1 with h0.0/ � �h.0/, and using second
variational formula for �@ in order to estimateK' , we obtain explicit lower bounds for
�1. To make h B �@ smooth, one has to take h to be constant on Œr0;1/, where r0 is
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the injectivity radius of @M . For such a choice of h, one obtains explicit lower bound
for �1.

In general, we can easily apply the argument to entropy inequalities. Letˆ be a C 2

convex function.
Entˆ�.f / WD �.ˆ.f // �ˆ.�.f // � 0

is called the ˆ-entropy w.r.t. �. Consider the largest constant ˛ˆ � 0 such that

Entˆ�.f / � 1

˛ˆ
�.ˆ00.f /jrf j2/:

When ˆ.s/ D s log s, it reduces to the log-Sobolev inequality.
Let˛ˆ.d;K;D/ be a universal lower bound of˛ˆ for�CrV on convex connected

manifold M of dimensional d , diameter � D and Ric � HessV � �K. In the same
spirit of Theorem 7.3, there holds

˛ˆ � ˛ˆ.d;K;D/

sup'2
:

If @M is convex outside a compact set, we only have to make a local change of
metric so that the @M is convex under the new metric. Since under a local change
of metric functional inequalities can be kept up to a constant, some known result on
log-Sobolev inequality proved for convex case can be reproved for locally non-convex
case. For instance, we have the following result using concentration of � (see [35]).

Theorem 7.4. Let �o D �.o; �/ for a fixed point o 2 M . Assume that for some compact
setM0 � M one has I@M � 0 on .@M/ nM0 and Ric � HessV � �K onM nM0 for
some K 2 R.

.1/ If �.e��
2
o/ < 1 holds for some � > K

2
then the log-Sobolev inequality (7.1)

holds for some c > 0.
.2/ If ˇ.�/ WD �.e��

2
o/ < 1 for any � > 0, then the super log-Sobolev inequality

�.f 2 log f 2/ � r�.jrf j2/C c.r ^ 1/�d=2ˇ.c=.r ^ 1//; �.f 2/ D 1; r > 0

holds for some constant c > 0. Consequently, the Neumann semigroup Pt generated
by L D �C rV is supercontractive, i.e., kPtkL2.�/!L4.�/ < 1 for all t > 0.

By using a perturbation argument, the log-Sobolev inequality is also established in
[35] for a class of globally non-convex manifolds specified in the following result.

Theorem 7.5. Assume that I@M is bounded, Ric � �K for someK � 0, the sectional
curvature of M is bounded above, and the injectivity radius of @M is positive. If
hN;rV i is bounded below and there exist "; "0 > 0 and � 2 .0; 3=4/ such that " >
"0p.n � 1/K and the function

�� jrV j2 ��V � "0V C "�o
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is bounded above on M , then (7.1) holds for some C > 0. If furthermore for some
� 2 .0; 3=4/,

�r� jrV j2 � r�V � V C �o � �.r/; r > 0;

holds for some positive function � on .0;1/, then the super log-Sobolev inequality

�.f 2 log f 2/ � r�.jrf j2/C c C �.r/C d

2
log.c.r�1 C 1//; r > 0; �.f 2/ D 1

holds.

To illustrate Theorems 7.4 and 7.5, we present below two examples.

Example 7.6. LetM be a smooth connected unbounded domain in a Cartan–Hadamard
manifold with Ric � �K0 for some constant K0 � 0. Let @M be convex outside a
compact set and jV C ��

p
o j is bounded for some �; p > 0 and o 2 M . If p D 2 and

� > K0=4 then (7.1) holds for some C > 0. If p > 2 then the super log-Sobolev
inequality holds so that Pt is supercontractive.

Proof. Since the log-Sobolev inequality is stable under bounded perturbations of V ,
we may simply assume that V D ���po . By the Hessian comparison theorem (recall
that the sectional inequalities are non-positive for Cartan–Hadamard manifolds),

Ric � HessV � �K0 C �p.p � 2/�p�2
o :

So, if p D 2 then Ric � HessV � �K holds for K D K0 � 2�. Since the Ricci
curvature is bounded below, the volume of geodesic balls grows at most exponentially
fast in radius. So if � > K0=4 then � > K=2 so that for any �0 2 .K=2; �/ we have

Z
M

e�
0�2

od� � c2

Z 1

0

e�.���0/s2Cc1sds < 1

for some c1; c2 > 0. Therefore, (7.1) follows by Theorem 7.4. Next, if p > 2 then
�.er�

2
o/ < 1 for all r > 0 so that Pt is super contractive due to the same theorem.

Example 7.7. Let M satisfy the assumption of Theorem 7.5. Let h 2 C1
0 .Œ0; r0// for

r0 > 0 smaller than the injectivity radius of @M such that h.0/ D 0 and h0.0/ D 1.
Then � WD h B �@ 2 C1.M/ by taking � D 0 for �@ � r0. If jV C �.�2o � 2�o�/j is
bounded for some � > 0 and o 2 @M , then (7.1) holds for some C > 0. If moreover
hN;r�2oi is bounded above, then (7.1) holds for V such that jV C ��2oj is bounded for
some � > 0.

Proof. Since the log-Sobolev inequality is stable under bounded perturbations of V ,
for the first case we may assume that V D ��.�2o � 2�o�/. In this case

hrV;N i D 2��o.1 � hN;r�oi/ � 0:
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Since jr�oj D 1,��2o � C.1C�o/ for some C > 0 and��@ is bounded on f�@ � r0g
by the Laplacian comparison theorems for �o and �@, there exists a constant C1 > 0

such that

�� jrV j2 ��V � "0V C "�0 � ."0� � 4��2/�2o C C1.1C �o/;

which is bounded above for "0 2 .0; 4��/ and " > "0p.n � 1/K. Then, by Theo-
rem 7.5, (7.1) holds for some C > 0. The proof for the second case is similar.

Acknowledgement. The author would like to thank the referee for a careful reading
and corrections.
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